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　The main purpose of this paper is to obtain the most general extension of the theory
of Seidel and Schwarzschild given in (15), (13) of the REFERENCES｡
　The optical　systems　ｃａｎ‘be generally　classified intoヽfour classes Ci= rotational or
rotational ly　symmetrical S. ( = System), C2°doubly symmetrical S. , Ca-' singly　sym-
metrical ０ｒ orthogonal Ｓ. and C4=asymmetricali skew or general S.
1
respectively having
number of symmetrical planes ｏ０，2，1 and 0， also called ｉｎ･German as C:=Rotations-s.,
C2=zweifach symmetrische S.. C3 = einfach symmetrische od. orthogonale S.,. and Ｃ４＝
nicht orthogonale od. allgemeine Ｓ. by (6) (p. 54-61), (7), (8), (9) Herzberger.　For
example, C2 has more generality than Ci or Cx is included in C2， denoted, therefore
ＣＩ⊂C2⊂C3⊂d, where not only any　property of Ct, e. g., 'coaxial' exists in Ｇ， but
C2 includes its trivial case Ci (rotational) and essential case (non-rotational). The word
'non･rotational' is given for C2， Cs> Ci, considering their　essential　cases. Thusi we
have paradoxical, truth "the ７･ｏはｔｉｏｎａｌりｓtｅｍｉｓinclｕｄｅｄ ｉｎｔｈｅｎｏｎ-ｒｏtａtｉｏｎａｌｓｙｓtｅｍ≒
for, the latter is interpreted in general meaning （ｎｏt essential)｡
PART ｌ treats the rotational system, in which the perturbation eikonal £of the first
type and of the second type and 小ｅ Schleiermacherian （Ａ）　are　rigorously defined as
the functions of reduced coordinates suitably chosen, and expansion coefficients are given.
up to seventh order terms. All the terms are dictionarically ordered and associated
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calculations　for　coefficients can be　carried by some tables. The　last purpose of this
paper is to decide ｃｏｅ伍cientsof the optical functions
1 therefore,
no aberrational property
is discussed, except　12. 1. Only　the difference of the reduced coordinates, e. g..
ｊ-ｒ°ｙ‾ぞ　represents　the　aberration. Sehleiermacherian (A) is　mapping ( = image-
forming. Abbildung) function whoｓe l・th order corresponds to 8-th order of E, which
can be considered as 4･th order for rotational invariant variables (≪,Ｖ, tｖ). The deciding
problem consists of the local problem and the synthes叫　In the local problem, inner
transformation is important, by which the calculations are simplified. If the system is
spherical, the local problem of (A) is solved by tＷｏヽclosed forms, called 'quadratic
generators≒whose alternating　iteration gives Ｃｏｅ伍cientsdenoted by Seidel para?eters
ad inf. The aspherical case of iA) is, however, easily solved by　'Pure regular type'
of E, whose results are　tabulated. Synthesis of £iS easier than (A), while, for the
shifting of object or pupil plane, (.A) is superior to E and mutual　relations are given
in ４｡
　How the above results are to be extended　in the ｎｏｎ･rotational system ？　The only
answer is to study the first order theory on which the perturbation and reduced coordinates
are based. PART n starts from this problem in 6， which contains tracing of ａ ray with
construction of coordinates system along it. In this, however, existence of 'undulatory
matrices' ｙ1，PCin 6. 6) with system-invariant matrix ア（in 6.7) has the most important
part. The tracing of these second order matrices can be ｄｏr!ｅin parallel with the para･
ねal image tracing in Gaussian optics. Moreover, Seidelian thickness matrix K exists
ａｎｄ丸尺are symmetric. The total independent ･elements of んP, X are 10， which
are Sｕ伍cient to decide the second order eikonal. It is natural, therefor, that A, P, K
decide １６ elements of Schleiermacher's matrix. The conception of "slit coordinates' in
6.10 is another important tool, by which astigmatic pencils in asymmetrical system can
be trated as easily as the stigmatic case. In 6.11, Lagrange's theorem reaches the most
general extension, and in 6.12. Seidel-parameter matrices are defined｡
　Thus, reduced coordinates are rigorously defined by using parameter matrices. In l，
perturbation eikonal and Schleiermacherian are rigorously defined and discussed with
solutions of coefficients. But, even if this Schleiermacherian　vanishes, it is not to be
said that the system has no aberration. Because, this means only that the first order
theory holds rigorously in the system, i.e., a pseudo-point in object side has its pseudo･
image in　image side, where ａ pseudo-point　is defined by ａ couple of two orthogonal
slits in 6，11. If the Schleiermacherian in whole　system is solved, this　can be　easily
deformed in ordinary equation by using 6. 11 (4), then the ａｂｅ!･rationalcurve etc. can
be known. Since　the most　general　case C4 is　completely　solved, it is　natural that
other cases C3， Ｃ２ can be　solved as in 8，9. In Ci> expansion terms　are double-die-
tionarically ordered, explained with Theorem l in 7. 1, for which C3， C2 have defect
terms and respective numbering. Following table shows the number of expansion terms
or coefEcients solved in this paper.
4ろ
Classes （ﾆ-1(rotational) Cz (doubly) C3 (singly) d (general)
Mapping Order 3･ ５ ７ ３ ５ ２ ３ ２ ３
PerturbationEikonal ６ ｀10 15 119 44 10 19 20 35
Schleiermacherian 12 24 40 140 112 20 40 40 80
　The number of the　higher order is given in this paper. The ratio 12/6, 24/10, etc.
tend t0 limiting value 4 which is the same for C2， C3> Ci. Only this shows the eikonal
is more wieldy than the Schleiermacherian. The lowest terms are synthesized by mere
addition in all the cases. Indeed, the ordinary lens system belongs to Ci and the ana-
morphic or toric lens system to Ｃ２，but the skew rays are treated as Ｃ４ even in the
ordinary case, in which every z-axis of the coordinates system constitutes the element
of ａ principal skew ray. In the other words, these classes relate to the principal ray
as well as to the system itself. In Ｃｉ，Ｃ２･the principal　ray　is the optical axisi and
in Ｃ３，ａ meridional ray. In this paper, the word ^ｄｉａ-ｐｏｉ?iｓused merely as ａ pene-
trating point on ａ　plane, or in wider sense than (10) Herzberger (p. 64). also written
in １. 7. In the REFERENCES. the first order theory of the general system is discussed
in (6), (7), (8) Herzberger　and (16). (17) Smith, in which　the １０ｃｏｅ伍cients　of the
second order eikonal　is assumed or given by　tracing of １６elements　of　non-separable
Schleiermacher's　matrix. Then, the　simplification of　the　first order　theory　in the
general system may be said the second purpose of this paper.　My grateful thanks are
due to Professor　J. Koana in Tokyo　University and Professor　E. Wolf in University
of Rochester N. Y.‘for their kindness in supplying literatures.
１
Seidel-parameters.
1｡1.
PART　I　　ROTATIONAL SYSTEM
Nｏtａｔｉｏｎｓ ｏｆ ｐｒｉｍｅ（’）. ｄｏt（･）ａｎｄ ｄｉｆｆｅｒｅｎｃｅｏｐｅｒａtｏｒ ∠1.
　The ray-tracing in geometrical optics is performed by the formulae of the optical path
way and of image positions. For examplei the well-known formulae of paraxial images
are reduced to the　refraction formula　n'js'r-りり-1＝(がｊ一り)り-l　and the shifting
formulaり。i=s'j ―c'], which are also simply written as ｊ(７１Ｓ-1)＝(∠1n:>r-'and i＝ｙ一ど，
omitting numbering or　ａ伍X, where the　quantity with　an prime (') or the　ｐｒimed(1)
quantity denotes that after refracting, the dotted(゜) after shifting, ∠jdifference operator,
7zrefractive index, ｒ radius of curvaturei 5 image position and c' thickness or separation.
1｡１. Ｓｉｇｎ,ｃｏｎｖｅｎtｉｏｎ･ｓinｃｌtｔｓi･ｖｅ　ｏｆｒｅｆｌｅｃtioTial　ｃａｓｅ.
　Usually, positive directions of the optical axis and rays are put from the left to the
right, and following Sign-Conventions are done: j and r are positive, respectively, only
　　　　　　　　　　　　　　　　　　　　　　　　　　　s　　　　　　　　　　　　　　　　　　　　lｗh‘en an image and ａ centre of curvature are on the right of the verteχ， and otherwise,
negative, while n and ど are always positive. But the author adds ｌnew sign-conventions
【】) used in (3) Buchdahl p. 8.
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for n, c', which are positive, respectivelyi only when ａ ray goes to the right and the
next surface is on the right side, and otherwise, negative. The conventions become,
then, completely algebraic, i. e., all quantities can put free signs (土), and the above･
mentioned formulae hold even when ｒｅ丑ecting surfaces are included.
　On　the　Seidel･terms　of　the pure　reflecting　mirror　system, actually, there　is
Schwarzschild's tｒｅａtｍｅｎt(1)still used by present students, in which　n, c'　are　always
positive and rays go to the right by arranging the same mirrors back to back and the
terms are calculated and proved independently of the refracting case, but the idea of
ヽ'ｂａｃｋ１０ ｂａｃＫ･ complicates the calculation of the catadioptric system (the mixed system.
of the refraction-reflection), especially of the image curvature. The idea　of　the　new
sign-conventions not only make the independent proof and complicated　considerations
needless, but also are applied to oblique ray-tracing or all branches of the geometrical
optics. The　word卜り･ｅｆｒａｃｔioｒi”iｓ treated, hereafter, in　wide　sense, inclusive　of
reflection or catadioptric case.
１。ろＧｅｎｅｒal　ｄｅかｔitｉｏｎｓ　of ｓｕｒｆａｃｅ･ｑｕａｎｔiｔieｓ，　ｍｅｄｉｕｍ･ｑｕａｎtiｔieｓ-，∠1，∠} and c。ｍ・M-
　tａtｉｏｎ(つ.
　The quantity ｇ invariant for refraction. ｅ.g･，ｒ， is called,　generally, the surface-
quantity (surf. -q."), otherwise, e. g･・ｱz･心called　the medium-quantity
(med. -q. )>
especially,
<p invariant
for shifting, ｅ･ ｇ･ ・ 7z･ is called 由e pure medium-quantity (,ｐ･
･med. -q.)- Defining
ｊ : 恥）＝ｙ･-・CO. we have みφ゜ぐｊφ年(j9)φ＝りφ十(ｊｙ)φ'ｉｎ general;
and =りφfor surf. -q. v>:み＝O receiving no operation of ･ｊ. 命 for med. -q. <f。
treated as surf. -q.. is called. ofteni the induced surface-quantity (ind. surf. -q.). and
also
<p十tp Oｔ　(ｐｉｐ・Defininｏ
Ｉ　･｡ｉｗ’
-φ－ｙ， similarly 命'ダ＝φみ'八昂')φ'＝め
十(み勺かand =丿み' for p. med. -q・９ : み'=0, receiving no operation of
£in
whidh
９ may
be surf.
‘q.
: 丿゜yﾝ･ａｎｄみ弓ρ-(p.∠1･∠r are called refraction･ shifting operator.
　Paraxial formulae are　also written as follows : ∠IQ＝0．
Ｉｓ’= ―
c' and auxiliary hs' '1
＝λ5-', where Q = n(r-'-5-0. called Abbe's zero-mvanant^ ＼ is surf. ･q･ > and also ゐ･
ｔ 4. Ｓｅｉｄｅｌ･ｐａｒａｍｅｔｅｒｓ＞　inｖａｒｉａｎtｓａｎｄ ｃｏｏｒｄｉｎａｔｅｓ.
　Seide1(8)ｕsｅｄ p. med. -q. a = hs'^, proved by a' ='hs'~^―hs'^=a; reciprocal refractive
index v=n ' and its negative difference ｙ〒一ｊν＝一∠1れｰ≒where V is different from Abbe's
number or reciprocal dispersion. Following auxiliary quantities are, moreoveri　defined:
μ゜りZN，μ’＝ｖ’/Ｎ　ａｎｄ m = u',?＝μas med. -q. and Ｍ＝μｍ＝μ’ｍ’　＝μｙ ａｓ　ｓurf. -q..
where
77z is called normalized refractive
index and　ｄｍ＝－∠1μ＝1，ｙ/μ＝ｓ/?＝ｎｌｎ≒
Defining commutative quantity ダof　９： 苓゜９≒ず= u>, we havｅ ４<|)<ｐ~＾＝(９の－1j命，
非＝一即and ｍ＝μ･
　Now paraxial formulae are reduced to shifting
jλ゜一c'a'
and refraction hｒ-"-＝Ａｍａ
＝μ加十（ｙ°μ″∠ia十♂＝Ｎ-１∠hぶ゜－Ⅳ‾ljゐ･proved　by　O＝∠ｌＮＭｈＱ＝∠INμｍｈｎ(ｒ-1－f1)
＝∠Imihr-'-a')^hr-'-∠Ｉｍｏ.
　The parameter system {s) = {susi'-･，ぶ} denotes that of conjugate points of an object
5l. where
ぶ　the last image. Similarly we consider the second system {5}, whose 51
　(!) used in (14) Schwarzschild ｐ. 5. (2) in (1) Berek, p. 148, called "die FlScheninvari・1ヽte
der Paraxialenstrahlen”. (3) in (15) Seidel, p. 294.
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and Ｓｉ’denote the entrance pupil and the exit pupil, respectively. The first is to be
called the object system and the second the pupil system. As ．＝ん/s, we can put the
first system {ぷ, h, a) corresponding the second {5, h, a}^{t, k, r}, where the last form
avoids bar symbol ("). Seidel''^ introduced the quantity Ｔ=ヽu-Kんv-ka)＝nhk(Z-1－s-1)
with its invariance throughout the whole system, called the system-invariant by Ｂｅｒek(2)，
which　is proved　by　Ｔ＝７'＝ｆ or　４Ｔ＝ｌＴ’＝O， as　follows :　ｊ７=吠ＮＭ)‾1j77z(辰－＆)
＝ＩＮＭ)-KUmで－k∠ｉｍａ)＝(ＮＭｒ)-1(ﾉ遥一kh) = O,　　ｉｌり＝　ｎ’Ｚ(ﾉzｒ'－＆')＝が(r'dh-a'dk')
= -≪'c'(rV-<TV) =:O･
　Ａ right-handed system of rectangular cartesian coordinate ex, Y, Z) is now associated
as follows:
　Ｚ axis is the optical axis － according to Herzberger's choosing － and the origin is ａ
vertex of ａ refracting surface, which separates two media (n), (ぶ), having refractive
indices n, n'.
　In this case, an incident ray can be also called (n)-ray, and ａ refracted ray (ぶ)-ray.
The paraxial (n)-ray on the plane X=0, which pass through (0, 0, t) and has intercept
Z=t, Y=k, is ZZ'1十ｙjを‾1＝1　or　ｙ＝fe-ＴＺ ＝－べZ-t). Putting v-y(Z=5), v=-r(5-0
＝－7･(ｈ(ｙ-1－＆-1)＝一Ｔ(・i) '. weha've nya=―Tj whose invariance is Lagrange's Theorem,
because a is an infinitesimal angle of (n)-ray Y=h ―aZ, passing through (0, 0, 5). We
often use curvature p°ｒ‾ｌ and Petzval's parameter　ω゜Np = Nr-^ = r-'∠In‾1.　Operating
j foｒ　ｈＴ一ka―Tv, we have み∠it-k∠1(J=-ＴＮ　ａnd ７ω＝ｒ∠lo―adr, proved by using hr-^
＝71ρ＝μ加十a etc. From ａん‾1°-Tc'v'i九島~S proved by
豆一feh＝Ｋ(,k一c'r')一臥h-c'a')
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　1
= -c'v'でT, we ｈａｖｅ肌‾1°X ― TK, where x゜11み1'1 ゛d 尺゜瓦゜?;どJ｀1ｙJ丿(んJ-1んJ)‾1 or
尺＝Σc'v'ih'hy called Seidel thickness by Ｂｅｒek(s)，ｗho used S instead of 尺．尺is
surface quantity. All the parameters h.，　ａ，　k，　Ｔ，り，Ｎ，μ,　ｍ，Ki　Pi　oj　ｅtc. are called Seidel
parameters･in which the two equations　ｈで―ka=Ｔｖ，∠ｉｍａ= hp are　important. Putting
initial parameters ん1°1･χ゜11°tx Si 心‾1G1－ZI)｀l or ｒl°ゐ1Z1゛1°SinrKsi-ti)'^･ according
to　Schwarzschildi T=l　is　made, proved by　Ｔ＝nfife(ｒl－5-1)＝,z1ん1(ぷ1－ZI)Z1“1ｓl｀1＝1，
ｗheｒe
l
f首χ゜Z1711‾1゛ corresponding entrance pupil° Making T=l, without loss of gene-
rality, is called system-normalization.
1. .5.Ｒｅｍａｒkｓ ０７１ｍａｔｒiｘ　tｈｅｏｒｙ･
　For ａ (wX n)-type ,matrix r = (;-4j) = (?'ij; wXn) in (1), transposed ｒ＊＝(rＵ＊)＝(r,J)
㈹な言言ゴ誤でi∵(かごに驚言ご
　　　　　(ふ,●…●こ)　　　　　　０
r＆ａ column-vector of w-th order x={x↓）＝（ｚJ↓,n) in (2), row-vector　ｚ＊＝(ｉ)＝
(Ｘｊ'，　ｎ)= (X1,X2,…tXtd is defined also as the transposed of (ｚ↓). For any two matrices
ｒ＝(γ,J；
TwXw) and
r'=(r'i,;ﾀzｘ戸), product ｒｒ’＝ｒ″＝4″≪) = (r″,。■,mxpy-=(后γりr'。)
is defined,λ『＝λ(rり)＝(々り)，
for　ｒ，ｒ″of the same type.
for any number or scalar 2， and sum　ｒ十r' = irり十丿り)
Let　ｒ be　ａ square matrix of　7z･th order, hereafter, or
　【】)in (15) Seidel, p. 299.　(2) in Berek, p.　25, called "die Helmholz-Lagrangesche
Systeminvariante”(3) m (1) Berek, p. 149, called "die Seidelsche Dicke”.
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ｒ＝(rり; nx刀). Linear transformation　jzｙ＝ΣγりヱJ　is written　as　x'=rxt where
　　　　　　　　　　　　　　　　　　　　　　　　　　J-1
･ｒベヱ↓), x'^ix'↓). If rり＝O(f吻)，＝ﾇ(i = /)i is treated as ａ scalar λand written as
ﾉ'＝λ＝(j)。, especially zero･matrix 0 = (0) and unit matriχ 1＝(1)。are defined. lfrり＝0
for i>j or iく■j' r is called triangular matrix. Generally 『 has its determinant!
denoted det ｒ°in. By the cofactoｒｓｉ４ｉｎｒ， ａｄｊｒ＝ｒ＾°(γり). called adjoint or
adjugate. is　defined, and inverse　r-'=irにT^, when　l絹≒O　or ｒ is regular.
Then．　ｕ:＾’)*=r'*r*, {rr'y=ｐ＞ＡｐＡ　ａｎd (r/")-'!＝だ-lp-1　are proved, in general,
in which * etc. operate in reverse order for product, r is called symmetric if r*=r,
and orthogonal if ｒ＊＝ｒ-1 or r*r=rr*=＼, as r-'jr=rr-'=i.
　(3)ｒ平ｒ'＝(rﾙ)is called direct svim ｏｉｒ，　ｒ’.　　ｉ
　For　any two　column vectors　x = (.x↓). y=iy↓), bilinear form　ｚ＊ｒｙ=y*r*x and
quadratic　form　x*rx=x*r*x　in　general type, are defined･ even if r^r*. as they
are scalars; but r=r* is the ordinary case, and the special case ｒ＝:1 gives inner
product　(jｒｙ)゜ヱ＊ｙ°Ｊｙ＊゜ｚlｙ1十¨‘十^nyni　which　is　invariant　for　an　orthogonal
£'ヱ゜£ヱ≒ｙ°ムｙへ　proved　by　x*y°(£ぶり＊(なり戸ヽｒり£＊£ダ゜x'*y'.　Defining
differential operator or gradient ∂。＝(∂。↓)＝(∂/∂ヱ,↓;n), total differential of　a scalar
function　du=du(^x＼.･■■,Xn) = (ｄｉＭ.)*dx=dx*･∂。μ, written　as　an　inner　product.　For ａ
constant　matrix　r, d(x*r:ｙ)＝　ｄｘ＊・ｒｙ十心＊･ｒ＊ｚ　and　dix*rx)=dx*･(ｒ十r*)x.
especially =ldx*rx for r*=r.
＼｡　6. Ｏｎ ｅｉｋｏｎａｌｓｏｒｃｈａｒａｃtｅｒiｓticｆｕｎｃtｉｏｎｓ.
　In the three dimensional space･ row vector (x) is written〔ｚ〕＝〔ｚ，！，１〕，ｚcorres-
ponds to ｚ coordinate, and the inner product〔ｚｙ〕＝ｚｙ＋4!;ｙ十xy. In the two dimensional
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　＝　－l
space･ omitting the third coordin万ate X oi万z. we define the vecto万r ix) = (.x, x) an:dトthe
inner product (.xy')=xy十Jjy，ｗheｒｅＵｚ)＝(ヱ2)is also used. The direction cosines
　　　　　　　　　　　　　　　－〔a〕＝〔S, S, 5〕is considered as ａ point on an uiiit sphere,･and we have　1＝〔∂∂〕＝〔∂2〕
＝(∂2)十!2，〔∂∂’〕＝ＣＯＳ(SrS'),where (eｒa’) is an angle of 5 and 5'. By〔∂〕, the optical
direction cosines e･j･£･ａｎｄ〔ε〕゜7z〔∂〕゛〔Ed･j〕゜〔zlδ･7l3,7zj〕are defined. j°1/T二で5')
is　used even　for　the　reflecting　ray. Direction　coefficients (戸)＝(戸,p) make two
dimensional　vector　such　that　∂:j:!゜夕:夕:･1･by　which (夕)＝(δ)/1/T二で5^)　and
　　　　　　　　　　　　　　　　　　　　　　　　－
(a)＝(タ)ハ/T写で？ｙ.Ｆｏｒ a light ray 万死　whose direction is d and OP=(xX甲ｅ
have HP=〔ｚ∂〕, where ｏ is the origin andOH上ＨＰ.For ａ refracting point Ji〔ｉ〕,angle
eikonal Ｗ is ｙ°j7戸十ｎ’ＰＨ’　＝-/lnHP=-∠1れ〔ｊ∂〕＝－〔ｉ∠ｋ〕, as Jj; = O. Similarly the
point eikonal ｙ for points ？〔ｚ〕，Ｐ″〔ｚ'〕isｙ＝－j,j7y＝－ｊ。(戸脊十河P)=J〔ｚＥ〕十ｙ.
As ｙ does not contain e, e', X, but only ｚ， x', by Fermat's principle!∂sｙ＝∂ε・ｙ＝∂ｉ
ｙ＝o. As ｊＷ＝O for di = ds' =dx=Q, dV=d(ich =ぶ’＝ｊｊ＝O)(ｊ〔ｚＥ〕十W)=J〔?ｉ〕. By
free differentiation. dV=d/]〔jΓε〕十ｊｙ＝ｊ〔ｚ＆十?ｚ〕十dW, then, dW=-A〔ヱ＆〕. These
are　fundamental　equations. Under　any　two orthogonal transformation £，ご：ぶ=L2r,
ε＝£:e;x' =がx', e'=L'£'. dV, dW are invariant, which is remarkable, where x, e are
considered as column vectors : x = (x↓), e = (e↓) etc.
＼｡　７.ＩｎｎｅｒｔｒａｎｓｆｏΓｍａｔｉｏｎ.
　Denoting〔χ〕＝〔X, X,ぶ〕instead of (X, Y. Z) in 1.4. we consider i?initesimal vector
(dX)=-(dX,dX') in〔dX, dX, s〕, then (dx) = vぺ,(jｘ)iｓ i?initesimal system-invariant
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　by Lagrange's Theorem. in which the finite (x)=v-VX) is called quasi-invariant (by
　Ｂｕchd由1(1))ｏｒ quasi-system-invariant, and is pure medium quantity for object system･
　Ｆｏｒ(£==sj-1。(X). Z = X=5=hia．pupil system (y) =ν“1ｒ(ｙ)，Ｚ＝y＝Z＝1/ｒ is defined･
These CxX (y) are　also called the reduced coordinates by Seidel''^ and surface
　quantities idx), (Jy) are　of the third order for (x), (y), well-known and written as
　‘(Jｚ)＝Ｏs(ｚ)ｅtｃ.Ｓｉｎｃｅthe system is rotation-symmetric, we can set (ｊｚ)＝(ｚ)Ａ十(v)B.
　(む)＝(ｚ)Ｃ十(ｙ)Z:), called Schleiermacher's form, whereんB, C,l:) are　expanded as
　functions of zz°(ｚｚ)＝(ヱ2)，Ξ!=(xy),！= (vv)=(y), which　are　inner　products　and
　　　　　　　　　　　　　　　　　　　　　　－
　rotation invariant　around　Z-axis. sometimes denoted as vector : 〔z4〕＝〔u,u, u〕. The
　　　　　　　　　　　　　　・　　　　　　　　　　　　.　　　　　　　　　　　　　r　　　　　〃｡㎝I，
　(≪)-ray is written (Ｘ)＝(戸)J十(&)＝(戸)Ｚ十(ろ)i in general, where (ft, £>) relates to ａ
　ｄｉａ-ｐｏｉｎt(s)(ろ，!,0) on ａ plane Ｚ＝ざ＝O at the vertex; and the ray penetrates special two
　　　　　　　　　　　　　　　　　　　－
　points (X, 2^, i), (y,！, /), and written by reduced coordinates, as follows.
　　(χ｀)＝ｇ-1(ｚ)＝(戸)ha-"-＋(&)，(ｙ)＝1･ｒ-1(jy)＝(戸)ゐｒ-1＋(み)，　０ｉｌｊエ＝6K十ba.り＝f)fe十bで，
・omitting round
brackets of vectors･ which is often used hereafter. Solving these linear
　equations by　んｒ一ka=Tν, we have　b=T-K一iｚ十八3-). P゜T-Kzx一<Tv). Introducing
　(9)＝(戸)十ρ(6), we have　9 = T-り(xJr ―V∠1び). by using　ｈｐ＝μ∠1。十(yetc. Obviously
　r(9) = (/')r十(b) relates to ａ dia-point on ａ plane Ｚ＝ざ＝ｒ at the centre of curvature.
　and　we　have　ｍｑ＝Ｔ-^Ｍ(ヱ∠lｒ一ｙ∠1<t)｡　　Operati!Ig　ｊ　for　＆　and　７明ｌ　we　have
　４ｂ=Ｔ-1(－Ｕエ＋み∠Jv)， ｉｌｍｑ＝Ｔ-iM(∠1エ∠1でー∠1:ｙ∠da),because ｊ does not operate to surface
　quantitiesみ,k, dぴ，∠ir. Knowing J£≫and ∠d??iq,we can decide dx and ∠li-.Introducing
　dii,j)<p =り一？。we have　dii,k)<p = d(.i,j)(p十J(j,k)<p or abbreviatedlvi　∠1’ (ｐ＝<ｐ″－９
　'jｙ十∠ly。　where j｀　is　interpreted　in　wide　sense, and　∠ilp'=<p″一丿･Ｇｅｎやrally｡
　　　　　　　　　　z
　{卸}≡丿一FI＝ぶ(９,。1－９)＝Σdip, and making {J<p}. from J<p is called the system
　problem, in which making dw for ａ refraction is called the local problem. Considering
　(x, v) as ａ row vectori linear transformation (.x,y) = Cx,ﾇ)ｅ，∠d9=0　is done, where
　θiｓ ａ surface quantity with its elements. In this case, (∠ix,dy) = (Jj:.∠1y)e. This
　transformation is　called inner transfonnationi which is important to solve the local
　problem.　In this case (ｄｘ，ｄｙ)=(ｄｘ，ｄダ)θａｎｄｊｚ,心IS system-invariant. Then calcu-
　lation of 0 can be done by Gaussian optics. Let T=l.
　　Ci) First type (Seidelian)
　　　(Dp゜ｒｚ一(yｙ°ωα‘1ｚl一(TVl°ωぶ2十μｙ2･　where　α＝ふ。　β＝ｊで。　Putting　一 ｒｊ７ｙゆ
　　　゜－ｒｉｍ(9一戸み)゛ろ　in Gaussian, as∠lmｑ°∠ib= O3.
　　　(2)｡b=-kx十八ｙ＝－jVα"1jｒl十Ｈｙi＝－ｙぶ2. Putting Ap, (3)βx―ay= ~~αyi = -yi>
　　　then (4) x%=a '^x＼一八ｙ｀り1，ｙ2＝αｙ1，(5)ｚ1＝ヱ,ｙ1＝－恥‾｀エ十ｙ.
　　(ii) Second type
　　　(6)夕゜ｒｚ一（ｙｙ°‘Ｎｈ-ｘμエｓ－。>'s=μ工４－ω^4. Similarly,
　　　(7) b=-kx十ｈｙ＝ｈｙ３=Ｎ:ｙ４，(8)βヱーay=-Nh-'エs―ays = --XA, ‘
　　　(.9)エ＊＝ＮＨ-lｚs十αjy3，ｙ４＝hN'＾ｙt。(10) Xi=x, yi =一khｒ^'ｘ十y-
　　(x,v)'-=(∫μ)iｓ called centres of (.X, y"). Then, (.Xi,yiy=(s,r), as, e.g., ti =ωa-',
　(1) in (3) Buchdahl p. 9. (2) in (15) Seidel, p. 301. , called "die reducierten rechtwinklig。
Coordinaten”｡　(3) used in wider sense than (10) Herzberger (p. 64) who used as ａ point on ａ
meridional plane intersected by （が:)-ray.
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kr=Na-'　∴ti = kiTi'^ = Na'^a)~^a = r etc. te. :yi)'"=CO. r), (.X3>ya)が= 0,0),
(x,,y.y°け.0).
　(∫μ)゜general type, (∫･ｒ)゜centre type, (5,0)゜‘vertex type, (Oげ) or (r･O)゜regular
type.
　The way (ｓ,t)→Cs.r)→(0, r) is called the first way. and (ｓ,t)→(5,0)→(r.O) the
second way. If (x。ｊ･,)＝(ｚj,jyJ)θJ。x=x。，ｙ＝.y。, then,　　　　　　　　　･｡
　恥＝(一応一心)／ｅ,｡Vo
1り･ｅ･･＝(？‾乱聶)ld,･頒‾t‾1)
　which are called returning transformations. Then,
にマ)＝(ド忙)(ぶり(;イ)＝(ド門(ご‾乱か)(とパ)，・11・d
first resolution, second resolution, respectively.
　Putting∠1て． ４ａ，corresponding∠1μ― ll∠1ω＝Oi deformedi
　(－ド認::)＝(ド忙･)(
－
じぺ)(?ﾂﾞ)＝(ドド)＼
a hか)･
1. 8.　Ｃｏｅが^ｃｉｅｎｔｓof ｔｅｒｎａｒｙｅエＭａｎｓｉｏｎ，。iｔｈｃａｌｃｕlatio?ｌｓ.・
　Instead of z4，!f，!!in l. 1； Ｕ．　Ｖ，　ｌＵａｉｅｗｓed， and Ａ＝Åu. ■ｏ.xv) is expanded as two
forms :　Ａ°jlRjJ“z゛j♂゛l°弓“゛z4“　j＋み十Z≧1' jμリ≧o' f≧1. i°〔j．fe.l〕is defined
by dictionaric order such that f＜μholds only when り</),(j＝j’fe＞が) or (j=j'.
k＝k’Ａ>l'). In this case. we have　i＝Z十(i/2)a十k)a十た＋1)十(1/6)(Z十灸十j)(1十ん十丿
＋1)(Z十た十丿+ 2).　For　example〔2.3,5〕＝5＋8･9/2＋10゛･ 11 ･ 12/6 = 261,〔1,2.1〕＝1十3･4/2十
4･5･6/6 = 27. In general case of /fe-nary polynomial, we have
　　　　　　　　£-1　　1　　g　　　　允　　　　　　　　●　　　4　-.
　i＝〔h,-ご･./*〕＝Σ-７７ＴｉＴ/7(ｇ十ΣZ・). By ordeで　　1＝j十ゐ十/, A = A(i)十ム2)十…＝
　　　　　　　　，-o(9＋1).ｇ-o　　v-k-i
ΣAci), e. g･, A<i)゜α1μ十aiv十αst£'l　A(2)=a4M*十aiuひ十ａｓｕｗ十α7り2十aSてJ1V十α9でv＼　We
I-l
have following　　　　　　　　　　　　　　　　　　　　　' ●
　Exponent Table
－Ｚ (1) (2) (3)
華客 １ ２ ３ ４ ５ ６ ７ ８ ９ 10 11 12 13 14 15 T6 17 18 19
ｊ １ ０ ０ ２
１ １ ０ ０ ０ 』 ２ ２ １
- -
０ ０ ０ ０
４ ０ １ ０ ０ １ ０ ２ １ ０ ０ １ ０ ２ １ ０ ３ ２ １ ０
Ｚ ０ ０ １ ０ ０ １ ０ １ ２ ．０ ０ １ ０ １ ２ ０ １ ２ ３
7’ ｜　　　　　　（4）
●１ 120 21 22 23 24 25 26 27 28 29 30. 31 32 33 34･
-
４ ３ ３ ２ ２ ２ １ １ １ １． o、 ０ ０ ０ ０
１ ０ １ ０ ２ １ ０ ３ ２ １ ０ ４ ３ ２ １ ０
Ｚ ０ ０ １ ０ １ ２ ０ １ ２ ３ ０ １ ２ ３ ４
　For commutation u**zv, as x**yt following commutation t）fχ!umbering xo,' is produced:
　（D 1**3. (2~> 4<*9, 5-W8, (3) 10O19, 11≪.8, n+^S. 13-W7, (4) 2O'w34. 21-w33. 22**29,
23**32. 24≪28, 26≪>31, except the case oｉ　i＾i’:,2,6. 7, 14, 16, 25. 27, 30.
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　TABLE ｌ　shows the coefficients for　important forms.　In (ａ):Ｃ°AB,　ｃｏｅ伍cients
C< are denoted by “4･ bo which is abbreviatedly written Ｑ°(必)1･Similarly in (b｀)･
召゜α1A十α2A2十α3A3十…, called unary　expansion, can be calculated; in　kc)，
Ｃｆαi(Au十βひ)十αzCAv十召ｗ)十asU‰＋2A召1ﾉ十Ｂ｀Ｗ)，　　　　　called　　　principal
binary　form",　in (d), PCが,v', IVり＝戸(u, V, zむ), x'=a十Ａ)ヱ十By, y'=Cx十(1十£)リ，
called elimination form, in･which pi can be calculated byf＞ｌ. ｃｕ，bt・Ｃｔ．ｄt. By the
elimination, independentやariables are easily to be changed; (d) U) is the general case
and (ii) is the special case for C=D = O, in which the case A=召＝Ｏ can be also treated
by commutation ヱｅ万ｙ･ヱ´そ争lｙへＡｅｉ)|･B^C,　because the original forms are invariant.
Above-mentioned commutation　of numbering is convenient in these cases. At last, (e)
shows　inner　transformation x' =a＼ぶ十α2ｙ･jy´゜αμ十α4jy･A(m'; f', wり゛゜ACm, V, ｖａ)･
Considering　infinite　row　vector　U=(ui) = (.Ul,U2,…) and　column vector a = icu↓)，
α＊゜(41･α2ｒ…)･　Ａ°zｊα゜λ゜ud.　　Ｆｏｒ(ヱヘjy7〉= Uv)9i 　ｕ’＝ｕ６. 　ｕ’ａ　=　ｕ６ａ=tｔａ．
then a = Ba,･ｗheｒｅ　６＝θ(1)ふ　9(2)十…｡θ(。) are　power　matrices. For　example au)*
゜Cauatiaz), a(2)*゜(at,….as); A(i)= u'ii)a{i-),---, a(i) ―0(i)a(i). Ifθis triangular matrix･
θ(。)iS also triangular. In (e) (i), (ai,a2.asia<) = (!>≪>β, 1), and matrically written as :
　゛(ごご:)゜(パ)プ(イレか令where X=aB.
In (e) (ii), e゜(;　?)■ ≪'■'゜(jβ　1　JV which is triangular.
I・(・)(iii~)･≪=(? ?)ﾘ（(・)(i・)Ｊ°(;?)
　　　　　　　　　　　ブ　　　　　　　　　　　　TABLE　１.
(a) Multiplication　ご,＝(必)i for C=AB.
　(2) C4=aibi, Ci=aibi + a2bi, Ce ―aib3十αibu ci ―Oibi) ｃｓ”ａ．l十ａｓbii C9＝ａｉｂｉ，
　(3) <:io=ａ＊b＼十ciibi.･QI＝44&2･十aibi十asbi十αl&5，ご12＝ａ＾b％十α3&４十a≫fci十aibtt
　　　　ごls＝α5&2十azbi十αφ1十ａｄ十aibi十asb2十α2&6十atbi十ａｉｂｉｉ
　　　　ｃ１５°αφ8十asbe十aab＼十aibs, cie ―αφ2十ａｉｌ十α3&7十αφ2十ａｉｈ亀，
　　　　cit=aibz+asba十aabz十atbat　da ―asbz十α3&9.
(b) Unary十ezpa万11万sion form　&|,万= <pi(a',ai, azy…) for B =α1A十α２が|十….
　U) bi=aiai, bi―a＼ai, bi―aiaz.
　(2)ろ4＝α1α4＋α^al^ bs =αiai + 2a2aia2, be ―<XiaB+2αtaiasi bi―aiai十α2α22，
　　　　A8=aia8+2a2a2a3> i>a ―α1α9十α2α32.
　(3)&ａ＝αiaio + 4αiCttai十α3al^　bn=a＼αii + 4a2(a4a2十asai)十＆・４‰２／
　　　　｀ろ12＝αiaiz+iaiCaias十aeai) + 2α3α12α3，&13＝αiai3 + 4a2 (.asai十ａｔａ＼)＋3α3aia2y
　　　　Au =αtau + AazCasas十aeUz十α8α1)＋6α3aia2a3> bis ―αiai5 + 4α2(.<5t8αi+ aaαi) + 3a3aia3^.
　　　　bia―aia＼e + iα2a^a2十asa^^, b＼n=αiai7 + 4α2(ａｉａ％十α8α2)＋3α3α22α3，
　　　　bii―ociaiiナ4α2(α8α3十α9α2)＋3αiaza^, £'i9=aiai9 + 4a2a9as十α3αs3.
(cl｀)I　Principal binai･y form　ｃ,:==:φi(a,b ; ai,α2, as) for
　　C=aiiAu-^Bv')十aiCAv十召ｗ)十α3(Ａ‰+ 2AB・十B'w).
　(2) C4=aia＼, Cs=ai(.a2十&1)十aiai, Ce=aia3十Ｏａｂｉｉ ＣＩ”ocibj十OCldit C≫―α1&s十α2(α9ナbi).
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　　　　Ct'^aibt.　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　，..
　(.3) c,o =αla4十α3al^　cii=ai(.α5十み4)十αiaA + 2a3(a＼a2十aiW.
　　　　ご12°αia≪十ocibA十αi(2aia3十&12)，Q3＝α1(α7半&s).十aiOi十α3(a2* + 2aibi+2aibi),
　　　　C14°α1(α8十&6)十α2(α6十ろs^ + 2a3(aibs十asbi十み1ろ2)，　Cl5 =α1α9十α2&6十aiW + lbibi),
　　　　Cl≫ ―alb^十α2α7＋2α3<Z262i Cl7 ―α1&8十α2(α8十&7)十α3(2α2&S＋2α3&1十b^').
　　　　C18＝α1&9十α2(49十&8)＋2α3(α3£,3十bibz), C19 ―α2ろ9十α≫*.'.
(d) Eli一犬ination form fi=:9t(＊■，　ａ．b．ｃｃｆ)　ior PW ・．'ｊｌ奴，’)＝六戸(ｔ４万,万ひ万,w) when
　　x'=a十人)ヱ十Ｂｖ． ｙ’＝Ｃｚ十(1十£))3'-
(i)(1)？ｖ-ｌ>ｉ． Ｒ＝か. /'3=/･3，j
　(2)j4＝夕4 + 2aipi十Cl/>2, ps =戸5＋2(α2＋&l)戸1＋(・+ ai+di)加+ 2cip3.
　　　　pa=pe + 2α3戸1+(C3十&1)夕2＋2d＼ｐｚ， 　ｐ-j＝か+ lbipi + {ai十di')p% + 2c2psf
　　　　刄＝1）ａ＋2み3戸1十(α3＋j3十ろ2)鳶＋2(c8十di)p%, pa =か十bipi + 2ds戸s･
　(3)ヌo＝夕1o十(2a4+ai')/>i十(c4十aicOpi十ci^p) + iai戸4十ｃゆｓ，　　　　　　　　　　　　　　･．
　　　/>n=/･11 + 2(^5十Z･4十α1α2十aibOpi十(ご5十α4十j4十aiC2 + a2Ci十α1必十6ici)/>j + 2(c4十ClC2
　　　　　十c＼d＼)戸3＋4(α2十*i)/>4 + 2(c2 + 3ai十di)ps + lcxipi十夕7)，
　　　函2°夕12十(2a6+2aias十&12)戸1十(C6十&4十aiCs十asci十&1必)戸２十(2d.* + 2ciC3十必2)戸3^iasp4
　　　　　十(C3十Z,1)夕S＋2(C2＋41)戸6十Clpi,
　　　元3°夕13十ilai + lbi + laibi + laibi十α22￥1十(c7=十α5十ｊs十α2ぐ2十ci＼ｄｉ十α2必十bicz十ｂｉｃ＼)芦
　　　　　十Oci+2cid2 + 2czdi十じ22)戸3 + 4i2/>4十Oai+lbi十必)戸5+2c2/)8+2(c2+ai + <fi)戸i+ lcxpi,
　　　刄4°戸i4 + 2(a8十be+0203十aiis十asbi十b＼b2:)夕1十(ご8十α6十j6十&5十aid十aiC2 +ａｉｄｓ+ aidi
　　　　　十biCｓ＋･bsci十bidi十bidx)夕2 + 2(c8十j5十ｃ２Ｑ十Ｃxｄｆ.十Ｃａｄｉ十必ゐ)戸s+ ib,戸4十(3a,
　　　　　十j3十b{)pi + licz十ゐ十α2十&1)戸6 + 2(c3+il>7十(3C2十α1十必)戸i + icipa,
　　　pii―pis十(.2a, + 2bib3十α32)戸1十(c9十ろ6十a3C3十bxdi十b＾ｄx)か十(2j6十ごs2＋2jlj8)戸s十&3戸s
　　　　　+ 2W,十α3￥6十(ご3十&1￥8十如砂9，　　　　　　　　　　　　　　　　　　'ヽ'
　　　刄6＝戸16＋2(恥十α2bi)pi十(α7十ゐ十α2虚十bici)μ＋2り7十ご2ゐ)夕3 +2*2*6 +2(a2十ｄ＾Ｐｔ
　　　　　+ 2c2/)8･
　　　刄7＝夕17十ilbi + laibt +la3bi十&22)1）１十(α8十j8十&7十aidz十αs必十bid十baCi十hidｔ)μ
　　　　　十ClCi + ldn + lcidz十idCk十ゐ2)戸3＋2&3戸s十Ibtpi +2 (as十ゐ十ろ,)戸7十(2<r8 + 3^2十αz)戸8
　　　　　+ 4c2/)9･
　　　/>U=/>18+2(*9十α3&3十Ｍ･3)/>l十(α9十j9十ろ8十ａｓｄｓ十&臨十ｂｉｃｉｊ＋ｂｓｄ心加+ 2(<:,十j8十Ｃｉｄ％
　　　　　＋４ｄこ)戸3 + 2*3(戸6十戸7)十(α3＋3j3十b2)pa+i(.ci十ゐ￥9，
　　　7;19==夕19十&3￥1十(&9十bｓｄ．)か十(2j9十ｊ,2￥S + b3pt + id3pi･
(iOヌ＝５(ｐ＼　ａ，h．0,0) in the caae of Ｃ＝Ｄ＝0.
　(1)石りli p2―p2, pi―pS.　　　　　　　　　　　　　　/
　(2) pA =/>4 + 2ai戸1，元＝y)5＋2(α2十Jl)/>1十α1か. pi=pa+laipi十bゆｌｌ pi＝戸7 + 2bipi十ａ洒，
　　　78＝戸8+2^3戸1十(α3十£･2)か，刄゜夕9十bｓi＞i・
　(3) /.io =戸lo十(2a4十α12)夕1十iaipi,
　　　Pn°加＋2りs＋ろ4＋41α2＋41ろ1)戸1十α4夕2 + 4(at十b＼ｉｐｉ+ 6ai/>5.
　　　函2°戸12十(2αe + 2aiα3十&12)戸1十bip％+ iasp*十ｂゆs + 2aipe,
　　　刄3°pn + (2a7 + 2bs十a'L'-＼-2aibi + laib＼)p＼十asp2 + ib2pi + Oa2 + 2bi￥5 + 2ai/>7.
　　　pu=pi* + 2l^ai十&6十aiaa十aibi十azbi十bibi￥1十(4e十&s)μ＋4&3戸4＋(343十&2)か+ 2(aj
　　　　　　十bdpe十泌ゆ7十ai/>8>ヌ5＝f>ｕ十O.ai+ai' + lbxbi^pi十Ｕｐｚ＋&s戸5 + 2aj戸e十bipi.
　　　ヌ6°/>16+2C*7十azhi)戸1十anpi + 2bipi十ｌａｉｐｉ．
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　　　恥＝釦十(26.十･2a2b3 + 2a3b2十hz'-')px十(α8十£･7￥■f^lbtps-＼-lbipi + 2iat十hi)ｐｆ＾ａゆｓ，
　　　j18＝夕18＋2(ろ9十α3&3十bzb%)ｐ＼十(α9十bs)p2 + 2bs{.pe十戸7)十(α3十bi)pi,
　　　P19°夕19十&32戸1十&必十み3戸8･
Ce) Inner transform万ation fonn　ai =:瓦|(しα|;α1,α2,α3.aO for AiuへIJへ■ｗ')＝:承u, V, w)
　　when
ｙ°αｌｚ十a2V, ｙ°aiJi]十α4ｙ･
(i)Ji＝ぷ;(a;l,α,β,1). aβ＝λ.
　(1) ai=ai十βa2十β'as, a2 = 2αα1十(1十>i)a2 + 2βαS> <Z3―α2α1十αα2＋α3.
　(2)i4＝α4十βα5十β‰十β‰十β3α8十βag,
　　　as = iaα4十Cl + 3λ)a5 + 2β(1十ﾇ)α6＋2β(1十λ)α7十β2(3十λ)aa + 4β'a>.
　　　J6°2α2α4十α(1十λ)45十(1十λ2)α6＋2λα7十β(1十λ)ai + iβ2α9，
　　　a7 = Wa4 + 2α(1十λ)a5 + 4λα6十(1十λ)V, + 2β(1＋2)α8＋4β2α9，
　　　58=4α3α４十a≫(3 + >!)a5 + 2a(l十λ)a6 + 2α(1十λ)α7十(1 + 3λ)a8+4β49，
　　　219°α4α4十α3α5＋α2α6＋α24?＋αα8十α9.　　　　　　　　　　　　　｀
　(3)J10＝α10十和11十β2α12十β2α13十β3α14十β4α15十β3α16十β4α17十β5α18十β6419･
　　　J11°6αα1o十(l + 5>i)aii + 2β(l + 2/!)ai2+2β(l + 2/0ai3 +3β2(1十λ)α14+2β3(2＋λ)ai5 + 3β2
　　　　(1＋2)α16＋2β3□十八z17十β4(5十;i)ai8 + 6β5α19，‘
　　　an ―2a'αlo十a(l + 2λ)an十(l + 2>i')ai2十λ(2 + >i)ais十βCl + 2八z14十β2(2十/)ai5 + 3βな16
　　　　十β2G＋2λ)an十β3(2十λ")ai8 + 3β4α19，
　　　ai3 = 12αVo + 4a(l + 2λ)an + 4α(2十λ｀)α12十Cl+6λ4- 5>i')ai3 + 2β(1+4λ十λ2)α14＋4β2
　　　　(け2λ)ai5 + 3β(1十λYau十β2(5＋6λ十λ')ai7 + 4β3(2十λ)ai8 + 12β*aii,
　　　£4＝12α3α10+ 6α''(l+/0au+4a(l十丿十λ‰112+ 2α(1+4λ十λ2)α13十(1＋5j＋5λ2十λ3)414
　　　　＋4β(1ナλ十λ')ai5 + 6/!(l十λ)ai6 + 2β(1 + 4/!十λ2)α17＋6β2(1十λ)ai8+12β'ai9.
　　　5i5 = 3α4α1o十α3(2十λ‰ｕ十α2疆十λ2)α12十aHl + 2λ)ai3十α(1十λ十λ2)α14十(1 + 2λ)ai5
　　　　＋3αλα16十λ(2十かz17十β(l + 2/!)ai8 + 3β2α19，
　　　ai6 = Sa'aio + 4a'(2+>i)aii + 8αね12 + 2α(1＋2)2α13＋4λ(l + /i)au + 8βλα15十(1十λ)3α16
　　　　＋2.β(1十λ)2α17＋4β2(1十λ)ai8+8β'ai9.
　　　an = 12a<aio +4a'(2十λ)au+iaK[ + 2λ")ai2十α2(5＋6j十λ2)α13＋2α(1 + 4λ＋22)a14＋4λ
　　　　(,2十λ)ai5 + 3a(l十λYai,十(1 + 6λ＋5λ2)α17 + 4β(2十λ辿18＋12β2α19，
　　　瓦8＝レ5410十aKS + yOan + 2aK2十ﾇ)an + laHl十λ)ai3 + 3a'(l十λ)α14＋2臥1＋2λ)ai5
　　　　+ 3aHl十λ)aj6 + 2a(l + 2λ)α17十(1＋5λ)ai8 + 6β<Z19>
　　　瓦9°α6alo十α5α11十α*an十α*ai3十α3414＋α2α15＋α3α16＋α2α1?＋αan+aia.
　(.4) 520―^20十βα21十β2α22十β2α23十β3α24十β4α25十β'a26十β4α27十β5α28十β6429十β*aso十β'an
　　　　十β6α32十β'a33十β'a34,
　　　恥＝8αα20十Ｕ＋7λ)a2i + 2β(l + 3/i)a22 + 2β(1 + 3λ)a23十β2(3＋5λ')au+iβ3(1十λ)lZ25十β2α26
　　　　＋4β3(1＋1)427十β4(5＋3λ)a2s + 2β5(3十λ)a29 + 4β3(1十λ)α30十βH5+ 3/i)a3i + 2β5
　　　　(3＋2)α32十β6(7十/!)a33 + 8β7α34，
　　　a22 = 4α2α20十ail +3λ)α21十(l + 3>!')a22 + 2λ(1十λ)α23十β(1十λ)2α24＋2β2(1＋22)α25
　　　　十βλ(,3十λ)a26十β2(1十λ)‰7十β3(2十口十λ2)α2S十β4(3十λ2悩29＋4β2λα30十β3(1＋3λ)asi
　　　　＋2β4(,1十λ)a32十βS(3十λ)a33 + 4β6α34，
　　　S23 = 18α2α20＋6α(1＋3λ)a2i + 12λ(1十.a)α22十(1＋10λ＋13λ2)α23＋2β(1 + 7λ＋4λ2)424
　　　　＋4β2(1＋4λ＋22)α2S＋3β(1 + 4λ＋3λ‰Z26十βH5 + 14λ＋5λ^)a2i + 2β曳4＋7λ十λ2)α2S
　　　　＋12β(1十ﾇ)a29 + 6β2(1十λ)2α30＋3β3(3＋4λ十λ2‰31十β4(13＋10λ十λ=')a32 + 6βS(3十λ)as3
　　　　＋24β6α34，
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　a24= 24a'(22o + 3α2(3＋52)α21ナ6α(1十λ十λ2)α22＋2α(1 + 7λ＋4j2)α2s十(1＋7λ＋12λ2＋4λ3)α24
　　＋4β(1 + 2λ＋2λ2十/!')a25 + 3λ(2＋5λ十λ2)－＋2β(1 + 5λ＋5λ2十λ')a27十β2Q6＋10λ＋7λ2
　　＋23)α28＋6β3(2十λ十λ2)α29＋12βλ(1十λ)a3o+3β2‘(1＋5λ＋2λ2祐31＋2βH4 + 7λ十λz)α3z
　　＋3βH5 + 3λ)α33+24βsα34，
　a25= 6α‰o＋3α3(1べ)a2i + 3α2(1十λ2)α22十aH＼ + iλ十芦)423十a(l + 2λ＋3λ2)α24十Ｕ＋4λ2
　　十λ*)ais + 6αλα26＋2j(1十λ十λ2)α27十β(1 + 2λ十.3λ2知28＋3β2で1十λ2)μ29＋6λ‰o＋6βλα31
　　十βHl + 4ﾇ十λ2)α32＋3β3(1十/i)a33 + 6β*an,
5'26=32α2α2o＋4α2(4＋5λ)α21＋8αれ3十λ)ai2十姐(丁＋4λ＋322｀)α23＋4λ(,2＋5λ十λ2｀)α24
　　＋16β川十如(Z25 +C1 +λVCl+6-i)a26 + 2β(1 + 7λナ7λ2＋λOai.7 + 4β2(1＋5λ＋2λ2)α28
　　＋8βHl + 3>i)a29 + 4β(1十λ)3α3o十β'(2+ 5/i+4λ2十λ=)a3i.+ 4β3(3＋4λ十λ')as2 + 12β4
　　k2十八233 + 32β5α34，
di7 = iSa*a2o + 24a^(l十λ)α21＋12α2(1十λｙ臨＋2αH5 + 14λ+ 5/!')a23+ 4aCl+ 5λ＋5λ2
　十ｊ)臨＋4λ(4 + 3λ＋2λ2)α25＋3α(1十λ)(1刊り十λ2)α26十(1＋10λ＋26λ2＋10λ3十λ4)α27
　＋4β(1＋5λ＋5ﾇ2＋j3辿28＋12β2(1十λ)‰9十■. 12>i(l十λ)2α3o＋3β(1十λ)(l + 6λ十λ2)α31
　＋2β2(5＋1徊＋5λ')a32 + 24β3(1十λ)a3s + 48β*an,
d2t = 2ia^a2o + 3α4(5＋3λ)a2i + 6α3(2十ヌ十j2)α22＋2α3(4＋7λ十λ2)α23十α2(6＋10λ＋7λ2
　十λ3)α24＋4α(1＋2λ＋2芦十λ')a25 + 3a竹＋5λ＋2λ')a26+2a(;l + 5λ＋5λ2十λs)α27十(1＋7λ
　＋12λ2＋4λ3)α28＋6β(1十λ＋22)α29＋12μ(1十λ)α3〇 ･＋3λ(2 + 5/!十P)a3i + 2β(1＋7λ
　十ね2)α32＋3β2(3＋5λ)an + 2iβ'a34.
528 = 4α6α2o十α5(3十λ)a2i十α゛(3十λ2祐22＋2α4(1十λ)a23十α3(2十λ十λ2)α24＋2α2(1十λ2)α25
　＋α3(1＋3λ)α26十α2(1＋2)2α27十α(１十λ)tz28十(1 + 3λ2｀)α29＋4α2μ3o十αλ(3十λ‰31
　＋2λ(1十λ)α32十β(1 + 3λ)<l3S+ 4β‰4，
a3o = 16a'a2o +8α3(2十λ)a2i + 16≪'λa22 + 4α2(1十λ)2423＋8αλ(1十λ)a24 + 16λ,*a25+ 2a(l
　十λ)3α26＋4λ(1十j)‰け8β/i(l+^)a28十.16β2λaig +(1十Xy*a3o ■+ 2βＵ十λyan + 4β2(1
　十刀2a32＋8β3(2十λ)a33 + 16β'a34.
flsi= 32a'<i20 +12α4(2十λ辿21＋8α3(1十3/0 a22 + 4α'0 + 4λ十λ2)α23＋4α2(1＋5λ＋2λ2)α24
　+ 16aλ(1十λ)a25十α2(2＋5λ＋4λ2十λ3)a2e + 2a(l + 7λ十ぴ十λ?)α27 + 4λ(2＋5λ十λ2)α28
　＋8βλ(3十λ)a29 + 4a(l十λ)3α3o十Ｕ十>i)Hl + 6λ)a3i +4β(1 + 4λ＋3λ2)α32＋4β2(4＋5λ)a33
　＋32β‰4，
532 = 24α6α2o＋6α5(3十λ)a2i + 12a(l十λ)a22十α4(13＋10λ十λ2)α23＋2α3(4＋7λ十λりαz4
　+ 4aHl +4λ十;i^)a2s + 3α3(3＋42十λ2)α26十α2(5十･14λ＋5λ2｀)α27＋2α(1＋7λ＋422)α28
　＋12λ(1十λ)α29+ 6α2(1べ)‰0 + 3a(l + 4λ＋3λ2)α31十(1＋10λ＋13λ2)α32＋6β(1 + 3λ)asa
　＋18β‰34，
as3 = 8a'iZ2o十aHl十λ)aii + 2α5(3十λ)a22十ヽ2α5(3＋λ)α23十α4(,5＋3λ)α24＋4α3U十λ)a25
.十α4(5＋3λ)a26 + 4α3(1＋2)a27十α2(3＋5λ)aiB+2a(l+3λ)a29+4a'(l十λ)a3o十α2(3＋5λ)asi
+ 2a(l + 3λ‰32十(,l + 7/i)a3s + 8βas*,
J34＝α8α20十a''a2i十αft十α6α23＋α5α24十α4α25十α5426十α'4α27＋αSα28＋αZαZ9＋α4430十α3α31
　十α2α32＋αα33十α34
(ii) di = di(,a＼ a.β, 0, r･）
　Cl) ai=a'^au di = 2aβα1十ａｒａｉ．　ａｓ＝^”ａｉ十βμz2十fa.。（2）j4＝α*ai,
a5 = 4a'βα4十ａ＾ｒａｉ．　ae =
2a^β2α4十α2βM5十≪V'≪6.
　　　　J7°4α2β2α4＋2α2βγα5十aYan･ai = iaβ3a4＋3αβVa5 + 2aβfa, + lαβΓ2α7十αΓ3α8･
　　　　J9＝β4α4十β3μz5十β2γ2α6十βVa-,十βr^as+r*aB,
(iiO
　(1)
　(2)
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(3) aio = a^aio, <2ii= 6a^βαlo十a^raii) an = ia*β2alo十α゜βran十α4γ2α12，
　　　ai3 = 12a^β2410＋4α4βran十α4γ2α13，
　　　j14°12α3β341,＋6?β2ｙｕ＋4α3βfai-. + 2α3βγ2α13ナ?r3α14，
　　　als戸3“2β4“lo＋2“2β3γα11 + 2α2βYan十α2βV"≪13十α2βΓα14十α2γ4α15，
　　　ai6 = 8α3β3αlo＋8α3βVan + 2a'βγ2α13十αYaie,
　　　i17°12α2β4αlo十Bα2β3γα11＋4α2β2r2α12＋5α2βYan + la-βγ3αn + 3α2βΓ3α16十aYα17，
　　　Sit = 6aβ5αlo＋5αβ4α11＋4αβVai2 + 4αβ3γ‰13＋3αβVai4 + 2αβr*ai5 + ZaβV'aie十加βT*an
　　　　十αfaia.
　　　j19°β6αlo十β5γα11十β4γ2a12＋β472413十β3γ3α14十β2γ4α15十β3r3α16十β2γ4α17十βΓ5418十fan,
(4) d2o =α8α2o，a21＝8α7βα2o十a'ran, aiz = iα6β2α2o十α6βra2i十aYα22･
　　　J23°24α6β2α2o＋6α6βran十αYa2,.
　　　j24°24α5β3α2o＋9α5β2γα21＋6α5βγ2α22＋2α5βγ2α23十α5γ3α24，
　　　ゐ5°6α4β4α2o＋3α4β3M21＋3α4β'''f'aii.十α4β2γ2α23十α4βγ3424十α4γ4α25･
　　　026 = 32α5β'a2o+12α｀β2μ21＋4α5βγ2α23十αYa2e,
　　　ゐ7°48α4β4α2o＋24α4β'ra2i+l2a'β2r2α22＋10α4β2r2α23＋4α4βr'a24 + 3α4βfais十α４γ4a27，
　　　a2a°24a'β5α2o＋15α3β4γα21＋12α3β3γ2α22＋8α3β3γ2α23＋6α3βVa24 + 4α3βγ4a25＋3α3βYats
　　　　＋2α3βγ4α27十α3r5α281
　　　j29＝4α2β6α20+3α2βVa2i + 3a'β'fatz + 2α2β4r2α23＋2α2β4r2α24＋2α2βYa2s十α2β3γ3α26
　　　　十α2βya^■,十α2βfazi十α2γ64291
　　　a3o°16α4β4α2o＋8α4β3α21＋4α4β2γ2α23＋2α4βγ3426十aYα3o･
　　　531 = 32α3β5α20+20α3β4μz21＋8α3βVa22 + 12α3βVa23 + 4a'β2γ3α24＋7α3β2r3α26＋2μ3β■I'*ai7
　　　　＋4α3β/a3o十a^fa3i,
　　　032 = 24α2β6a2o＋18α2β5μz21＋12α2β4γ2α22+13α2β4γ‰23＋8jβｙ424＋4α2βｙα2芦＋9α2βYaze
　　　　＋5α2βｙα27＋2α2βγ5α28＋6α2ダγ4＋3α2βγ5α31十α2γ"an･
　　・ゐ3°8αβ7α2o＋7αβ6γα21＋6αβ？α21＋6αβｙα23＋5αβV'a24 + 4αβVa25+5αβ4r3α26＋4αβｙ“27
　　　　十jαβｙα28＋2αβΓ6α29＋4αβVa。≪ + 3aβVa3i + 2αβ■;r'a32十ar''a33t
　　　あ4°β8α2o十β7μ22.1十β6γ2α22十β6γ2α23十βYau十β4γ4α2s十β？α26十β4r4α27十β3γsα28十βｙα29
　　　　十β4r4α3o十β3γ5α31十β2γ6α32十βγ7α33十γ8α34･
jl四ﾀ'iU; a, 0,β,以
a1°α2α1ホαβα2十β2α3， j2＝町42＋2βrai + 2βγα3･ a3°γ2α3･
a4＝α4α4＋α3βα5十α2β2α6＋ａ＾.Ｂ’-ａ-!＋αβ3α8＋β*as.
a5°?戸5＋2α2βTa6 +20＾ &ｒａt＋3αβ'as+ 4β';-(29. as°α？α6＋3αβΓ2α8＋2βｙα9，
J7＝αｙα7＋2αβfas + iβｙα9，J8＝町3α8＋4βfaa･a9°r'*ad,
C3) aio=a'αlo十α5βα11十ａ’ｅ'^ａｕ十α4β2α1s十α3β3α14＋α2β"aiB+a'β3α16＋α2β･an+aβsα18十β^ait,
　　　a11°α5叩11＋2α4βγα12 + 2α4βran +3a'β2γα14 +4α2β3M15＋3α3βVai6 +4α2β3γα17＋5αβ4Γα18
　　　　＋6β5γα19，
　　　an =αΥα12十α3βγ2α14＋2♂βYan十α2βｙα17＋2αβVai8 + 3β？α19･
　　　瓦3°αΥan + 1α3βγ2α14＋4α2β2γ‰15+3a'βγ2α16＋5α2βｙα17＋8αβVai8 + 12ダγ‰19，
　　　J14°aYait + ia'βrV5 + 2a'β/an + daβVai8+12βYan,
　　　a15°a^r*an十αβγ4α18＋3β^Y*ais, aie =a';'^ai6 + 2α2βγ3α17+ 4αβΓ3α18＋8βｙα19，
　　　a17＝ｊγ4α17＋8αβγ4α18＋12βｙα19ﾀ　ais°町'ai8 + 6βγ5α19･j19°γ6α19･
（,4）両o＝α8α2o十α7βα21十α6β2α22＋α6β2α23十α5β3α24十α4βa25十α5β3α26十α4β<Z27十α3β5428
　　　十α2β6α29十α4β4α3o十α3β=a3i十α2β6α32十αβ7α33十β8α34，
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021 =αV21 + 2α6β;'(Z22+ 2a°βμz23＋3α5βVa24 + 4α４βV≪25+3a'β2Γα26 +ia*β3γα27＋5αsβ４Γα28
　＋6α2β5γα29＋4α4β3γa3o + 5α3β4γα31＋6α2βVa32 + 7αβVa3S + 8β''ras4.
i2＝α？a22十（ｘsβ■f'ａｎ＋2α4β27ヌα25十α4βｙα27＋2α3βｙα28＋3α2β4γ2α29十α3βｙα31
　＋2α2β472α32＋3αβVa33 + 4βYau.　　　　　∧
瓦3＝α？423＋2α5βγ2424＋4α4βｙα25＋3α5βγ'a2e十聊4βｙα27＋8α3β3Γα28＋12α2βYa,,
　＋6α4βｙα3o＋9α3βｙα31＋13α2β4γ2a32＋18αβV'a3s + 24βVa34.
屁4°αｙα24＋4α4βfa2s + la"βγ3α27 + 6ぷ3βｙα281＋12α2βｙα29＋3α3βｙαSI + 8a'β？αss
　+ 15aβV'a33 + 24βｙ，　　　　　　　　　　　　　●　　　　　s　　　　　　　　　　　　　　　・
azs='a*i'*a2s十α3βγ4α28＋3α2βYaz,十α2βｙα32＋3αβV≪3S + 6β4γ4α34，
026 =αYat> + 2α4βr^azi + 4α3βｙα28＋8α2βｙα29＋4α4βT-'aao + 7a'βVasi+12a'βｙα3s
　+ 20aβV'as3 + 32βｙα34，
忌7°a*r*atT + iα3βγ4α28＋12α2βVa29 + 3α3βγ4α31乖10α2βVa32 + 24αβｙα33 + 48β4rな34･
瓦8°αｙα28＋6α2βγ5α29＋2α2βγsα32＋9αβVa33+24βｙα34，忌9＝αｙα29＋αβA33+4βya^^･
io＝α4γ4α3o＋2α3βΓ4α31＋4α2βｙα32＋8αβ2r4433＋16β4γ4α34，
函1°aYan + iα2βΓ5α32＋12αβVa33 + 32βYau,　as2=a^T^as2 + ()aβAss+ 24βｙα34，
　　　函3＝町7α33＋8β心z34，21114＝r8α34･
(iｖ)瓦=d'i(a;a,O,O,r) = hai.
（１）　ｉ　　１　１　２　１　３二言
4 11 α21町｜戸
(3)
(4)
(2)
Ｚ ４ ５
６’ ７ ８ ９
λ1 α4 α3「 α2戸 α2戸 α戸 r4
●
Ｚ
10 11 12 13 14 15 16 17 18 19
石 ’α6 α5「 α4戸 α4戸 aY α2γ4 α3 3 α2γ4 α戸 γ6
2. Local problem ０１ the spherical system.　　　　　　　　　　　　　　・
2. 1. N ｏｒmaliｚａtｉｏｎ ａｎｄ ｈａげｃｏｏｒｄｉｎａｔｅｓ。
　Following transformation of parameters　in the local problem (T=l) is called ｎｏr･
malization ｡(ｙ＝ｒ＝1)｡　　　　　　　　　　　　　。
　(1)(h， k，ａ．介二〉{huki,の,rO:(h．fe') = VNr (/ii./^i), U,r) = V^ <u Ui. n), which gives
χ＝ｓ　＝ｈ（ｉ-1==ｒ陥,1-1＝ｒj1＝ｒχ1　oｒ〔χ〕==ｒ〔χ1〕, ht ―ka = v ―Nμｃ;〉肌ｒ1一fel.Ｏv＝μ　and
んρ＝∠lm。c=;〉み1＝∠^ｍａ＼,regarded　as　ν1＝μ, Ni =ρi=n = 1.〔χ〕＝ｒ〔χ1〕gives invariance
of the direction夕, d, with ｒヱ。<jy. But　&1＝レ1‘1∂＝μ-1δ　ｏΓ　ε＝Ｎｅv.Independently of
en, we put
　(2)(Ｘ,ｐ)⊂;〉iXi.pi)：(Ｘ,戸) = 2(Xi,*i), in which〔X1〕,£pi〕are called half coordinates.
Inner transformation. normalization and half coordinates. called local transformationst
are important for symplifying the local problem. In this ｃａｓと,variables and parameters
without ａ伍xes are often used, ｅ・ｇ･ｌ　ｊ）゜coai‾1ヱー(yｙis centre type in 1.7, using {x,y)
instead ｏｆ･(xi.yO｡
(17)
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2. 2. Quadratic generators.
　By normalization (^ = r=l), (≪)-ray (1):x=pz十b， sphere (2):(X2)十(Ｚ－1)2＝1，
∂:1°j･， J: i°－Ｘ:1-Z. where 〔J〕is an unit vector of the normal and
〔Ｘ〕＝〔x,x.ぶ〕＝〔x,x,z〕. 8’■･　8’　＝が＝夕十ZX:1-/(1-Z), for suitable parameter Z，
ａs〔δ〕，〔∂'〕，〔司areco-planar. From (1), (2). now (3) Po≡(1十ω1)Z2－2(1－ω2)Ｚ十ａ,3＝0，
where　C4) (戸2)＝ω1, (/>?) =ω2，(92),＝ω3. then　(5)£)＝(1－ω2)2－(1十<Ul)ω3，
Z＝(1－・－1/7j‾/(1＋ω1)＝。/Cl-。＋1/Ｆ),1/ﾌ:) =1-・－(1＋ωi)Z=l-Z-(X/>).
ＣＯＳｔ＝〔∂∂〕ICOS i'=〔∂り〕,we have
　　　　　　.,＿　　(-XC/･＋ZX））＋（1－Ｚ）（1－Z（1－Ｚ））　　　..　　VW-i
　　COSt　り）（Ｚ））1/て:x')+(iニ2ｱﾏ
　・　2,･／　　　　　1十ω1－Z）　　　　　　　　.2.1十ωi-D
μ”゛゜1十ωx-llV~D+V-　’　　　　“”1°　1十ω1　　’
as Z＝･O in ｓiﾀ,ｙ gives ｓi,占. By Snell's lawi
(ｙ:μ)2＝(7z : n'y=iｓin t’ ■-ｓin i)2＝1十ω1:1十ω1-2/びｊ‾十Z2 ， therefore,
　(6) Qo≡－(μ'十μ)(1十ω1)－2μ'＼l-ω1)Z十lμ’ＨＺ十μ'？＝0，ａs jμ＝μ'－μ= -1. For〔χ〕
on the sphere, ｊ〔χ〕＝0. ４Ｚ= JX = O in (n or Ab=-Ｚ＆ｐ; for 9＝夕十&。戸＋Z(戸Ｚ＋Z･)　　＿　　　匈　　　　　＿　　　　IZq　　　　　＿　(1－Ｚ)Z9
j゛‾　1－Z(1－Ｚ)' 小‾　1－Z(1－Ｚ)' ｊ&一－　
1－Z(11－Ｚ)'
淘‾　1－Z(1－Ｚ)'
が゜　1－ZJ－Ｚ）’j″lg°
圭|とぶ4三jj?!-,for　４ｍｑ＝ｑｊＴｎ十ｍ’
Ａｑ＝ｑ＋μ∠iｑ.０「
　（7j牛＝告=:ジkl=:1づ限=Ｚ）Z＝斗ﾉ:=:1一聶Ｚ）・By inner transfor･
　mat ion　(8) p=2(x-＜ｔｙ)，　b= 2(-x十hy), we have　(9) q=P十b = 2yJ即I and we
use parameters　(10)α＝ｉａ．β＝（７＋（ｙ″ ，Ｔ°(,μ十μ:')J。。　Ｉ＝hpilμ。，λ=hN~^Jfta, then.
(11)β＝伽－∠1μａ，
　ｒ＝知十ｉｕａ，　2hp＝Ｙ十β，2j岬＝r－β.
4J=/-β2，7＝λω-'. (10). (11)
are forms in non-normalization case or general case. all being surface quantities. From
C7), (8), ■ｗｅｓｅｅＡｐ，Ab，　Ａｑａｔｅdivisible by 9， therefore, Jx, Jy by V. Putting (12)
ｉｘ=lｙＢａ，　４ｙ= 2yDa, we have
　(13) J/)=2(Jx-ｙＡａ-a'∠1:^) = -2v(-2i!＋1十l（ｙ″£≫a,
必＝2(－ｊｚ十Hilｖ^= iya(一丿十八ｐ)。 ４ｑ＝∠11）十M=-2yaa-2a’ａＤ)，
９’＝9＋４ｑ＝2ｖａμ″ｑ十ｐα)。
　　j戸　　　1-21!十ｋ″Ｄ　　。＿　ib＿　2(んｐ－が〉　　　＿　hDサB
Z°マ‾゜‾'μ'(1十Ｄａ)'Ｚ‾‾万‾‾1－2j＋2(y'£)'ZZ‾‾　μ'(1十Da) '
　(14)ωi = (/.')=4(≪-laｖ十♂w).ω2＝(戸b)=i{-uヽ4-Ｇ十６，一加w).
<≪3=Cft')=4(≪-2みt,十h^xv), where u = ia?), v = (xv), w-CV). We put now
　(15) Pi=Po(.l-2B十la’Ｄ)2＝0，Q1≡Qo(1＋ｐα)'=0. Pu Qi become quadratic polyno･
mials of ｊ， Z?，ｅ!iminated by C13), (14), and 八十Qi is divisible by 4μ2α.　Now we
have two forms :
(16) f Q = Q(S.P)=C八十QI)/(4み｀)≡－£)十QCB.び)=0.　　{
ji＝j5(ｊ,ｐ)一肩
Z!=pa!,£))＝－(λ1w+m)+ 21!{2㎞＋(β－ａ)。} - 2D{2Jaw + 2Jt･＋(β+ a')u} - Xび2
　－(β十α)恥十β2－ぴUaUw + iIav+(α2＋2αβ十f)u} + 2BDUα沁十け2－α2}z,}
　－がwia^ ―2aβ十f:>.
e=QCf!.D) =‘(βw-2v)+2D{2βαＷ十(β- 3a) V- 2m) + -25(-(β十a)xv + Iv)
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　　　　　　－αD2＋4α£)2{βαｔむ＋(β－α知一勧-iBL:)ｗ(β+a)a + 4がｕ7α･
　　Two forms of (17) are called quadratic generators, whose alternating iterations give
　the quantities ｊ and Ｄ　ad inf. Forms of C17) are invariant as to normalization, which
　isproved as follows : for 戸゜2(ヱー(jy)=2{xi ―aiyi), dエ＝lBｗ，∠1エ＼=lB＼ｙ＼ａｕ∠lｙ°lp:ｙａ・
　∠lｙ1°2Diy,α1，σ='l/a≫(71, /i=ソNr flu we have Xl=X,･yi=ソフｙ， Ｂｉ＝Ｂ，Ｉ:?１＝ソａ＞Ｄ，
　z41°z4･り1ぶ1／こ77･ｗl°ωｕﾉ，i＝ω^1, (a,ふy) = "l/aTCai,β1,ri), then in (17)． Ｂx＝― CXiivi
　+ uO十‥･　becomes B=-Ow十z,)十…，£)1＝(β1ｔむ1－2り1)十…becomes l／こ‾£)＝1/７{(βｚむ
　－2り)十…}, Q.E.D.　From (17), S(n = -M-λｗべ)j(1)＝－2tﾉ十βw are obtained. Putting
　(18) B = lαB,Z) = 2a£), now (12) becomes　　　ご
　　　　　　ｰ-　　　　- l　　　　　　　　　　　　　　　　　　　a
　　(19)∠1エ= Ｂｙ．∠iｙ＝£')y.Coefficients of 召,£)are tabulated as follows :
　　(ｎ　type:タ＝ヱー(yｙ in half coordiates (ｓｅｅＮ.Ｂ.).
　　(Ｄ　ろ1＝－2α, ^2 = 0, bi=―li.a; d＼°O･ゐ゜‾扮･ゐ゜2β“･‘　　　　　　　　　　，
　　(2)み4＝2α, bs==8a＼ bs=-2{2X十(α十β)β}α，ろ7＝８４ｊ,8＝8i(2α－β)≪, *9 = -6l(μαβ)α，
　　　　j4＝O.　ｄ.＝8a， ｄs= 4(a-i8)a,dn= 8C2α－β)α. A==-4{2>i十(5α－β)β}α，
　　　　A = 2{2/!(α＋β)+ 3aβ2}α，　　　　　　　　　　　　・‘
　　(3) bio=-ia, bn=-2ia＼ bn = 2{2l-^ト(2β2＋3βα－3α2)}α，
　　　　ii3 = 8{-2J十(β2十和－4α2)}α, bu=iβC6a' + 4aβ丿β2十r2)α，
　　　　ろ15°21212＋2爪－r2－5α2十βα)十β2げ－3αβ-3a'-r'))≪. ii6 = 32>i(β－2α)α，
　　　　^'i7 = 8l{2>J十(べ1α2＋16αβ－4β2竹2)}α，
　　　　&18°4X{2l(lla-4β)リ(20α2－10卵十β2－γ2)}α．
　　　　&19＝2i{－612＋7(－7α2－17αβ十β2－γ2)－10α2β‰，
　　　　dio = 0, dn=-Uα，心= 12(β－α)α，心＝1臥3β－5α)α，
　　　　乱＝8127十(－5α2＋13αβ－4β')]a, ^15 = 4 {2J(α－β｀)十β(5α'-(>aβ十β')]a,
　　　　ゐ6 = 16 {2l十(－4α2＋5αβ－β2)}α，心＝8181(α－β)十β(17α2－12αβ十β2)}α，
　　　　^i8 = 4{-6? + 2政一7α2－9αβ＋3β2}十αβ2(－23α＋7β)}α，
　　　　心＝4{i2(5α＋3β)＋7刄β(α十β)＋5α2β3}α.
N. B. Using 2戸instead of p in (8) gives this form, in which C/>) are half coordinates.
used hereafter, (i) is　centre　type.　Putting　4y゛ --μ・ｈ＝O･　we　have　regular　type
戸゜jｒ十μｙ’which becomes 戸゜μｊ一タfor X^-y, y°ｆ， u ―w. ｗ°U, V゜―V, B ―一ご，
Z)=A In this case α= 1, 1=0, r =μ十μ'≡戸，β＝一尽
　(ii)tｙpe:タ＝ヱ十μy< A'=μ十μ'.
　(1) Ai=-2, I･2＝&3＝0，jl＝0，屈＝－4，ゐ==－2属
　(2)&4＝2， b5＝8，1,6＝2(1-ﾇi)li． b＼°b≫=*9 = 0, ^4 = 0, ds = S, di=i([十μ)，
　　　　j7°8(2十Z0> di°4(5十戸)戸，ゐ゜6炉，
　(3) b･lo＝－4，&11＝－24，&12＝2(2β2－3戸－3)，&13＝j8(β2－戸-4).
　　　　&14＝－8斟3－2戸－2炉)，&15＝6が(戸－1)，&16°Z･17°&li°匁9°Of dio ―O, dn°-24,
　　　　臨゜－1m十戸)，心＝－16(聊＋5)，心＝－8は＋13戸＋4の，　<ii5 = ―4≪C5 + 6u十μ2)，
　　　　臨゜－8(4＋5μ＋μ2)，心＝－8β(17＋12戸十の,'φ8＝－4μ2(23十瑶)，心＝－2ゆ3.
　(ぼ〉type:ﾉ)＝μx-yCd. B=L:) = 0"), /ix゜Aa:, /iy゜Cx,
　(1)α1＝一25． 　ｍ-4． OS―0; ci= c2 = 0. Ci = 2,　！
　(2) a4=65^α5=-4/7(戸+ 5). a6 = 4(≪+l),･・=宍8(;u + 2), aa=-i,as = Q, C4 = cs = Q,
　　　　C8=2u(/?-l), C7=0, C8 = 8, C9=-2。，
　(3)　aio=-20n＼an = if(ilfi+22), ai2=-4/7(が十65+5). an ―一叩(μ2＋1耀＋17)，
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　　　　ai4 = 8C4/i'+ 13戸+ 5), ai5=-12(戸+ 1). ai6=ﾇi2＋5μ十4，　an = ―16(3/1+5), ai8=24i
　　　　ai9 = 0. cio=cii = 0. ci2=―6が(戸-1), C13= O, CU=8/I(/u''十25-3),
　　　　ci5 = ―2(5"―35―3), a6=0i cn = ―i(.fi^一戸－4)，　ci8=―24. cia―i.
Now in (0. put　ヱ゜ωa'^xi.　jy°jyl･∠jJI°Biyu　∠Ui°Diyu　then　召1°召i(m1fりｂ Wl)
＝　＜ｕ~^ａＢ(ｆｆｉ?ａ"^ｕi・ＯＫＣ-1む1,７がl),Di=Di(ui,vuwi) =£)(ω2α‰1,ω･a'^vuwi). We have
　(iv) type:ﾉ)＝ω>a~^x―ay (Seidelian centre type). We use λ＝んＮ-ljμ= /!a;-'(orJ=λω).
　(1)ろ1＝一･2ω，&2＝0，ろ3＝－2λα2；必＝0，ゐ＝－4ω. A = 2βα，
　(2) 64 = 2ω3α-2，&5＝8ω2，み6＝－212沁十(α十β)Ｓ＼（ｔ＞，　bi＝8λoi,bi = iλω(2α－β)α，
　　　　&9＝－6λα2(λ十αβ'),ds = iω3α‾2，ゐ＝4(α一郎ゐ‾1，ゐ＝8(,2α一βWa-＼
　　　　j8＝－412λω十(5αう)β}ω, A = 2{2/!a≫(a十β)+ 3aβ‰／
　(3)&1o＝－4ω5α-4，&11＝－24ωv-^
　　　　biz = 2{2λω十(2β2＋3βα－3α2)}ω'≪-^ b･i3= 8{-2λω十(β2十βα－4α2)}ω3α'2，
　　　　Z,14＝4β(6a'+ 4αβ－3β2十γ‰2α-1，
　　　　Z･i5= 2{2ん2＋2λω(－γ2－5α2十βα)十β2(β2－3αβ－3α2－γ2｀)}ωIbie ―3仙:ｕ(β-2a)ゐ'1，
　　　　bｖ.＝8λω{2λω十(-11α'-+ 16αβ－4β2十戸)}ω，
　　　　Z･18= 4λω{2λω(11α－4β)十β(20α2－10αβ十β2－γ2)}α，
　　　　ろ19＝2λα2{－6λ‰2十這(－7α2べ7リリ2－γ2)－10α2β2}，
　　　　dio ―0, dii 24ω5α-4，j12＝12(β－α)ω4α‾3，心＝16(3β-5a)ω4α‾3，
　　　　j14＝812λω十(－5α2＋13αβ－4β2)}ωｙ2，心＝412λω(α－β)十βぶ2－6αβ十βり}a>V,
　　　　^^16= 16(2λａ,十(－4α2＋5αβ－β2)}ω3α-2，心＝818λω(にβトβ(17α2－12卵十β2)}ω2α-1，
　　　　<ii8= 4{-6八2＋2柚(－7α2－9αβ＋3β2)十αβ2(－23α＋7β)}ω，
　　　　心＝4{几2(5α＋3β)＋1λ（岬(α十β)＋5α2β‰，　　　　　　　　　　　where
α= da = h山一１＝ＮｈＱ，Ｑ＝ｱz(ｒ-1－fl)，Ｎ=一∠in'＼ω＝Ｎｒ゛，λa' =ｈ”Ｑ’＝∠i(ns)゜1，β＝ぴ十ｙ
＝ｈｒ‾1－Ｎ-｀∠d(nsy＼ r=(μ十u':)Ja = hr''十ｙ-l∠1(れＳ)-1.１ｎ　general casd　ｇ＝－(ｊｒ)/∠1,Ｊ
==－χ十Ｔ(尺十ｙ(ｈＡａ)-1)iｓ proved. If T=[, g=tisini゛l(£1－jl)-1十(尺十(ん2Q)-1)ａｎｄ
returning transformation in 1. 7, eoi=n　g .　From (λ　Ｃ＝(/1),ｊ(ｚ，jy)＝(ヱ,ｙ)(Ａ)　　　　　　　　　　　　　　　　　　(
0　1
)　 　　　
Ｂ　Ｄ
)　　　
d{x＼, vi) = ixi, vi)(A),
(.xi,yi) = (.x,y) = (.x,y')e, in general, we have (A) =θ(ふ)θ-1，ａｎｄ(/11)〔z41〕＝(ｊ)〔z,〕，
then (a) =θ(5)0-', where (α), (5) are coefBcient matrices of (A), (A), and (a) is
decided from TABLE ｌ in １.8:(AI)→(A) calculation. In the present Seidelian case.
bi=di{b; l.O.g-, 1) in TABLE １ (e) iii, and similarly dt are decided. Then new (α) ａｒｅ:
??????????????????
「??｛??｛?
　Now, the local problem has been completely solved.
5. Extended perturbation eikonal in general (aspheric) system.
５.　＼.　ＤｅｆｉｎｉtｉｏｎｏｆＥ ■ｗithｒｅｄｕｃｅｄｃｏｏｒｄｉｎａtｅξ｡
　In 1.6･ we see angle eikonal　ｙ; ｊｙ°－ｊ〔エ＆〕゜－∠d(xde)一々心.　For
Ｗ(１･１')゜Ｗ十ｊａ･dWix･ｙ)゜－ｊＧゐ)･where　l･１' are constant･〔Ｊ〕may be
〔Ｘ．Ｘ．ho-1〕ｏｒ〔ｙｄμΓ-1〕. Writing　kz-^ = Z=d, dW(Z,Z') = -d(.Yde). and WiZ,Z')
＝犀(0,0)十丿Ze, where W=W(Q,O); Z,Z' called centres of Ｗ(Ｚ.Ｚ').Ａｓ(ｙｊＥ)is
pure medium quantity, dWiZ,Z'^ = -AiYdt), therefore　ＷＣＺ,Ｚ')haｓ additivity
throughout whole system. Corresponding to 戸゜ｒjｒ一ay in 1.7, we define reduced coor-
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dinate $ such that ∂|＝:ｒ万ξ一ay.where e is called direction elementi while ｙ point element.
As　8 = ve, E = nS, Y=vt“lｙ，ｊｙ(Ｚ,Ｚ')＝－ｊ(ｙ＆)＝－ｊ(ljｒ‘1,y＆)＝－ｊ(で“り?)
＝－jｒ-1(μ(Γξ－り))＝一赳ｄﾐ十jｒ-1べy心).　Puttingび= W(Z,Z')-(l/2)Jr->。(/).
noｗ ｄＵ＝－j(3･ｄﾐ).Ｕ has additivity throughout whole system, called びis system-
additive, because rﾆ1ぴ(ｙ)iｓ pure medium quantity｡
　(1)j(３･'de=y･ｊｊξ十ｊｙ･ｄが。
　(2)ｊ(ｙ∠1ξ)＝jyｊｊξ十ｊξ･心= A(,ydが)一心･淘'＋45-ｄｖ．　where brackets of inner
product are often abbreviated, used hereafter. Defining £: (3) E=-U-y･∠1ξ, we
obtain from (0, (2) now. (4)ｄＥ　＝ ４ｙ･ｄﾐ’－ｊξ･ｄｙ.By commutation (ξ，:y)**(f'.>-');
び■**-u.Ｅ＊＊Ｅ’, defined, we have (5)Ｅ’＝Ｕ十ｙ∠1ξ，(6)ｄＥ’ ＝一心･考'十jξ･心'｡
£is called extended perturbation eikonal''''. or simply ゛。ikonaV in this paper> while
£″　reverse eikonal of £｡£　is expanded as the function of u=(が2)・Ｖ＝(ぐｙ)，
it; = (y)。£ = O4(e'.3')=O2(t。ｚ。７む). Defining
(Ｆ．Ｇ．Ｈ)＝(2∂/∂z4，∂Idｖ，　Ihldｖｕ)£, we
havｅ　ｄＥ　＝∠lｙ-ｄ$’－jξ･jjy＝(1/2)(j仙4十ｉＧｄｖ十Hdw) = (FS'十Gy)di'十(Ge″十双y)ｄｙ．or
∩ ∠l＼y=y'-y°ｊｒ十Gy
　　ト４=ξ-e″＝Ｇが十Ｈｖ.　　．．
Writing　ダベい卜－ｊξ'゛C)･お(7)，　∠1Ξ＝(こ)・we have
dＥ＝ｄＳ＊･JS=dS*(F')Ξ, where (F)=(g
g).
(x):exchanged.
　5.　２. Iれｎｅｒtｒａｎｓｆｏｒｍａtｉｏｎ.
　For inner transformation of independent variables ｇ : E*=3*W or ｊ＝ｌ″＊Ξ．　ｄｅｔ.　７
= |r|=l. we have ｄＥ＝<iΞ＊･／lS＝ｄΞf'(F')S=dS*＼４Ｓ=ｄＥ＝ｄＳ・(乃ｙ∴ｙ･jj＝(jF)§r or
d§=W一一1(jりg.　Puttingreturning ｅ＝(ツ　l汐:;1)　from　the　second　regular type
ｐ°μヱ４－ωｙ4in 1.7; Ｆ°θ'1°＼-a -b)･and J
(7)=に:ﾌﾞ)=にこ二)イご川ﾌﾞ
S＝¥r＊瓦
?????
一
一
jぎ＝ｒl(j?)5, then,
:ズレ俯に
????
7)(プ
ズ)
???
　In this case　E = E(u・ｖ，-ｗ)= E=E(u>v,w). If we know　£(≪, V, w), we can obtain
£(.u,V, w) by returning linear transformation. E is called of pseudo-regular type･. In
considering E,　we often omit the symbol (>).　Ｌｅt£‘be of pseudo-regular type･
Defining
回付ニニ
(1) in (2) Born, p. 206.
A=r(aG十八N-'W
A'=<7'(βＧ十kN-'W
we have
Sphere is written　ｌ一之＝1/７二石万＝1/？こ７，Z＝(ｚ2)
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z°ＩＦＺ十吉Z2十洽Zs十了jしμ4十…, similarly, the aspheric surface is written
as two forms ：
　　　　　　－　　　　－　　　　　－（3）ｚ＝古z十景z2十兪zs＋-ぷFﾝz4十…，
（4）ｚ＝十Zキｊ;LZ2十分Zs十偕Z4十…(4) is important for practicaluse.　in
which ｒ→oo gives the surface of zero curvature at the vertex : ｚ＝(α1/8)Z2十….
　(5) ai=ay*＼ in generaレWe introduce ａ。βi>Pitpi:(6) $i=N"゛^ａｉ-ａｔ(！♂t゛１，
β1＝α1－ｒ‾(2“1).　β1°β。ｊ“1＝ｉ,－1･，及＝ｙ2“1β1＝刄ω2“1･(2) is ａ type ｏ１　夕゜μエーり･.
Ｆｏｒ戸＝μx―y; x=x,y =ωｙ.∴ｄＥ＝的･冴一河･ｊｙ＝ω(∠iｙｄ^’－ｊξ･心)=a)dE.　In the
normalization of par£imeters for type　ｊ）゜μx-y.戸　is still invariant. Therefore　X, y
accept no influence by it. For half coordinates　x=Tx, y = l'y;　dE = idi?I　In the half
ctK>rdinates :.2(エｉＶｉＺゆ，6．b)for Cx,y,z,p,S,b^, the variables and directions are doubly
notated, but not for the parameters or constants. In this case. (3) becomes
2ｚ＝(2ｒ)-1((2ｚ)2)＋a;1(8,ｊ)-1((2ｚ)2)2十…, therefoi･e, 2 =上Z十孚Z2－…，Z＝(ｚ2).
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　ｒ　　　ｒ　　　　　　.
By normalizationi ｒｚ＝ｒ‾1((ｒヱ)2)＋ilｒ-3((心ｙ)2十…, therefore,
(7)ｚ＝Z十ait^ + 252t^ + 5a3t*十…，Z＝(ｚ2)，ａｎｄ for refraction point　2〔ｚ〕＝2〔x.x.z〕；
2:c=2/.(2z一∂｀)十lｙｉｉＴ-1＝知之+26 = 2x'=2/>'(2z'-が)＋2ｙｙｙ-1＝4ｙｚ＋2&'，　　　　where
〔ｚ〕＝〔ｚ'〕or j〔ヱ〕.＝0，∂＝＆-1in the normalization CN = r=i). These forms are before
inner transformation. By jyc=こ〉1ξ'一βｙ，ｙφ(k一♂-1λりξ'十(－β－ｙ‾‘'A')^. then,
ｚヨ戸(2ｚ－∂)十μΓ-＼ｗ－βｙ)==2夕ｚ十ろ
　゜ｚ'ミダiiz-e')十μ'r'-'iCk-a'-'A')^'十(－β-a'-'A'^y]=lp'z十＆'，
∂＝(μ十λ)ξ'十(－１十A)vi because　A' s are　invariant for　half coordinates, proved by
invariance of Ｆ＝2∂£/∂u, etc. (∵E = iE, u^iu), and the third component of 2〔∂〕is
25=yT二でａ面弓= 1/1-45°1-2T･S=CS'), 2夕=25(T/r二iｙ｀)‾1°25(1+ 2F). where
　　　　Ｔ＝Ｓ十夕＋2Ss＋554十…　．　　　　ｘ
　(８)
{　　　　　　　　　　　　 　
，夕＝∂(1＋2ｙ)＝(μ十P)f'十(－1十P')y,　where
　　　　V=S+2S'十10,S3＋35S4十…
　(9)戸＝2μｙ十A+2AV. P=-2V十A + 2AV, omitting primed case, e. g.戸'＝2μ'ｙ'
+ A + 2A'V' etc. foｒ　ｉ＞，０that is '７）ｒｉｍｅｓｃｏｒｒｅｓｐｏｎｄt０ｐｒtｔｎｅｓ・
　み＝一戸十μΓ-Kkξ'－βｙ)＝－∂〔(μ十J5)ξ'十(－1十j))ｙ〕十μΓ-1(岐″－βｙ)＝万ξ'＋(1＋３)ｙ，
　－　　　－召千一ep, B=-dP,
・＆'＝－∂'〔(μ'十Ｆ)ξ'十(－1ナＰ)ｙ〕十μ'.'-1〔(んー．'-1λ')ξ'十(－β-a'-^A')y〕
　　＝ Ｂ’£’十(1十召')ｙ≪　B' = -Ｏ’Ｐ’－μ(t eバ)‾1λへ　B' = -d'p'-μ'Cr'c'r'Aへ　　These
are proved by identities for parameters.
　(10)　β(3)ミ(戸2)＝(μ＋J5)‰＋2(μ十PX-l十Ｆ知十(－1十Ｆ)‰，　　 　1
3(2)≡(戸&)＝－∂戸(μ＋j5)z4＋〔(μ＋J5)(1－呼)－∂？(－1＋Ｆ)如＋(－１＋Ｐ)(ト∂)ＰｔＵ，
　　　　　　召(1)≡(&2)＝∂リ52z4－2狗(1－？∂)む十(1－ＰＯy-w.
　　　　　　ｚ≡2μ十b = XS'十(1十X)v=x'≡2戸'ｚ十b'=X'S'十(1十X')y, where
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　ｉ＝一Pd + 2z(μ十P), X=-ｐｅ＋2ｚ(－1十P). X' =一ｐ’ｅ’+22(μ'十戸')－μ'Cr'a'r'A'.
　　　　　　　　　　　　　　　　　　　　　　－　－ｒ°-P'd'+2z(-l十P')一丿(ｒｙ)‾1ぶ, X'=X, X'=X.
p. p contain Ａ's and Ｆ．Ｇ．Ｈ,　ａnd then, these extracted　y1' S are denoted as 'P. '戸
and also for 召, X. Now we have
　(11)｀戸＝戸一万＝2(μｙ十AV),？＝Ｆ一人＝２(－ｙ十AV)に咀＝刄十∂λ＝－∂ヽ瓦
　　'B=B十∂y1＝－∂.｀？，｀ｊ゛＝ｊ´十ｅ’Ａ’十≪'(r'<T')-'A'=B'十九a'-^A' =一e' 'P!
　　'B' = B'十ha'-'A′＝－d’　'Ｐ'.　Denoting　ha'-"°？´
1
　(12)　'X = X十Ae=-ヽPd + lziμ十戸)･　"Ｘ　―　Ｘ十Ad=-'Pd+2z(-l十P).　　 |
｀や＝タ'十丿A' = -'P'e' +iziμ'十戸')，
　　　　　｀χ″＝χ″十丿A' = -'Ｐ'd’＋2ｚ(－１十P'). For parameters I
　　　　1＝＆－卵＝(ｒ十μβ)α－Ｇ十μα)β= ra ―<jβ゜(ど十ｙβ)α－(♂十ｙα)β＝　ｒ’ａ-o'β，
　　　　λθ－ｚＪｍＡ＝臥ａＦ十ｈＧ)－ｍ’　ａタ(βＦ十kO+mで(αＦ十八Ｇ)
　　　　　　　　　= w'r'(αＦ十ｈＧ)－■ｍ’ｃフタ(βＦ十ゐＧ)==μＦ十ＭＧ．
　　　　A'(p'-/1。A=KβＦ十島Ｇ)－?ｙ(βＦ十んＧ)十ｍで(ｇＦ十hG)
　　　　　　　　　　= ―ma(.βＦ十kG)+7な(αＦ十hG) =μ？十MGy similarly,
　　　　Ａ∂一加以＝μＧ十MH, A'(p'-∠ｌｍＡ＝μ″Ｇ十ＭＨ.For refraction
　　　　-2J£　∂(2ｚ)心
　　　　--＝-＝-●2,『　　　　2∠Ie　　3(2x)　ぷ　　゛
　(13)音゜1十Ｑ' Ｑ°2“lz＋6心2＋20“♂十八
　　　　2万々°2^mS = /SmVTコＳ‾＝加z(1－2T)＝1－2K， Ｋ＝ｉｌｍＴ，
　　　　1M 　=2mS = 2m{(μ十λ)ξ'十(－1十A)y], Md& =ξ'dtnA十(－1十∠imA^y,
　(14) (1 + Q)(1-2K) = 1 + Q, Q = Q-2K-1Q瓦　　　　　　　　　　　　･‘
　　　　Ｏ°MUe十(ｄｚldt)゛l∠ｋ･Ｊ)＝れｋＡ十(－1十加以)jy十(1十Q')([-2K:)x
　　　　　= S'/lmA + (i-l +∠ｉｍＡ),ｙ＋(1＋Q){到･十(1＋χ)ｙ}.
　　　　　　　＿　　＿　　＿
Considering χ＝－Ａ∂十'X, X = 'X一Ae, we have
(15)
I
　　　　　　－　一一
μＦ十河G='X十XQ
　　　　　　　　一　　一
μＧ十MH='X十Ｑ十XQ
, as jχ＝ｊχ＝0.
(ロ)にこ二ン
　　　　　　　　　　　　　　　　　　　－　一一
“ld ｓi°il゛17’（16）｛万ごﾚじご:こ:ぶでXG，
At last, we have fundamental equations ：
ＭＧ＝∠hn'X十XQ
MH=^?Ｘ十Ｑ十XQ.
As　Z==(ｚ2)＝4(j,2)ｚ2＋4(如)ｚ十(ろ2)，ｗｅ have (18)　ｔ＝Ｂ(1)＋4ｚｊ(2)＋4ｚ2召(3)，ｗith
(10). By alternating iteration between (7) and (18); z,t are decided,e.g. f(i)= z(i) =ＴＤ.
From (11), (12), (17), we have
(19)
I F=2J∂(μｙ十λV) + 2z-lzdP, G = Gi≡2j∂(－ｙ十AV)-2zJ戸，
　　　　　　　　　　　　－　　　　　　－　　　一一　　･●Ｇ＝Ｇ皿ヨー2Jμ‾lθ(μｙ十AF)+ 22,∠1μ-？十M''XQ,
ど＝－2jμ゛1∂(－ｙ十Ａｙ)－2M-lｚ＋2ｚ知-1？十M-KQ十XQ).
£iｓ expanded as £＝ぶ。,z。＝Σりttu^v''iv', similar】ｙ，(Ｆ.Ｇ.Ｈ)＝ぶ(刄・goh*)ｇ，
＝(Idldｕ.dldｖ.,2∂/∂ｕ,)Ｅ．ｗhere ｃｏｅ伍cientsUsi< /z，relate tＯＥ。ｅ･ｇ.ｊ°iet. Following
table shows this relationsi calculated easily. by differentiation.
Differentiation table
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●１ １ ２ ３ ４ ５ ６ ７ ８ ９ 10 11 12 13 14 15 16 17 18 19
ｊ 4ε4 2ε5 2ε6 6eio 4eii ien 2cis 2ei4 2ei5 8e20 6e2i 6e22 4≪23 4e24 4C25 2e29 2e27 2Q8 2ei9
gt ど6 297 ε8 g11 2ei3 en 3ci6 2ei7 ε18 e21 2e23 ど24 3e26 2e27 ε28 4･30 3e3i 2e32 e33
み1 lee 2ε8 知9 2ei2 2C14 4ci5 2en 4ei8 6ei9| 2e22 2ε24 ＆25 2e27 知28
.6e29 2e3i 4e32 6e33 8e34
　Ｓ.　Ｂ.ＳｏｌｕtｉｏｎｆtｈｅｌｏｃａｌｐｒｏｂｌｅｍｆｏｒＥ.
　Formu･lae (7)～(19)　are sufficient to solve　the local problem, especially (17) or (19)
is fundamental, in which A, A, A', A' relate to F, G, H in (1). Iteration of (19) and
others, therefore, gives coefficients ・t. These iteration formulae　are called Schema.
TABLE ２ shows e< as function of Ｊ。α。2i,へai'. This is a normalized case (N=r=＼)
for pseudo･regular type夕゜μヱーｙ.‘　In (1) of 3.2,
　　a≪=r(がi十hgi)ｌ　　　　ａｉ＝ｒ(≪gi十hhi).
　＼
at'=o'(iBft + kgi),　　ａ＜’＝（ｙタ(βｇｉ十khi),
where　７･が･ぴ･(7≒ダ゜∠j″･β゜jｒ･ﾉz･1　are normalized parameters.　e4~≪9 are independently
calculated, by which ／l．f＾．ｈ　etc. and ai, a2. 53 etc. are known, then　eio~'ei9　are
calculated. In this case　(←F) denotes ゛ｄｅｒiｖｅｄ介ｏｉｎＦ'≒ For example, eu is denoted
in three forms (←約，(←Gi).(←Gn). which are identities, Gi,Gn　are two forms
giving Ｇ in (19) of 3.2. ex。ε19have no identity, but en foiir identities. In　E2o～ε34，
the identities　are omitted, calculated by Ｒ Gi　except E34 by j£　This　last case (4)
relates to seventh　order　aberration, being　eighth order　terms in E. TABLE ３　gives
£of type　Ｚ)゜μヱーωｙ　in non-normalized　case, also　called　general　case, which is
made by TABLE 2> as follows :
　Let the norma!ized case he E =ΣeitiU^v''ui', thenりｌz＝ω<:+2I-lり。proved by　E=(oE,
U = U, V-ﾆ=ω７。昏==ω２ｗ(∵　ｒ＝?’。５°（ｏｙ)in 3. 2, and similarly)　ajki ―ω-(“2!+l)αμz，
Sjtt―ω-(fc+2I)-　proved by Ａ＝ωλ，ｊ＝尤　which　are derived　from invariance of λぐ，
Ay in S. And, normalized i＝恥-1＝(√耳)-1勧/石‾ｒ-1＝μΓ-1＝ωθ　for defining
e=N-'kて-1　as in‘the table. Above is the returning process for normalization. In the
table, identities are omitted and 応＝α.N"十l　are　used　as coefficients　of　the　aspheric
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　1
surfac冷in (4) of 3.2. As　必ｏΓ　α{ contains no　ｒ,ニthe case　ｒ→oo　is easily seen.
Returning to the general type 戸゜rx―ay can be done by all the same process as in 1.7.
This is the second way. but it becomes the first way if ぐａｎｄ ｙ are changed, The
first way .was the Seidelian. Now, the local problem has been completely solved.
TABLE　２.
　　0＝kて‾1，β＝∠Iｔ.
(2)ｇ４＝(1/2)∠39 ｕＳ ｅｉ＝-2J9μ2，ε6＝1十∠1θμ． ｅt= i/idμ, e8=-2J<?,
　　｀ε9＝(1/2){Ａｒl(i1－3)十βｊｒ-!}，
(3) with identities.
　　eia = /id(μ5十JIμ2)(←拘，
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　　　ε11°(1/2)∠1臥－12μ4十(3a2 + 2ai)μ2－4μai} -eo.μs十瓦)(←句，
　　　　　＝l∠10(－3μ4十α1μ2－2JIμ)(←Gi), =-6J∂(μ4十μ1)－4∂(2μs＋11)(←Gi),
　　　ε12＝(1/2)ｊ∂(6μ'+ 353μ2－2α1μ十J1)十∂(2μ2－α1)－(1/2)ｊ(2μs十5i)(←刀，
　　　　゜2βｊＪＩμΓ‾1十J∂(3μ3十α1μ)+ 2(?(2μ2－α1)－jμs(←瓦〉，
　　　εls°2j∂(6μ3十α2μ2－2冴2μ)+ 2<?(4μ2－J2)(→刀，
　　　　゜ｊθ{12μ3十μ?ａ．－･2(aj+ 2ffi)μ+ 2ai}(←Gi),
　　　　＝jo(12μ'-3a2-2ai + 4ai) + 2∂(4μ2－J2)(←Gn).
　　　ε14＝ｊ∂{2(α3－6)μ2－2(2J3十α2)μ十j2}－2∂(6μ＋J3十a≪)-4μ'－ｊ,i2(←JO.
　　　　゜2j∂{(a,-6)μ2－2Jsμ+ 2ai}+2J(2μ2－41)(←Gi).
　　　　゜－2βJaiT-'-2J∂(6μ2十拓i3－2α1)＋4－4∂(2μ＋J3)－2∂Ｍ｀‘K5X-2X2μs十il)(←Gi),
　　　　゜2βJr-Mμ(a2 + 2a,)-5i}-Ml2μ2十αzμ)－2∂Ｍ｀1(i1－1)(2μ3十a1)
　　　　　-2(?(4μ十α2)(←が)，
　　　εls°ｊ∂{(3－2aｓ)μ+ai} +2(?(2-a3)+ai-2-Jas(*一刀，
　　　　＝(1/2)βｊｒ｀1(2asμ-3a,)十(1/2)jθμ(6－α3) + 2ai-l一如5
　　　　　＋3θ(2M)-1(2μ2－α1)十∂(2－α3)(←瓦)，
　　　ε16＝(4/3)j∂(－6μ2－2α2μ＋ゐ)(←GI)＝(4/3)ｊ∂(－6μ2－α2μ+ 2a2)(←Gn).
　　　917＝ｊ∂{4(3－α3)μ+ 2a3 + 3a2}+4一如2(←Gi),
　　　　＝－βｊＪ２ｒ-1＋2j∂{(6－α3)μ＋2ゐ十a2)+i-dM-Kai-l)Ciμ2－j2)(←Gi),
　　　　゜2βJr-'(2μaz-az)+ 12/Jeμ+ 4 + 2(?ArK・1－1)(4μ2－ゐ)＋2jα2(←が〉，
　　　ε18＝6j∂(αs－1)－2山3(←GI)，
　　　　゜－2βｊｒ‾1J3＋2j∂(2α3－3)＋2Aｒl(α1－1){2μ(1－∂)－θJ3}(←Gn),
　　　　べβ/2)Jr"'(4a8μ－2J3－3α3)十/Jai-6Jd
　　　　　＋(il－1)(2M)-114μ－∂(16μ＋3μ2十泌)}(←珀，
　　　919＝βｊｒ｀1(1－43)十M-Kai.-＼){2e-i-aze')十Ｍ“1(えー＆1)(←亙)，
(4) omitting identities)
　　　肖o°(1/4){J(?(1Oμ' + 15aiμ4＋3J4μ2＋3J12μ)十θ2(4μ3瓦＋4μ6十J12)}(←刀，
　　　ε21＝2jθ{－10μ'+ 3aiμ4－12JIμ3十α4μ +^ 2(aiai-ai')μ－J12}(←Gi),
　　　ε22°(1/3)ｊθ{30μs＋15J3μ'-12aiμ3＋3(6J1十J6)μ2十(ai^ + 6aia3―2a4)μ十a* ―2Sia4}
　　　　十(4/3)θμ{(3θ＋1)μ3十θμ2Js十(∂＋1)(211－μai)}
　　　　十(θ/3){∂(2o＼ａｓ十α12)－2α4－2(2μ2－α1)4(2μ3十a,)}-(l/3)J(6μs＋6JIμs十J4)(←jり，
　　　ε28°2jθ{60μs＋3α2μ4－12(J2＋2α1)μ3十(36ai十α5)μ'+ 2(aia2十aiaz十ai―ai一恥4)μ
　　　　　　　+ 2(a4-5ia2-2aiai)} +4(?(2μ3十5i)J(ai ―2μ2)(←Gi),
　　ε24°2j∂{3U-10)μ4－12J3μ3十(18a.十α6)μ2＋2(α1冴3二Siai ~ dSi―Se)μ+ 3a4-3ai*-2aias}
　　　　＋4∂(α1－2μ2)ｊ(α1－2μ2)＋2J(6μ4－2μ2α1＋4μ3i―ai)(←Gi).
　　ε25°(1/2)ｊ∂{6(5－2α3)μ' + 3(a9 + 6a3)μ2十OSs'' + 2aias-2aB-l 2at)μ十at + 3Si
　　　　　　　　　― 2(5ia3十a3α1)}＋2{(1－∂2)a1十∂(∂＋1)μ(ａs－μas)}+2(3∂2－2∂－1)μ2－∂匈
　　　　十Ｕ/2)∂2(a32＋2α1α3)＋211θ(2μ2－α1)－{θ(2－αs)－2十ai/2り(2μs十匈
　　　　十∂(2μ2－α1)(2一応3)－(1/2)ｊ(12μ' + 6a3μ2一掃1μ＋2瓦十ゐ)(←jり，
　　６＝(2/3)∠1臥－120μ4－24α2μ3十(3652 +3 6ai十α7)μ2＋2as－J22
　　　　　　　　　+ 2(.azaz+ 2aia2 ―12ai ―5? ―lai)μ-4 (a,α2＋２≫ai)}
　　　　十(4/3)(!'(a2-4μ2)ｊ(α1－2μ2)十(4/3)θ(2μ3十ぢ)(ｊα,－4)(←Gi),
　　ei, = d0{2i(S-ai)μs十(3653 + 18a2十α8)μ^+ 3a5 + 2a6十一125: －latSj － 4aias
6ろ
　　　　　+ 2(2aias十a2as十ozfls ~ as ~ 2a8 ― 24<a!i一陥)μ―iSaai ― daiai)
　　　　　‘4゛2{∂(6μ十i3十｡a2)-2μり(α1－2μ2)＋2∂(α1－2μ2)(血2－4)
　　　　　＋2∂(2μ3･十addai二J{24μS＋2μ2α2-4(a2+2ai)μ+ iai+as)C←Gi),
　■　　eti = 2d∂{tl8<23十a9-30)μ2＋2(α3画一6画一ゐ)μ+ 15ai + 3ai-3%''-()aiat)
　　　　+ 2{2(?(2-as)十ai ―4り(2μ2－α1)＋4∂(α1－2μ2)4ZS
　　　　+ 2J{2C6-aa)μ^ + iS3U ― dai―ae) (←GI)，
　　　eii=d∂{(10十as'-2a9-12as)μ十j9十臨一2a3a>}+4(l-(?')a8
　　　　　+ 4(3-ai-3(?十∂2)十∂2α32－2∂α9＋411(2∂－2－臨)十臨
　　　　　川2<?(a3ﾆｰ2)-ai + 4}りゐ－2)＋6十JC4a3μ-2ai-a≫)(.←Ｆ)，
　　　eSO°加{40μ' + 18a2μ2十(422－247－12ゐ)μ十i7二Idzai)十(?(a≫-4μ2)(山2－4)(←Gi),
　　　eSI°(2/3)β{12(3α2－10)μ2＋4(α2αS－α8 － 1laz － 658)μ十12aj+2ai
　　　　　　　　　　+ 3a7 ―3a2* ―352αa ―iazat}
　　　　十(4/3){∂(6μ＋213十a2)-2μ}(ｊ尚－4)十(4/3)∂(j2－･4μ2)ｉＯｉ
　　　　十(2/3)J(24μ* + 8a2μ－412－α7)(←Gi),
　　　肖2°j∂{2(30十a≫*-24as-2a9)μ+ 259 + 3a8 ― 4as<zs ―(latai + 12ゐ＋1542}　　　，
　　　　刊2∂(a3-2)-ai + 4}(Ja2-4) + 2{∂(6μ十,iS十az)-2μ}山. + 24　　　｡一
　　　　十ｊ(8α3μ― 4a3 ―6a2―as) (←Gi),
　　　≪3 = 2J^(3a. + 15a3-3as'-10) + 2{2tf(a3-2)-ai + 2}山S－2血9(←Gi),
　　　４４＝(β/4)Jr-'(10-15as + 3a3'-3a9)十(1/2)Jμ-w
　　　　十(1/4){8'(∂－1)＋5(i1－1)－4∂αSりμ“1μS
　　　　十(4M)-'(2(?-2-(?a3){5(3a2-2ai-l) + 4ai(∂-l)-2ai(?a8}
　　　　十(4M)-1(il－1){4∂2－14∂＋16＋2(3－∂－2∂2)μs¬3∂α9十∂24sり
　　　　十(2M)-Kl-2ai-4a2 + 5as) (←ｇ)｡
　　　　　　　　　　　　　　　　　　　　　TABLE　３.二
　　　Ｏ　＝　Ｎ-^feT‘゛１，β＝　Ｊｔ.
(2)・4 = (1/2)∠16ｕS ｅ５＝－2ωｊ∂μ2，・＝ω(1十ωj∂μ)，‥
　　　６＝2ω2j∂μ，。8=-2ωsｊ∂，・9＝(1/2別肛-1(&1－ω3)十ω3βJt-'],
(3)eici＝４ｆｌ(μs十瓦μ2)(←Ｆ)。＝2j∂(－3叩4十α1μ2－2ωi1μ)(←GI)
　　　ε12＝(1/2)ｊ∂(6ω2μs＋3ゐμ3－2ωα1μ乖ω2jl)十ω∂(2ωμ2－α1)－(０＞ll)J(.2μs十a.) (←Ｆ)，｡
　　　ε13°ｊ∂{12ω2μ3十μ2α2－2ω(52 + 2ai)μ＋2aj2,11}(←Gi),
　　　914°2J∂{(43－6ω3)μ2－2ωa3μ＋3ω2α1}＋2ωj(2ωμ2－α1)(←Gi),
　　　ei5 =ωｊ∂{(3ω3－2α3)μ十ωdz)+lω∂(2ω3－43)十＆1－2ω3－ω∠1･i8(←Ｆ)，
　　　e16°(4ω/3)ｊ∂(－6ω2μ2－2a2μ十ωa,) (←GI)
　　　ε17＝ωj∂{4(3ω3－α3)μ十ω(2is＋3α2)}十加3－ω血ｚ(←Gi),
　　　ε18°6ωj∂(lz3－印3)－2ωJas (←GI)。
　　　e＼≫=a?βｙl(ω3－αs)ﾆﾄＭ-1(＆1－ωs)(2ωs∂－2ω2－θα3)十Ｍ-1(12－ω2＆1)(←H).
(4)・2o＝(1/4){Ｊ(10μ'' + 15aiμ４＋3j4μ2＋3a12μ)十ａ,∂2(4μ'ai+4μ6十i12)}(←F)
　　　eii = 2J6{2aiμ4－α4μ2＋２ａｉａ＼μ－ω(10μ6十125iμs－2＆μ－i12)}(←GI)，
　　　ε22＝(1/3)ｊ∂{ａ,2(30μ5＋18j1μ2'十i4)－2ω(6α1μ3十α４μ十ａｉａｔ)＋15ゐμ*+3a6μ2十(ai* + 6510$)μ}
　　　　十(4/3)θμa>{(3<w∂＋1)μ3a,十∂μ2j3十(ａ,∂＋1)(d1－μat))
　　　　十(μ/3){∂(2aiゐも2i')-2a4 + 2(ai-2ωμ１)ｊ(2μ8＋11)}
　　　　－(ω/3)j(6μ5＋6jlμ2十a4)(←Ｆ)，
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'2s９″(ｽﾞ1ｸ1
.
ｺﾞｹﾞﾆｺﾞごｺﾞ?:4ｸﾞ)″' + (a5+ 2a4)/i+ai(5ii+2ai))〕
+ 4a;<?C2μs十ai)J(ai ―2叩2)(←Gi),
114°2J∂　-6a,'(5μ' + 2aiμ) + 2w＼()aiμ2十ａ,)－ａ,(12あﾉ,3＋3a12＋2jliS))　　　　r -6a.' 4十α6μ^
+ 2(aias―aia3一瓦)μ
　+ iw0(ai-2mfi^')J(ai-2ωμ2)＋2ωJ{2ω(3μ4＋2μi)-(2aiμ2＋44)}(←Gi),
≪≫5=(1/2)J(?(3ω4(10μS＋JI)－12ω3α1μ十ａ,2(1813μ2十56)-2ω(6a3μS十α6μ十一SiOi十ゐα1)
　　　　　‘
|
＋3ゐμ2十(3a3' + 2aias)μ
　＋2ω{ω(l-a.Wa> +μ∂(ω0+[)(.Q>aa-μfl3)}+2ωS(3ω2∂2－2ω∂－1)μ2
　－ａぬ6十(ｔｏ/2)∂2(ωW + 2a。)+2ai∂(2ωμ2－α1)
　川ω∂(α3－2ωS)＋2ω3一応/2り(2μ3十a1)十ω∂(2ωμ2－α1)(2ω2－∠ia^)
　－(ω/2)ｊ{2ω2(6μ3十ai)-4ωαlμ半陥μ2十ae) (←Ｆ)，
ε26＝(2/3)加
〔⑤ま鱗ドれな≒
　十(4ω/3)∂((22 ―4<u≪^)J(.ai―2a)i/)十(4ω73)∂(2μl十aiX血,－4a,)(←■Gi).
eii = do　12ω4(10μ3十il)－12ω3μ(4ai十i2)＋18ω2μ2(2あ十α2)
　　　　.
C
－2ωiUatμ3十(a8 + 2a6)μ+a2a3 + 2did3 + 2asai + 2aiai}〕
　　　　　　十α8μ2＋2(2α1αs十ataz十J2α3)μ
　＋2ω{∂(6ω2μ十a3十α2)－2ωμり(ai-2ωμ2)＋2ωe(ax-2ωμ2)(Jαs－4ω2)
　＋2ω∂(2μ3十il)血3－ωｊ{4ω2(6μ3十ai)-4ωμ(a2 + 2ai) + 2μ2as＋45}(←Gi),
ei≫= 2miS(ai-2ωμ2)ω4－12ωsμa3+3ω2(6α3μ2＋４)　　　　　･･　　　　|
－ω(2fl9μ十az^+ (ia＼ai)+ laiSiμ　　　　　　|　∧
　+2(2ω∂(2ω3－α3)十念1－4ω3り(2ωμ2－α1)＋4ω∂(αl－2ωμ2)山3
　＋2ωJ{2(6ω3－α3)μ2＋4ωμas ―6ω2α1－α6}(→Gi),
ε2,＝ｊ∂{10ω6＋3ω4J3十(α32－2ωa9-12ω‰)μ＋3ω4ゐ十ω^5≫ ―2a)5jas}
　＋4ω2(1－ω2∂2)43＋4ω2(3ω― ai ―3ω4∂十ω5∂2)十?2a32
　－2ω＆9＋4&1(2ω3θ－2ω2－∂43)＋2&2＋6ω5十{2ω∂(4a－2ω3)－&1＋4ω3}(ｊ,i3－2ω2)
　十ωJ(4ωμas-2ω2J3－J9)(←Ｆ)，
ε3o°J∂{40ω4μ3＋18ω2α2μ2十(a22－2ωa ―^12ω3J2)μ十ofａｎ－2ωaiai)
　十ω∂ia^- 4ωμ2)(血2－4ω2)(←Gi),
eii= {yz)de 12ω4(3α2－10ω)μ2＋4(42a3－ωzz8－12ω'(i2 ― 6aj'a3)μ
(+12ω4J2＋ω2(2a8＋3α7)二ω(3α,2＋3J2α3＋仙α2)
｜
十(4ω/3){∂(6ω2μ十瓦十az) ―lwμ}(Ja2-4ω2)
＋(4ω/3)∂(a2－4ωμ2)血3十(2ω/3)J(24ω3μ2＋8ωα2μ－4ω2j2－・)(←<?l),
es2 = j∂2(30ω6－24ω3α3－2ωα9十α32)μ＋3ω4(信3＋5α2)　|
十ω2(2a9＋3α8)－2ωa3(2a3 + 3a2)
　十{iwOiaz-lω3)－al＋4ωs}(血2－4ω2)＋24ω?
　＋2ω{θ(6ω2μ+as十皿)－2ωμ}血3十ωＪ{8ωα3μ-2<uX2a3 + 3a2)-aa} (←GI)
ess = 2ω∠1∂(3ωa≫+15ω343－3α32－10ω6)－2ω血9
　+ l{lwdiaz-lω3)－al－2ω3りα3(←Gi).
≪S4= (ωβ/4)jｒ-1(10ω6－1Sω3α3－3ωα9＋3α32)十(ａ)/2)ｊμ-’ａ＾’■
　十(≪/4){8ωs(ω∂－1)＋5(al－4Jα3)}和一1α3
十(4M)-'(2a.'∂－2a,2－∂az) {5(3a2-2<u"'Si-<u=) + 4a*''ai(a>∂－1)－2＆1∂a3}
十(4M)'1(＆1－ω3){2ω4(ω2∂2－14J＋16)＋2ω(3－ａ）６-la?ｅ＊)as ―20a≫十(?^a3?}
十(2M)-1(ω7－2ω4＆1－4ω2&2＋5庇)(←耳)．
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　Ｓ｡ 4.　Ｓｙｎtheｓiｓ ｏｆＥ.
　In 3. li we have seen びor －び＝£十yd^ is system-additiv・. For synthesis £″of
neighbouring trwo systemｓ　Ｅ，　Ｅタ, we have £十ｙ(ξ'－ξ)十£´十ｙ(ξ″－ξ')=Ｅ″十ｙ(ξ″－ξ)，
ｏ「
　(1) E″＝£十Ｆ'十£, where (2)£＝(ダーツ)(ξ'－ξ″). Assuming (3) f'=(l十j4)ξ″十召ｙ，
ダｉＣｒ十(1十Z:))タ, we have from 3.2 (6);　(4) v' °Ｆｅ’十(1+G)v,　ξ＝(ｉ十Ｇ)ξ'十Ｈｖ．
(5)ダ＝Ｆｊ″十(1十G')y',ぐ=(1十び)ξ″+ H'ダ, and (6)タ,″＝Ｆ″ξ″十(1十Ｇ″)ｙ，
ξ＝(１＋Ｇ″)ξ″十Ｈ″:y. (3).(4＼(5) give f' = (l十胤)ξ″十召jy＝(1十G')f″十Ｈ’lCS″十(1十Ｚ))ｙ}，
ｙ°Ｃξ″十(1十£))v = F{(l十Ａ)ξ″十召j,}十Ｕ十G)v, then. (7)U=G'十Ｈ’Ｃ．　Ｂ＝Ｈ″Ｕ十Z:))。　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　k
:ﾌ＝Ｆ(1十A), L:)＝Ｇ十ＦＢ.
(2)，(3｀)giｖｅ　(8)£=ACu十(Ａ£)十召Ｃ)り十召£)w, where　z4＝(ξ″2),ｉ,＝(ξ″丿,tむ=(y).
βis ･ａ fnnction of f. 3' or of (9)i7＝(ξ'2｀)＝Ｕ十Ａ)‰十(1十y1)召tﾉ十召29，
i7°(ξ'ｙ)=・=(1十Ａ臨十Ｂｘｏ， 　ｗ＝ｕ,｡　£iｓ a function of ξ″，ｙ or of　ClO) u' = (S″')=M.
ノ゛(ξ″ｙ)＝Ｃｕ十(1十Ｄ^ｘ)， 　ｉｖ’＝(ｙ２)＝Ｃ‰＋2C(1十£))ひ十(1十DYw.　Eliminating〔ｉ〕，
〔zｊ〕;£〔ｉ〕becomes =E〔z4〕，Ｅ″〔zz'〕＝ｒ〔zz〕, similarly Ｆ〔瓦〕＝ｙ〔zz〕etc. in (7). Then,
(0 gives E″ ｉｎ〔z4〕. Calculations of elimination are given in TABLE １ (d)of 1.8. In
TABLE 4, E' is used instead ｏＩＥ’notation, and ci are tabulated for e/ =et十ej十i。
then, e.g., ?'io―cio十e'lo + ietes'. Synthesis of 。,g is written symbolically as
ｙ＝。田e',
in general, where the negative sign does not appear. proved by
(11)　Ｆ″＝Ｆ″十Ｃ(1十G'), H″＝jf十5(1十Ｇ)　　　Ｉ
Ｇ″＝Ｇ'十£)十Ｇ'Ｚ)＝Ｇ十Ａ十GA　　　　. related to C6).
　Ｎ(:DTES.
　(1) Two forms of schema.
　Schema (1), giving directly E, is called of integration form or closed foi･ｍ， while
Schema (11), giving derivatives of£or F, G, H IS called of differentiation form or
open form. The schema of the local problem (19) in 3,2 was the latter case.
　(2)Ｔｗｏ types as to independent variables.
　Independent variables of £consist of (n)- and (n')- variables $', v, while the case
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　卜of Schleiermacher's equations　dx=Ax十By, dy=Cx+Dy　in 2.1 or matrical　d(x,y)
゜(ヱ。y)CA), sjir!ply called Schleiermacherian, only (ヵ)-variables　jｒ。y. The former
case is called of crossed type and the latter progressive type.
　(3) Exchanging of pupil･object systems.
　Exchanging (エ浅漬，必りり。＾。 fe，で)for'£(:y.ぐ)＝£(>-.ξ≒ｈμ３． feiT) gives
£は,が)＝ECｘ，ｆｌ”＞fe．Ｔ，h．ｏ).Ｆｏ１　Ｅ＝EC,エ，が). we have dE =∠lｚ･dv' 一Ａｔ)'　ｄｘ・ａｎｄalso
＝ｊ(が・∠ix)-d(.V･ｄエ), proved by ｊ(ｙ･Jx)-∠1エ･伽″＝η'･ｊｄエ＝J(fj-ｄｘ)一向･dx. In this
case　S=TX-ａｒt・　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　●
　(4) Geometrical meaning of η' and the wave front.
　For any point ？ :〔ざ〕゜〔兌ざ,ぶ＝s〕, the point　j）:〔Ｑ・ｏ・χ〕on the ａχis is defined,
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　similarly Ｑ for Ｑ :〔Y.Y, y°Z〕> and l = QP-り－t　＝　ｈａ-1－＆-1＝ふttYK　Defining also
　　　　　　一犬　　　　　　　－ｐ．Ｐ’，Ｑ≒Ｑ≒ｒ ｗｅ have for point eikonal　V=V(P,P'), dV=J{:edX),　as P,P' are
fixed. Then ｊｙ°ｊ(ａ一鰐)゜a-^dxフヲ加-hx･ｊｚ－∠1(がエ)=a/2V加'1戦ｚ2)十dE-dW･jｚ)｡
∴ｙ°玖？,？')＝(1/2)加゛lｒ(ヱ2)十£－(７かｊエ)十ｃｏｎｓt.Defining two points　a' :〔y'〕，
i卜〔？〕on the light ray Wp'. now. such that
1^'=Z'
=ｖ’Ｕ’でタ)'1，
a7ly＝ｙo≡(T/2)。'-ｙ(ｚ’2)十£－(η'･ｊｚ)，ｗｅ
have 〔Ｘ'〕＝〔夕'〕十Z’〔∂'〕，
〔9'〕＝〔？〕十ｙo〔β’〕as vector equations. where the first gives
v'a'-^x'°？十v'Wr')‘Kr'x'-a'-n')∴？＝･v't'-W, i.e. ≪' is the reduced coordinate
of 9'， and the second givesY(P,2り＝ｙ(Ｐ,Ｐ’)-l'-Vo='Const.-{l/2)a-h-Kx^)=co7ist.
■^or fixed point P, i. e.,　x = const.,　therefore the locus ｏ‘i
こ!´is ａ
wave front for　Ｐ，
The wave front is given by 〔?'〕＝〔ｒ〕－(Z'十ｙo)〔∂'〕＝〔？(ｙ)〕, whose three com-
ponents are given by two parameters ('?')=(>?'. 7').　Ｔ
　　　　　　　　　　　　　　　　　　　　　　TABLE　４.
　■ e'=eRe', e/=e,十Ej十＆｡
(2) ei = O (4≦j≦9)，
(3) eio= 4e4e5'. eii= 8c4eダ+ 3^565'+8CaCｒ 　≫
　　　ei2 = 4e4C8' + 2e6e5' + 2e5e6', eii==2e7es' + (>eieT'+Se4e≫' + ie5ee',
　　　≪i4= e8C5' + ieaei' + Seses' + 4(ee十C7)e6' + 16c4<?9'.
　　　ei5 = 4e5C9'+2e6e8' + 2e8C6'. eie=ｉｅｉｅｉ’+iesei',‘
　　　en = leiei' + deia' + iese/ + ieaetへei8 = 8ｅｉｅｓ’+3eiei' +ieee≫', ei≫= ieae≫'.
(4) e2o= 4e4eii'十6・J0C5十16・iKee'十の″)十6・*e,'＼
　　　e2i = 3e5Cii'+8e4(ei2' + 2ei3'')+ 5eiie5へ+ 12cio(り'+≪,')
　　　・十24・4り5ε7″十2・4・ｊ十≪C6')十(2eies'+2ieiei' + 8e≪ｅｅ’w.
　　　≪2 = 2(e6・1j十enes') + i(.ese2z'十enes') + 4e4e24' + 6cioe8'
　　　　+ 4(4e4C6十ε52十eses' + 2e4ee'')ee'+ ie4ea'(.2es + 2es') + l(iet(.ｅｅｅｉ’十leｔｅａ’)十≪8C5".
　　　＆3＝leie＾i’+ 6e5eis' + iesen' + 2e5ei丿十4ei3eぐ+ 2eu(5e7'十如j)
　　　　+ ie,Cl5esei' +2e-,ei' + 16e*e9' + ieiee' + Aei'^ + nee’ e/ + 6c7"'十bej’ｅｇ’)
　　　　+ ke,e^'Oei' + lei')十es'Oei'+Se,''),
　　　eu=eien' + ieeei3' + 5ese＼t'+ 8eien' + i{ei十ei)en' + ].(>e*eis'
　　　　+ 2enes' + 6ei3C6' + lewe^' + 8ei2(e6'十e7') + 4e4(12とees'+ ie7ea' + Ues'e>' + lOes'cs'
　　　　十fee，'ｅｓ’十ｌｅａｅｉ’+2esee' + I8e5ei' + ie','ei'')十ei<Jesea' + l2eseT' + I2e6e6' + ieiei'
　　　　+ nei'es' + nee'^ + 6e＾’en’')+ i(eieB'十esee'十eeeT')es',
　　　eK = 2eeen' + ieteis' + 2esen' + iesei5' + 2euee' +ienei' + 2eises' + ieiiei' + iei'ei'
　　　　＋4りSE6十eie%)et' -^ies'・9'+ 2(2e6'十。S。>) >'十2・6aり:16・４十・6)＋4e.,ｅ≪’＊
　　　　+ 4e5(e6'e8'十leｓ″ｅ９陥＋2ε6(2Ej2十es'ei'')+ 2et(.l(,eeり9'+ 3c/^),
　　　e2≪= 4e7ei3'十es(')eii'+ieu') + ^(e^e^^'十eise7' + ciiea') + 3ci6C5' + ieisee'
　　　　+ 4C5(leｔｅ-,’+2eies' + l()etea'+２ｅｉｅｅ’＋4e≫’ｅｉ’+2e-,'^+2e5りa') + 4(8e4C7 + 5e5=')c8'
　　　　+ 4e7・7り?5'+ 16e.e8'(le．'+ 3e,'),
　　e'27 = 2(ei亀ｅ≪’十ene^')十2。5(2ei4'+ 3ei6'>+2(.2・u + 2eie)eeで+ 8e5(ei，’十eis')
　　　　+ 8(ei3十eu)ei' + ].6{e4eii'十e,i≪9')+ 2(3・5ε8十4・6C7)e7'+ 2c7(3e5り,ｊ＋4Eeりｙ)
　　　　+ 4(5c4ea十5・5ε6十2・5・■,}et+ies(iei'e)'+ Sei'ea' +2e,’ｅ≫’)
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　　+ 32(2・,・6十3・44十・i'')e/ + 22e4(２ｃＢ’ｅ９’十39,りｊ十ｅ．’＾)＋4gg(2・,97十eses十e-,')･
　　＋4ε6(2e≫’ｅｉ’+e,'e/十C7'').　I　　r　　　　　　'
en = eiies' + ienee' + Seueg' + ieise≫' + ienLe/十e7^ +16ci2C9' + 2eien' + (teeen' + leiex^
　　＋8(ε6十e7)eii' + iei(eee^'十ｅｓｅａ’十ｅｉｅｅ’)｡
　　十4・!,'(neie/ + ieばｊ＋1＆4ε8＋10ε5ε6＋6ESE7十ｌｅｉｅｓ’十.^eees' + lSetei'十4≪4e7')
　　十ｇｊ･(lesｅ．’十12・7・6で十12e,。j十4・6・i' + ].2esei+l2et^ + &eeei').
a9＝2(ξ18ej十ε69189＋4(・15・j＋・8・is'^ + ieneB' + deseit' + ieiea'Cle＾’＋3e8)
　゛十ｇ８２１ｊ＋44(４９６ｊｊ十ｇ８４十e8e8'+2e6e/)十･l(ie>'(eW + 2eie≫'),
530 = 6(ｅ-jeｗ十ei8e7') + 4(≪5・17十・13・8')+4(c7'+e7){.ｅｔｅ-i’+ ieie≫') + l6(e!.W十e,e,").
esi =如17^7十(9eie + ieu)ei' + %(ei3e≫'十eiexi'十εばi8') + 3c8ei8'+4e8en'
　　+'W0etｅ-x’+ 2eee7' + [6e4e9' ｆ２・6・ｊ＋4ε6ε７＋3ε72十2・5・8),｡｡
　　＋4ε5(8ε7j9’＋5Ej2)＋4eie≫ ｉタ+ 16e5e9'C2e6十3。7)，
e32 = 2・18・ｊキ6・17・s'+ieiぱi' + leuea' + ieiｅＷ+ 12C5。i/ + 2≪i≪'(5c7十＆6)
　　十4・9'C15e5e≪'十2・5・ｊ,十一Ibetea'十4・6・7' + W十12*667十6・72十6・5・8)
　　+ iesei'Oe''十2・6)十ei'K9e-, + Se,),
ezi ―ieises' + 8 (eis十2・17)。9'+5ei8り8+12ei9'U6十e7)
　　十24c9'(ｅｉｅｓ’十2・5・ｊ＋６ｅ８')十esOeae/ + 2ieiea' + Seaeiり,'
en = iewd' + desda'十t6gj2(ε6十ε7)＋6ε82ε9≒
　　4. Defoimations from the pertuibation eikonal E.
　4. 1.　Ｐｒｏｇｒｅｓｓi-ｕｅりｐｅｆｒｏｍ　Ｅ＝Ｅ(ξ″，:ｙ)ｆｏｒｉｎｄｅｐｅｎｄｅｎtｖａｒｉａｂｌｅｓ(ξ･yy
　For
　　(1)ξ'＝(1十A)3十By, y″＝Ｃξ十(1十Z))v, from 3.1 (6)
　(2) v'=Ff'十(1十G)y.ξ＝Ｕ十Ｇ)ξ’十Hy, which give ξ＝(1十G){(1十A)$ + By}十Ｈｉ.，
　Ｃξ十(1十£%=F{C1十λ)ξ十召ｙ}十(1十G)y.　０ｒ　　・
　(３)Ａ＝－Ｇ－Ｇん召＝一召－ＧＢ．　　　じ
＝Ｆ＋ＦＡ．　Ｅ)ごＧ十ＦＢ.　　　　　　　　　　　E is a function of　ξ≒y 'ｏｒof
　(4)ｉ＝(ξ'2)＝(1十Ａ)‰十(1十A)Biﾀ十B'^w, . w = (e'3;') = a十A)u十BWy W = W,　where
　z4万＝(ξ21)，t,＝:Uy). ｘｕ万＝(ｙりI. As (4) have the same fonns　as 3.4 (9) with the elimi-
　nationi we have results in TABLE ５.
　　4｡２. Ｒｅｌａtｉｏｎｓbetｗｅｅｎ Ｅ ａｎｄ tｈｅ Ｓｃｈｌｅｉｅｒｍａｃｈｅｒｉａｎ.
　Assuming
　　(ｎが:＝(1十Ｐ)ｚ十Qy　for the Schleiermacheria万n (2) x' =:a+A)x万十Ｂｖ，
　y' = Cx十(1十£))v, we have from 3.1 (6) (3) y'=Fが十(1十･Oy, f = (l十Ｇ)が十Ｈｙ.
'ln the half coordinates.　(4)戸゜rx―<sy°α(ぶーλ:3'). p'°z'x'-a'y'゜ぶix'-X'y')･
　where　(5) r =α，・.-I ―λI t'=a', a'T'~^ = X', and　(6)Ｓ＝(ﾐZ,2)＝α2(z4－2λtj十λ292)，
　M = (x^), v = (.xy), w =り2).(1^　8＝夕■/VT+ててijｱj＝夕(1-2T), where
(8)1－2T＝1/l/T7iｙ，Ｔ＝Ｓ－3S2＋10Sｓ－….ぐ7) shows the special feature of the half
　coordinates, in which 2〔∂，!!，j〕ａｎｄ〔2夕，2戸，1〕are the ordinary direction cosines and
　direction ｃｏｅ伍cients. respectively. From (4).
　(9) />, =≪'〔{(1十λ友十By)-λｊＣエ十(1十D)v}〕=≪'{(!十£)Ｊ十(.-y+Dy), where
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　　　－(10)£＝λ－λ’Ｃ． Ｌ＝Ｂ－λ″Ｄ．
(11) 5' = (/.")=a'M(l十£)‰+ 2(1十£)(－λ'十£)ｔ7十{－λ'十か‰}
　　　　=a'Mtt-2λＳ十ｊ‰+ 2CIm十£v)-2X'CLv十Ｌｔむ)十£2＋2£む,十£‰}　which　was
the principal binary form in 1.８ TABLE １(c), eχcept the first order terms M-2λＳ十μ‰，
and the ｃｏｅ伍cients (ぶ,ぶ，ぶ)＝ぶ2(1，－2λりじ2)・　Ｓｉ’ ”φ,(/,/; 2,-2>iM)パ≧4 by the
notations of the table. Similarly as in (6). (7), we have (12) 5'=^'(1-2T').
７”＝ｙ －3ｙ2＋10”－…　　Ｔ’.Ｔwere the unary expansion forms in 1.8 TABLE １ (b),
and the coeffcients　U'==(pt(.s'; 1，-3,10.…), <≪=<o≪G.1.-3.10…). where st= O for i≧4，
by the notations of the table. All these forms give following Schema.
(13)？＝－(Ｇ十GP+2T). (2 =一冑-GQ + 1λΥ, (14) A=P十IT″＋１Ｔ’Ｌ．
召＝Ｑ－２λ'７'十IT’Ｌ　or　(14)' A=-G + 2JT-ＧＰ十IT’Ｌ，
B=-H-2JλΥ－ＧＱ＋2T’Ｌ，(15) C = F十ＦＰ． ｔ)＝Ｇ十FQ　with (6), (8), (11), (12).
Ｆ．Ｇ．Ｈ．　thederivatives of E, are the function of
(16)ii＝(ξ'2)＝(1十P)‰＋2U十P)Qv十Ｑ‰，iﾇ＝(がv)=.(l+i')・十Qw, zo = u>.
　This eliminations are given by the TABLE １ (d) in 1.｡81 and the results are shown
in TABLE ６ up to the second order of (z。む1tf)i i. e., omitting the third order ｃｏｅ伍-
cients, which can be easily calculated rather by successive method, shown in the above
schema,
　NOTES.
　(1)Ｔｈｅ TABLE 6 tells the relations between (.cu.b。ｃ。di) and 。<with identities for
et, which hold in the system-problem ４s in the local problem. The synthesis of the
Schleiermacherian matrix (A) or the elements A, B, C,£) can be dene, therefore, also
by synthesized E｡
　(2) By　exchanging of　pupil･object for (A), E, following　exchanging　is　prcxluced :
λｅ£), B*^C, F*^H, u^w, by which　∠ix=Ax十Ｂｙ，･Ay=Cx十Dy are invariant, and
り゜Ｆｚ十(1十Gw, x'=a十Ｇ)ヱ十Ｈｉ)’ 　ｗkhα=(T, ^=(T 'r.　Commutation of numbering
ｆｏｒμ**w is given in 1.8. as 1*^3. 4≪*9, 5**8, with 2,6.7,…　fixed, by which TABLE
6 (1) becomes　　ai = es卜　α2= 2^7. at=ea, bi = 2eg, bi = lett bs = iea, ci= ―4^4 ―2∠io-'r",
どs一一2．5＋4jｒ2:cs=―2ea ―2J<TT･, dy=-。5 + 2 Jr', j2=-2C7-4∠1。r, d3 =一・8＋2∠1♂.
　Especially 4ε4＝－c1－2J(y‾lｒs.Ｆｏr J=5l = °°or 。= 0. we have ＼ei＼=oo as りa-V|=oo,
which is the coefficient of m'', others being finite in (1), because A, B, C, D exist as
the finite quantities, in general.　Similarly　|eiol=°° which is the ｃｏｅ伍cient of　u＼
Only the ｃｏｅ伍cientsof the pure powers of z，become infinite, in general, which is
also theoretically proved.
　Then |F| = |Id El∂副＝・・for z4≒0, but G,H are finite. therefore　η= Fx十(1十GW
does not hold for zz≒O or jz;≒0, while　^x = Gx十月が　holds. Even in the case, we
have all finite α。&。ｒ。du by which a11 ・< are calculated Irom the table, except the
infinite　cases　e4.eio etc. This can　be used, of coursei in the l･bcal problem. In no
exchanged or original case of r = 0, it becomes ＼et＼= ki9 1＝…= °°,which are the Ｃｏｅ伍-
cients of the pure powers of w. As in the TABLE ４０ｆthe synthesis, the terms i，０ｆ
mutual　products do not contain et,e＼t　etc., the infinities　appear only in　the additive
parts ４十εム　by which the synthesis cbn be done completely for the finite coefficients.
The above exchanged case of 5=00 relates also to the equation of the wave front, shown
Fｏｒ（1）
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in 3.４ NOTES (3). Separating E=Ex十五2(≪)｡ El(Ｕ，)＝Σ。lOOM-'=±・o, we ray use. theiii
£1 instead of £in　ｙo°(1/2)♂-lｒ'(ヱ'2)十万一(ダ･∠ix), because Ei(u) becomes constant
infinity for x = constant.≒0.
　(3)ln the case of £(ξ≒y),ｙ being the pupil point coordinates, no infinity appears
in the practical use.　This is a reason why　£(ξｙy)is used instead or Ｅｋエ，η″). But,
if 5=5l≒ｏｏ，£(Ｊ,が)is rather convenient.
　(4) If cr= O for a＝ロ'i―ar] = TX, TX = lim vra ^X = tan(p = S =ｓｔｎ？ ０ｒ　じO　jyﾌﾟ1　which
does not hold unless ｙ＝O or x = 0. This is the reason why infinity appears.
　4. 5.　Ｐ゛ｅ ｒｅｇｕl『り1』ｅ
　ｏｆ
Ｅ ａｎｄ ｏｆ Ｓｃｈｌｅｉｅｒｍａｃｈｅｒian71 ｔhe ａｓｐｈｅｒｉｃｌｏｃａｌ
　　ｐｒｏｂｌｅｍｔりitｈ　theiｒ ｓolｕtｉｏｎｓ，
　The pure regular type ﾉ･゜μ二y　of E is defined as　（1）ゐ＝0，ｒ＝μ，
（y°（y’゜1, a =加＝0，β゜∠lr=-l　in　the normalized case, therefore
ぎ゜μへ　ん゜ｈ
（2･）9＝6’＝0，
(3)λ＝･μＧ，Ａ＝μＨ． 　Ａ’=--F, A' = -G, by 3.2 (1). Now we have following
　Ｔｈｅｏｒｅｍ：１）ｕｒｅｒｅｇｕlaΓりμof E iｓdi・iｓible bｙ Ｗ，
　Proof : This necessary and sufficient condition is that　£＝Ｏ　or　Ｆ＝13E/9ｕ=0，
Ｇ･＝3E/3-ｕ　=Oi when iv = Q. Let w = 0. Since d =が= 0. w = 0. we have
召(1)＝∂2戸‰－2戸θ(1一Ｐ∂佃十(].-Pdyiv=o in UO)of 3.2, which gives t = iz召(2)＋4ｚ2召(3)
in C18) and　z = t十ait''万十…. This iteration gives　ZI＝:z=Q, for the first order term
Ui)゜ｕﾉ゜O in (-18). By the fundamental equations (19) in 3.2, we have, now,
Ｆ＝249(μＶ十AV)+2z-2zJ戸= 22(l-Ji') = 0. G = Gi=2J^(-F十Ａｙ)－2ｚJP＝0，　when
w = 0, Q. E, D｡･，
The coe伍cients of £in this type are given in the TABLE ７ (a), using no OitCが，α。αj，
where･ the coefficients of the terms) containing no ■w, are all vanished, shown by the
theorem.　Making Schleiermacherian for the same type is explained in 4.2 with　α＝μ，
（ｘ″゜μ≒　λ＝μ-I，ｒ＝ｙ-1.Ｔｈｅ results are given
in the TABLE ７ (b), which coincide。
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　－
naturally, with　the　results of　2. 2 (iii) for　all the modification coefficients　β1°瓦－1
vanished. These were　the normalized cases. The general　cases are easily made by the
methods, shown in 3. 3･and 2.2 (iv), whose results are given in the TABLE ７(ｃ)
and (d). The returning of the Schleiermacherian has been given in １，7, 1. 8 TABLE
1 (e) and 2.2.
　N. B. The pure regular type of £iｓ not easily transformed to the pseudo･regular
type･
　4｡4. ＳｖｎｔheｓiｓｏｆｔｈｅＳｃ　hleieｒｍａｃ　heｒｉａｎ，
　(i) Direct method｡
　ヱ'゜(1十A)x十召ｙ　　(2)　ｚ″＝(1十A')x'十Ｂ″ｙ
ly'=Cx十(､1十D)y　。　　　
|
ダ= C'x'十(1十D')ダ
(町;:ﾆ凄詐ブレ。h。
(４)　Ａ″==Ａ十Ａ'十ＡＡ'十ＣＢ″、　　 Ｉ
Ｃ″＝Ｃ十(ｙ十Ａ(ｙ十CZ)≒
A'．Ｂ’．Ｃタ，L:)'are functions of
召″＝召十召´十ＢＡ´十ＤＢ″
Z)″＝j)十Ｄ″十ＢＣ″十ＤＤ″
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(5)　　zｊ＝(ｙ2)＝(1十y1)‰+ 2(1十Ａ｀)召t/十B^-w,　　　l
tﾉ’＝(ｙｙ)＝(１十A)Cu十{(1十y1)(1＋7))十召ｃ柚十召(1十D)w.
　　　　ｗ'＝(ｙ２)＝ｃ‰+ 2C(1十Ｄ)ひ十(1十£:>yxv,　　　　　　　　　　　　　　　　　　　　≒
where　zz＝U2)，zz＝(ぶタ)，ｗ＝(ｙ).
　Eliminations for A≒Ｂ≒Ｃ≒D' are given by TABLE １ (d) and multiplications by
TABLE Ｉ (a), Schema (4) is written as　Ａ″＝Ａ十λ'十Ａλ’十CB' etc. by eliminated
ｊ”{.u)―A'(m') etc., which give synthesized A',B″;Ｃ″,Z)″. Synthesis of the Schleierma･
cherian is　symbolically　and abbreviatedly written by the ｃｏｅ伍cient　matrix (ai) of
(A)=(A　β)sｕch that (α″)= U)cU')　　　　　　　　　　　　　　　　　　　　　ご
　　　　Ｃ　Ｄ
or　(5') = U)e(a') as in the eikonal case of 3.4 or the TABLE (4).
　　(ii) Indirect method.
　　This is explained in 4. ２ NOTES (1). Let　ＮＵ．fe)be the number of the eikonal
ｇｏｅ伍cients and ｙ(ａ.fe)tbe Schlei'ermacherian ｃｏｅ伍cients a, b, c, d for (21－1)･th degree
ｊ)f the aberration, we have　Ｎ(ｅ.fe)＝(ゐ十i)a+2)II，　Ｎ(ａ．fe)＝2i(jを＋1).
　　For　k=l, 3, 4， then　ｙ(ｅに) = 6,10.15. A^(a,*) = 12,24,40,・respectively, and
　ＨｍＮ(ａ,fe)/N(.e,k)=i. Calculations of the eikonal are more convenient) in general.
　　　　　　　　　　　　　　　　　　　　　　TABLE　５.
(1)41＝一ei, a2=―2eT, ａs＝一ε8，αi=―2e6. b2=―2e>, bs =一ε9，　　　　　　　　　　･｡
　　　Ci ―ie4, cz=―le%, C3 = 2ee, d＼.=ｅsｉｄｉ＝2ei， ｄｓ= ei,
(.2) a4 = -en + 2es^, as=-2ei3 + lQe^ei+ iesee, aB――eu + iese7 + 6esei,
　　　aT= ―'ieu + 8ei^ + ieses, a8=―2ei7 + 10e-ies+ 8eses, aa=―eis十ei' + Seiet,
　　　&4＝－212＋6e5ε6，&5＝－2・i4 + 4e5i?8 + 8e6^ + 12e6C7, be=―iei!, + lieeei + ieiei.
　　　糾＝－2・17 + 8ｅｎｅｎ＋8esｅs，bS=一如18＋8ε82＋16ε6印＋8ε799，&9＝－6･Cl9+12C8C9.
　　　c4°6eio-12゛ueiﾀc5°ien ―iei^ ― HeteT ―ldeiee, ce°4ei2 ―6゛^5^6―20e4e8.　　　4
　　　CT = 2ei3 ―Sesei ―l()りei, cs ―･2en ― 8esea ― 22eies ―ieeei, Ci = 2en ― 8ese9 ― 2eeee,
　　　j4＝。11 ―2e5^ ―4e4e6. ds = 2eii ― 6ei。7－8esee－8e^eei <2ｓ= et4 ―ie6eT ―ie6^ ― l6eiet ―iesei,
　　　d^ = 3ei6 ― 4^7' ―iesei, di = 2en ―(teies ―ieees ― 16etｅ＾, da―ｅｉ８－8eiea― ieee≫.
(3｀〉aio=―^2i + 8eiie5 ―12e5'. <zii=―2・23十2・ii(2e6 + 5e7)十4・12・s + Ueises-iBeies^-Heees',
　　　ai2 =―e2i + 4ei2e7 + 6eues + ienee + 6enea ― 2Se5eeei ―iee^es ―29eae5',
　　　Cll3― 3・26+ 8ei3(e6 + 3e7)十4・14ε5＋18ε16ε5－84ど72お5－56e5ε6ε7－16ε62・S，・
　　　ai4 = ―2・27十・14(4ε6＋14．)＋8ε1595＋１０ｅｎｅｓ+ 12ei6e6+14≪i3≪8十16・uC9-96e5・7・8
　　　　－48εば72－16eれ･■7-48^5。6ど8－48ε9ES2，
　　　ais =一ezs + Seises+ ieiBei + 2eu (es十ど･)十ienee + 8eiieB ―3()eseeeT ―i0ese7e3
　　　　－14ε82ε5－16ど5ε6ε9，
　　　α16＝－4ど30＋30eiee･,＋4ε17ど5＋8ε1398－40e,’― i6ese^ei ― ＼6eee^ei,
　　　an = ―3^31 + 20ene^ + Senes十4・14・8 + 24ei5es + 16ei3り-80e8り2－16ε6e7ε8
　　　　― 80ese7C9 ―lle^^e^ ― 22eieees,
　　　ai5= ―2e32+14ei8C7 + 12ci9e5 + 10ei7。8＋8eitｅｓ+ 2 4ei6C9 ― 36^8^67 ―22eeeies
　　　　― ()ie≫e^^― dieseaea,
　　　α19＝－ど33＋12ε19ε7＋8e17e9＋2ど18f8･-iOeiesea ―Ideates―eg零，
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410 =-2・22十6・1=1・6+ 10ei2e5 ―24c≪e5'*,
ヽill=-2^24+ 4eiぴ> + ieii(.iee+ 2ei')十12・13・6十8・14・s-Ueses^-eWei-Bi・S・7－4・8≪5*i
bn=-i・25 + 14ci2e8 + 10ene6+12eis・5十4・11・g－68esｅｅｅｅ－8ε63－24・6'e7-12C9C5*,
ヽろ13＝－２ｅｎ+ieisea+l(ieuCea十ε7)十18・16ど6十6・17・5+ 8eije8-48・5・7・≫-17e5・ee≫
　　－32ど63－72ど6ε72－80ε62ど?，　　　　　　　　　　　　　　　　　　　　　゛　　｀
･614 = ―4e28 + 2Qeues十ci5(32ee + 24e7) + 20ｅｎｅｓ+Senes + Zleizea + %e＼se≫―40c8Vs
　　-140eｓｅｉｅａ－T04ε8・62－112ど5・6・9－40ε5ε7ε9，
･&15＝－6・29+ 20ei5e8 + 14ei8・6十i2・14^9十6・19・5－48ε82ε6－40ε5ε8ε9－64e6・７印一32・tei.
必16＝－2ε31＋12・16・8十4・17(ｌｅｅ.＋397)＋8ε14ε8－40・ふ72－16ε82ε5－64e6ε7ε8－3298962，
あ7＝一如82十26・net+l6eii{ee十e?) + 16ei5e8+ 12ci≪e8―72^8^'・7-48・5・8・9-96・6・7・9
　　-64e9e6'-32e9e7^
瓦8＝－6・s3+28ei8ε8+12ei9(2e6十e7)十･32ei5e9 + 8ei7e9-26e8'-144e6・)e>―l0ieieie≫―32ei''e5.
^19= ―8e34 + 18ei9e8十2Qeieea ―26eies^ ―22es,''ee―22es''eT,
cio = 8e2o+12eiie4 ―30eioe5 + 48e5^e4,
cii = 6・21―20ene5 ―16・12^4―24ei3e4 ―12・io(2e6十3,･7)十14・53十128・4ε5ε6十168・4・5・7，
･Cn ―6^22―16ei2e5 ―ileuet ―lOenee ―30eioes + llese^ +1 des^e^ + iie^eie^ + ＼^ie^eiet.
CIS= 4e23―1ieiaes ―16seMe4 ―3 ^eiee*―16・11(・6＋2ε7)－24ε1og8十48・7ど52｀＋16ε6ε52
　　十64・62・<+112e*eieiL + [iie^^e* + 160c4eBe7.
･cn ―4^24 ―Heues ―32≪i5^4~ 2ien・4-8eu(2・6 + 3e7)―12ei8≪6 ―24・iie8-96・lo・9･
　　＋40゛8゛52＋68゛5゛6゛7+ 24ﾀﾞ?り5+ 176^4゛6ea+192^4^5゛9＋184゛4゛7゛8･
･ci5= 4・25－10ε15と5－12・1895ニ6・14・6―12ei2・8－16・iiea+ iieseeei + ldetes^十12・82・5
　　＋32゛82゛4+ 96゛ieTeg+ dietee゛9＋8゛62゛7･
cie°2ε26－1＆16・5―16ei7C4二l2elze^ ―l()enei + iQe^‰+ 128≪4e7≪8+ 64≪4C6e8.
･ci-i= 2eiT ―l2enei ―22eii。4―8ei4e7 ―16ei2e8 ―1ienea ―32ene9 ―6euea+12eieiei
　　十2･＆5・6・8十32・9・S2十112・82・4十128・4・,・9+:192e4e7e9,　　　　　　　　　　　｀
･Cii= lezi ―12ei8e5 ―48ei8e4 ―%euei ―Zleitet ―16ei3e9 ―4cnea ―4ei5e7
　　+ 26・82・5＋48ど5e6ε9十64。SE7・s+22ie*eie9+ 2(leBe^ei,
゛ＣＷ＝2e29－1'2・19・5－8ε14e9－2f18・6~ 2ei5e9十32e5・8≪9+64りV+2eii*C6+16e6・7・9，
■dio'゛':ez＼―(>ei＼.es.　　　　　　　1
j11＝2ε23－6・ii(2・6十・７)－8ε12ε5－10・13^5―8eue4 ―12^10^8+32≪'7C5"+ 40e8C5'
　　十22eieiei+()ieB^et + MeteeeT,
■diz―ei*―ienOee十肖)一如14・5 ―4eise6―4^ii≪8~ 16ei5^4 ―2 4eioe5
　　＋20esｃｅｅｉ+2Wei+UeBes^十88c4・6・a+i8e*esee,
<ils―3^26一如is(3e6十4・7)－8・14ε5－12。1G。5－1＆11・8－8ど17ε4＋40ど72ε5
　　+ 72^5・6∂7十32・6り5十32・8・52十64・4・7・8十96・4・ees,
<ii4= 2e27―2ei4(6・6＋597)－16ε15ε5－6・17ε5－12・16ε6－10f13ε8－32・11・9
　　―Ideuei ―ien・8十44・5。7ε8＋32．6石2十40・62ε7＋40esｅｅｅｓ+iSeぱS2
　　十56・seeea+ibee"十64・82・4十192・4・6・9十96・46・9，
dis = ^28―4ei5(3e6+2e7) ―leiaes一如nee ―leuea ―ienea ―24ei9e4
　　－161299十28・6・7・8十24・5・7・9十3・82。5十56,・S。ee≫+ 28eiee^十112・4・8e9，
<fl6= 4≪30―18fi＼ａｎ－8f1795－12ei3e8+16e7'+56。5ど7ど8＋32ε5ご6・t+ 22et-e*.｡
必7＝3ε31－4・n(es + 3ei) ―16eise5 ―8ph≪ ~ 18eiｓｅｓ-24ei3。9＋36ε8ε72
　　＋32eｔｉＢｉｅt+80e5e'!≪9+ 52ea'esナdieieeei + iSesee^十128・4・8・9，
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j18＝2・32一2ci8(4・6十5・7)－24・19ε5－6・17・8 ―16eM・9 ―24ei6e9 ―4ei5e8
　＋18ε82・7+ 48^6・7ε9十32．9．2十112・5・8・9＋16。82・e + 22eaee^十128・92．4
dig ―。33-12・19(。6十。7)､-ie^^e>-S・15・9十‘2ieiesei + 2ieieiee + iSet^。5.
　　　　　　　　　　　　　　　　　　　　　　TABLE　６.　　1●
　　　α゜ｒ，λ=oIt.
(1)α1＝－・5＋2jα2，α2＝－le-,－4∠1α2λ，必＝－。8+2Jα2λ^ *i=-2・6-2Jaり，
　　　&2＝－2ε8＋4∠jα2λ2，ろ3＝24どj－2jα2λ3，ご1＝如4) Ci ―2e5, C3―2e&, di ―es.＜ii＝2e。ｄｓ＝e8，
(2)α4＝－・11十3・52＋2(3α2十ぶ2)ε5＋8ｙ2ｒ。4－4ｙ2ｙjα2年6jα゛，
　　　ai=―2ei3 + iesee十10・5・7 + 4(a''λ゛－4α2λ)ε5＋4(2αi十α勺ど7＋8ｙ2f6
　　　　＋16?2μ(ｒ十I)e4 + 8(2a''∠1α2λ-2Jaり)，
　　　at en十ieses十如66＋2(3α2λ2－ｙ2μ2)ε5－8?2μ3ε4－4ｙ‰－4α2＆7
　　　　＋2(α2十α'2)ε8＋12血4･λ2－4α'2血2λ(λ＋2)＋4α”ｒ2jα2，
　　　en ― 3ei6十4e5e8 + 8e7^ + 8α2λ‰＋8（ｘｎλ’ｅｉ＋8ｙ‰－8(2ｙ2おり2－3∠1α4λ2)，
　　　α8＝－2f17＋8ε5e9＋10ε7e8－4(α2λ3十ａ屹λ／3)e5 + 4(4aり2－3ｙ2ｒ2)ε7
　　　　－4(α'2ｒ十αり)ε8＋1:6ｙ2・9＋8ｙ2(2λ'jα2λ2＋jαり3_,/2∠1α2λ)－24∠jα4λs，
　　　α9＝一ei8+8eiea十・82－423α2・7 + 2Uり2-ﾆ3ｙ2ｒ2)ε8－12ｙ2λ'3。6＋6(2ｙ2λ”jα2λ2十ｊα4λ4)，
　　・　bi= -2eiz十8・5・6十2・sｊα2λ＋24ｙ2ｒ2ε4＋4(2α2－ｙ2)ε6－8?2ｒｊα2＋6jαり－4ｙ2∠1α2λ，
　　　z,5＝－2ε14＋8ε62＋12cｓｅｉ+ iesei-iea'^re*十4･ila'H'十ｊλ２)６
　　　　＋8(2ｙ2ｒ －3α2λ)ε6＋4ど7Jα2λ－4・8∠1α2＋8(4?2ｒｊα2λ－3血り2)＋8ｙ2(λ４ｊα2十∠1αり2)，
　　　&6＝－4ε15＋10e6e8+ 4e5e8 + 4(2α222－?2μ2)吻＋2(ｙ２ｒ －３αり)ε8
　　　　－2(α2λ3十a''/i")e5-8a'‰－4ｙ2{ｒ血2λ(2＋1)＋ｊα2λ3＋λ'2∠1α2λ) + lUa*λ3．
　　　bT = ―2en + &esei十8・7C8+12αり2．6－8ｙ2が‰＋8(λ2?十λ'2ｙ2)ei
　　　　+ 8(2a'り'十α2λ｀)。8-16α'2λ’(λ'ｊα2人＋2jαり2)ギ24jα4λ3.
　　　bi 4・18＋16ε6ε9＋8ε82＋8ε7ε9－8(?2ｒ3十α2λ')e6+4(4a=λ2－♂2μ2)。8
　　　　－4(3ｙ2ｒ3十α2λ'>e7 + 32α'2λ'e9 + 8(4α/2ｒ2∠1α2λ2－3∠1α4λ4＋2ｙ2λりα2λS)，
　　ろ9＝－6・19十12・8．9－8ｙ2ｒ3ε26－6(λ3α2十ｒ3α2)測－8α72ｒ2ε9＋4ｙ2ｒ2jα2λ2(2－j)-j6･jα4λ5，
　　C4=6・10-12・4・5-24α2・4i C5･＝4・11-3・s^ ―lieteT ― l()eiee + ()iα2λ。4－2α2・5+16α2λ・4，
　　ご6,＝4・12 ―12e<e8 ―4・5・6－16α2λ2ε4＋2α2λ・i―ia^ee, ci = 2・13-16・4・8－6・5・7 +4a''λ(e5-2λ・4)，
　　Ci = 2eu ―Iletei ― Sdet ―ieee? + lo?λ(4e6-5λど5＋8λ2ご4)。
　　ci=2c 15一如Sg9－2・6ε8＋2α2λ2(逼5－2ε6)，
　　di=eu ― 2es'^― Set。6－4α2ε5十｡8α2λet, ds ―2en ―8esｅｅ－6j5_e7－8・4・8＋4α2(4λε5－4λ2．4－。7)，
　　ゐ＝。14ニ叙5・8 ―4e6^―4e6e7 ―16・4・9＋4λα2(ε6イ2λ2ど4十。7－ｉｅｓ)，
　　di = 3ei6 ―ieiei ― kei^≒8α2λ(2加5十ε7)，
　　A = 2en ― 1(teset ―6・74－4．6・8+4aり2(加s－3・7十知s←2e6.). d≫=。i8 + 4(e6十ε7)(λV-2≪).
　　　　　　　　　　　　　　　　　　　　　TABLE　７.
　(a) Eikonal.
　　　ai-atr^*゛1，&,＝ｙ2“1α,＝i4ω2゛゛1，βi=ai-r""'･゛゛1)，瓦＝β,ｒ2゛゛りｉ,=－1，及＝N2゛゛1β1＝刄ω2“1，
(.2) eA =・5＝・7=e8 = 0.・6=-l,・9=M-Kl-ai/2),
(3) cio ―en ―ei3 ―eiB = O. en Jμs，ど14ｔ ― 4//', eis=ai,･･ei7 = 4, ei8 = 4Cai-2)≪'‘1，
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　　ei9 = (a2ﾆｰ5ai+5)M-',　　　　　　　　　　　　　　　　　　　　　●.
(4)　eio ―en―en ―e2&―り0 = 0.　e!2=―2Jμ', e24= 8μ3－4μ知s＋12jμ4，
　　ε25刊μ-2M+6Jμ2－(4十aCiaμ3，．27＝8(2μjμ2－3∠1μ3)，
　　en^iai(2μ－μ')＋8(i1－2)み’-1－32ｙ，
y　
E29°4(2-ai)(μ－2)μ'-'+6-65け2cF2> en°－16μ'･g32°4(6-トai+2(ai-2)μμ'-1}，
　　ε33¬4(7-135i十i12＋312)ｙ-1，ε34＝(2M)-118(2－i1)2(1－ｙ)μ'-'-4 + 38ai-28a2+5as}.
(b) ScHleiermacherian.
　ii＝叶心
(1) a,= -2μ。22 = 4i ^3 = 0； bi=bz = O, b3 = -2^iM~＼ ci = C2 = 0, oら2, di = dz='d3=Q,
(2) a4 = 6/2S a5 = *-4Al(/I+5), a6 = 4(ii+l),・＝8(戸+ 2), a8 = /9iμ-1-8, a9 = 2(戸－3)β‘IM戮
　　bi―bi―bi= 0, ba=-i^iiiμ‾1，&89 －4M‾吼頃＋2)，ろ9＝6好一1(3八十ふ);
　　り゜ご5°C7 = 0, Cb°2μ(戸-1), C8=8, ci = 2{Bi-l); di―ds―de ―ふ=ｉｊ８７０，
　　　　　　－j9＝－4β1μ-1，
(3) aio=-20/Z', au = 4が(7戸+ 23), ai2=?-4戸(炉十印＋5)，α13＝‾腿(戸＋1布＋1n，
　　α14°8(4炉＋1躍＋5)十凡(－4炉＋17戸-5)μ-1，
　　415° － {12(戸＋1)十凡(3戸'+25戸2－35戸＋21)(2M)-1}，α16＝16(戸2＋5戸十仙
　　α1？＝－218(躍＋5)十βT1(4炉十戸-21)μリ}，　α18＝416＋7r1M-1(8μ2－19戸リ)＋β2(μ－1)μ-1}，
　　α!9°2M‾112ゆ＋5)凡一頃＋1)(凡2＋3β2)}；&1o＝&11＝&13＝&16＝0，&12=j1μ-1(13ﾇi2一戸＋1)，
　　ろ!4＝β1M‾1(－8μ３－13μ2＋18戸+ 3), *15 =凡紅‾1(5713－1畢一7/7+33)-12/3j戸μ“1，
　　ろ17°2みＭ‾1(切2－1頃-9), Ai8=2M-M2β■i(37/7+21)一凡2(碩2＋2戸＋7)μ-1－12爪ji}
　　z･i9 = 4M-M-42/3i + 2μ-1{耀＋Ｄ八2＋25勇一4爪}；　ClO ―Cii―Cl3 ―ClB―0> Cl2= 6ﾇi2(1一両，
　　ci4 = 8戸り2十布－3)，。= 2{-2が十擢＋3十|i/7(/J-l)}.。＝8(－だ十戸+ 4),
　　c18° －24＋4八(2炉十戸ナ3)μ-1，ご19＝411十/92+2i8i(l一躍)μ-1};
　　dio―dn―dis ―ｄｕ　―　ｄｙｔ＝.j17＝0，　心゜4恥叩－1)μ‾1･４＝4似研＋1ｙう
　　j19＝4μ-1(14凡＋2βi2－3β2)｡
　(c) Eikonali omitting zero coefficients.
(2) eドーω，　ｅ９＝Ｍ-1(。3一念1/2)，
(3) ei2 =―<!!>∠1μＳ，ｅｗ＝－4ｙω2，・15=ail^17 = 4ω3，ε18＝4(乱－2ω3)ａｙ‾l，
　　ei9 = (a2 ―5Siω2＋5ω5)Ｍ-1.
(4)ε2げ－2ω∠1μ5，ε24＝ω2(18μ3－4μjμ3＋12か4)，ど25＝ω3(4μ-2M+6Jμ2－4jμ3)一気ｊμ3，
　　ε27－8ω2(2μｊμ2－3jμ3)，。28＝ω{4a1(2μ－μ') + 8(ai-2ω3)μ2μ'‾1－32μ‰3に
　　ε29°4(μ－2)(2印3－令1)μ'-1＋6ωs－6＆1ω2＋2S2，・31=-16μ’ａ.＊．
　　e32 = W{6ω3十S-i+2(ai-2ふ3)μｙ‾1}，ε3s＝4(7ω6－13＆1ω3一石｀12＋3a2ω)μ/-I
　　り4 = (2M)-M8C2ω゛一含1)2(1－μ')μ'-1-4ω■' + 38aiω4－28&2ω2＋5＆3}｡　　　　　　　／
　(d) Schleienaacheriaa万‥
a) ai=一lu, ai°4ω; b%=-lM'%＼ C3 = 2ω; d＼―di―dz ―0>
(2) a4 = 65^ a5=-4/?(/7+5)ω, a6 = 4(戸＋1)ω2，。＝8(戸＋2)ω2，48＝μ‾偏－8ω3，
　　α9°μ‾吼－8めα9°2八ωＭ‾1頃－3)；&6＝－4恥ｙ1，&8列λΓ1(戸＋3炉1，
　　&9°6好‾1(3孔ω2十取)；c6＝2μ(戸－1)ω. C8= 8（１?,　Ｃ９＝2(異－ω3)；ゐ=i－4ωﾇ1μ-1，
(3) aio=-20戸'. ailり炉(7戸+ 23)ω. an――i戸(炉＋6戸十砂ω2，α13°一躍ゆ2＋1躍＋17)め｡
　　α1,＝8(炉＋1躍＋5泗3＋(戸－1)(一如2＋17戸－5)八μ-1，
　　ai5 = ―a){12(戸＋1‰3十(2M)-%0fi'ナ2印2－35戸+ 21)}. ai6 = 16(^' + 6戸＋4)ω?，
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　　ai7=一恥,18(昂＋5)ω8十孔μ-1く4β2十戸-20).
　　an = 4{6ω5＋7rlω!'M'Kiti^-9fi+5)十璃(μ－1)μ-1}，
　　a19°2M-M2印＋5)刄ωs一印＋1)(7112＋3芦2a,)}；&12＝篤(13712一戸＋1)μ'1，
　　Z･M―piωＭ‘1しゅ3-・13β2＋18μ＋3)，&15＝β1ω?Ar'(5Ai'-15が一ip+22)-n%fift‘1，
　　&17°2尽ω'Ar'(4;3'-11/1^-9). *ia = 2ArM2^iω3(37戸＋21)一気2μ-'(3ﾇi'+2戸＋7)－12β2戸to)
$
　　&19°4ArM-42?iω4＋2μ゛l(2μ＋1)飢，＋25β2aβ－4β3},.６ご-65'(戸－1‰，
　　CX4= 85(ﾇi2＋2戸－3)ω2
　　Cl5= 2{ト2炉＋3戸＋3}ω3＋7り(戸-O), ci7=8(-が十戸＋4)ωs，
　　Ci8=ω{－24ω3＋4気(2β2十戸＋3)μ-･). cu = 4{a,=十%+2fi<o＼l-2u')μ-'};
　　dis= ipi戸(戸一1)μ-la。心＝4沁(3戸＋1｀)μ'゛り. dv> = kμ゜1(14βla,s十脚－3β2ω).
　5. Perturbation eikonal of the second type.
　5. 1. Dφnitｉｏｎ.
　We define new reduced coordinates x,y,x',y', under the system･normalization (T=l).
as follows :，
　Ｕ)∂― rx ―ay・ｂ＝一紐十hｙ．(2)が゜ｙｙ一o'y', b゜－ｌｙ十hｖ， omitting brackets
in ｅ･ｇ･，(∂)＝ｒ(ｚ)－．(jy).〔&〕＝〔ｂふ0〕is a dia-point of ａ (n)-ray on ａ vertex plane
X = 0, and〔み〕＝〔み,b,c'), as to the same coordinates system, is a dia-point of the
(が)-ray on ａ‘next vertex plane ｊ°ぶーど゜0. (.x), (v) are pure medimn quantities,
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　a4because U). (v) are defined uniquely by an incident ray ip (り).!(x'), (y') also by an
incident ray in (が)， etc.　　(ぶ, (v) are reduced coordinates, because (x)y (y) for
/>.=a/VT二て:s') =s十〇2　instead of 5 in (1) were　reduとed coordinates as in 1.7。Angle
eikonai　万゜Ｗ(ぶ゜O･J°O)゜Ｗ(ぶ＝0,ど)＝Ｗ(0,0)十c'f', defined as to every vertex,
is system･additive, and (3) dW=-iQ>dd≡-ibds・-bdz), (4) b十kT-^8=T-Kh-c-ka)y
= vT~^y = Y,　similarly C5) b十加~'5 = y<T~'x= A, . where points 馬：〔又〕．　ｐ．:〔i〕，
戸・：〔b.b.Q〕are on ａ Cn)･ray, such that　jｺﾘ゜＆‾1＝ｊ／jｺSｙ＝lｒ゛1＝Z=j∂，０ｒ ｅ･ｇ･，
〔χ〕＝〔み,か,0〕十j〔∂〕Although j）。is ａ point on ａ fixed plane Ｊ＝0． Ｐｘ and Pr are
not the case. From (3)> (4) we have ｊ万＝一流νΓ-1て‾4a)レ‾1ぶ，
ｊ{ｒ－(1/2)jｒ-1b-l(∂2)}＝－jｒ-1(ｙdh) = ―Jt~ ^yd(xx ―り,)＝－jjy心:十(1/2)ｄＡｒ"Ky)i where
Ｊ become ｊ， as (v). (∂) are pure medium quantities. For C6)び＝ｙ－(1/2)jｒ-1加-1(∂2)
-(l/2)Jr-'(y). we have (7) dび= ―J(Wj:), and for (8) E=-び― (.yJx)i we have
C9) dE =Ａｙｄｘ’－jｒ心, as in 3. 1 (4). E is called the perturbation eikonal of the
second type, having independent variables　u=U"), v = Wy'), ≪;=(y).　As　びor
£十(ｙ∠1エ)is system-additivei proved by (6＼ synthesis of 万iｓ the same form as in
the TABLE ４. Now we have {Wb=b'十がどaiid (11) b-Sり'＝一臨十凡v-(rり'-a'y')c'
゜-kx'十hｙ’．because Ah=h一八= -c'a' etc. in 1.4. Therefore, (12) b' = -kx'十hy'
十(が一が)ど.
　5. 2. InれｅｒtｒａｎｓｆｏｒｍａtｉｏｎａｎｄｓｃｈｅｍａｏｆＥ.
　By inner transformation ｙｃこり＼x'―ay, yに〉ゐｙ－βｙ　ｉｎnormalized and half coordinated
case as in 3.2,- we have the same forms and notations for λλへＡ,Ａへ？|,戸,v.　As
.び=こ>hx'-αＪナてぺλｙ十Ay), y'に〉kx'-βjy一丿-KA'x' + A'y), we have
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＆＝一kihx'-り,十ｒ-1(λｚ'十Ay)]十九(ikx'-β3-).
b'^-kihx'-α,y)十み[kx'-β:ｙ－(フタ-KA'x'十A'y)]-どべ,j）″-50, where
p'-8' = (P'-A')x'十(P'-Aりv = 2(μ'ｙ°十A'V')x' + 2i-V'十A'V')y = 'P'x'十？'y-
Then (1) b=-dAx'十(１－∂A)y, h' = k.-ip'A'-c'ヽF)a:'十a-<p'A'^c"P'')y.　where
０°kでＴ≒？″゜ｈ。'"^ Using ｉ instead of ｚ in 3.2.
　ｊ四ひｚ十＆゜χｙ十(1十Ｘ)ｙ＝ｉ'Ｅ‘２ｙｚ十b'=X'x'十(1十χヽ･'^y, t = (.x^), we have
(2)Lｒ°－λ∂リｚ(μ＋戸)，　　　　　　ヽ.X=-A叶然c-l+p)･
　　　　又’＝－ｙぷーべ｀？'＋2れμ'十戸')，χ'==-<p'A'-･ｙ？' + 2z(-l+P'),
(3)　'･χ＝2ｚ(μ十？)，　　　　　　　｀ｘ『2ｚ(－1十？)，　　　U
ｚ'
゜ -c"P' + 2z{μ'＋戸')，ヽｒ＝－ｃ’Ｐ’+ 2z(-l十Ｆ)，
(4)lｓ(1)で(が)゜∂2λ2“-leA:(l-dA')v十a-oAyw,
　　　　ぶJ2)＝(μ,)＝－θλ(μ＋j‰－{(1－∂λ){μ+p)-eA(-r{十P)}v十(1-M)レレ朽ｕ,.
　　　　　　　　　　　　　　　　　　　　　　－ａｎｄ召(3) is the same of (10^. Ｔ．Ｋ．Ｑ．Ｑ,(15),(16),(1n have' the same forms as in 3.2。
Therefore (19) becomes
F=- d- X=2z-lzdP+lc' (iμＶ十AV)'.
G=Gi =¬ｊ｀Ｘ=７－lｚ４Ｐ+ 2c'(-F十AV)',
G = Gi = -か-':x十M-'-XQ = 2zか-1戸十肛''XC卜-2(c,戸)'(μｙ十AV)',
Ｈ　＝-ｉμ‾ｌ｀Ｘ十Ｍ‾1ぐQ十XQ)
　= -2Af-i2+22jダ1j)十M-＼Q十XQ)－2(印‾ツ(－ｙ十AV)'.
　This resu】ts are given by TABLE ８， omitting the generalized type : か｡゜μエーωｙ.　Since
£of the second type exists, E in 3.1 is to be called of the first type. Returning
transformations and synthesis etc. ir! the second type have all the $ame forms as in
　　　　　　　　　　　　i　　　　　　　　　　丿　　　　　　　　，●｡.　　　　　　　　　　　　lj
the first.
　５｡ろＦｏｒｗａΓｄりｐｅ　ａｎｄ ｈａｃｋｖむαΓｄり1）ｅ･
　Denoting generally
　(1) 'P=(p。(p = (pi-＼ (Cf.φ= <pl+l　in 1.1). we define　reduced　coordinates　U). (v)
newly by (2) 5=TX-ay, b'='-kx十き,y･（3）が゜ぎ･ぶ´一{Ｊ″ｙ≒　b″゜一たぞ十九y' against
(1), (2) in 5.1. We have　now,　(4) b'十＆‾1∂≠kﾉｒ‾1ダｙ･(5) b' + ha-'S゜回‾1ヱ゜Ｘ･
(6) h'十だ'=^b, (7) b'十∂ぐ゜一夕ヱ十!1ｙ十{tx-り）ｙ＝一厩ｒ十ｈｙ.because h-h= -c'c,
etc..　　ぼ）＆＝一如;十ｈｙ十（戸－&）ど　against (4＼ (5). (10). (11), (12) in 5.1. (x), (y)。
　　　　　　　　　　　　　　　　　　●　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　jdefined by every refracted ray (Cf. incident ray in 5. 1), are pure medium quantities,
by which new　perturbation　eikonal　E = E{xへ3')=£(。), called of backward type, is
similarly defined. By the existence of £（。>; E=Eりr) in 5.1 1s to be called of forward,
type.　In the synthesis, written by £ = £iR£2田…REi as in 2.i,-eRe', separations
are C1^C2^･゜･c,-l'･interpreted co'°cj°0.1n the case of the forward type Cl' belongs
to El etc., denoted　ci’eEi,-･･Ｑ_1りF瓦｡1　and　Ci'=OeEi, where Ｅｌ has no separation and
is calculated as ･ご＝Ｏ　in TABLE 8. Similarly in　the case of　the backward・type, we.
have　<:o'=0ｅＥｉ,　ci’ｔＥｊ）…, Ci-ieEi, where Ei has no separation.
　５.　^｡ Ｍｅａｎｉｎｇｓ　ｏｆ　theｓｅｃｏｎｄり1）ｅ ｉｋｏｎａｌ.
　The perturbation eikonal　of　this type can be extended　to　the case of　non-rotational
system which has no Gaussian　image point on　the axis, in general.　For, the reduced
coordinates are associated with the dia･point〔χ〕＝〔b, b, 0〕on the fixed vertex plane
j　　　　　　　　　　　｡.ts1.　　　　　　　●｀　　　　　　　　　　　　〃　　　　　　　　　　　　　　　　　　　j　　IJ
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X=0, which is only one　Gaussian point in local problem, even in the general skew
system.　In other words, the perturbation eikonal of the first type does not ･exist in the
non-rotational system, which　shows that the idea of　the second type is important.　It
is also possible to make deformations from the second type, for which the firsttype
is> of course, convenient.
　　　　　　　　　　　　　　　　　　　　　　　TABLE　８．
　　　　　　　Ｉ　　Ｉ１　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　．　　　　　ｆ(２)・４＝(１／２)(μ３ご:)'.C5=-2(μV)', e6 = l十(μc)',・－2(μぐ)へe8=-2c'*
　　　ε9＝(1/2){Ｍ-1(i1－2)十Γμ-'c)'},
(3)．1o＝(ど/2)(μ5十μ2J1)'(←Ｆ)．＝ど(－3μ4十μ2J1－Ｉｆｉａｄ’(←Gi),
　　　en=―&ai ―∠1(μ3十ai/2)十(ｃ’/4)(6μ3＋3μ%-2μα1十a1)'(←Ｆ)，
　　　≪13= C'{6μ3十(μ72)α2－(J2＋241)μ十ail'C←Gi),
　　　en = 2∠1(2μ2－α1)十ど{(a3－6)μ2－拡3μ+ 3ail'(←Ｇｉ^)．
　　　eis―ai ―2 ―Wa3 ―das十Cc72){(3-2a3)μ十asl'C←Ｆ)，
　　　ei6= (2c73)(a2-2a2μ－6μ2ｙ(,←Gi).
　　　ei7 = 4一面2十C' {20-03)μ十万s+3a2/2}'(←Gi), .ei8 =一之血3＋6ど(ａ．’－i)(４･Gi),
　　　eiB= M'Ha2-2ai+l十Cl-ai)ぬ3}十和-1α3十(1/2八μ-1ｒ)'(i--αｙ)(←Ｈ)，
(4)　ε20＝(∂2/4)a12十(ど/8)(10μ■' + 15aiμ4＋3J4μ2＋3瓦2μ)'(←Ｆ)，
　　　e2i= <:'{-10μ6＋3μV-12μ3J1十μ‰＋2μ(<2iai―^4) ―がド(←Gn)*
　　　f22°(θ/3){－4μai ―2ai十dilaxai十ai') + 2ai(2μ3十J1)}－ｊ(2μ5＋2μ211＋14/3)
　　　　十(c76){3‘Oμ5＋15μ4J3－12μ3α1＋3μ2(6J1十a6)十μ( ―2a4 + 6aia3十α12)十at―2aiai] '(←Ｆ)
　　　ｅ２３=26ai4U-2μ2)十(ど/2){60μ5＋3μV-12μ3(死＋2α1)＋ｙ(36J1＋４s)
　　　　＋2μ(aiaz十a1α2十α12－J5－la．) + 2(34一応J2－2J1α1)μ(４-ﾆGi).
　　　ご24＝4θαiJ(aに2μ2)十c'{3U-10)μ*-12a3μ3十(18ai十α6)μ' + 2(aiai十3ia3 ―6ai―ae)μ
　　　　+ 3a4-3ai'-2aia3}'(←Gi),
　　　ε25＝－2μ2十{2十0U-ai')}ai十(2≪?<23-ai-2)∠1μ3十(θα3＋1－i1/2)∠lai
　　　　十daida3十0(aiaa十5372-2μゐ十α6)十j(2μai-3μ2a3－a6/2)十(0ai+2)ai
　　　　十(c74){6(5-2a3)μ'+3(fl9 + 6a3)μ2十(3a3' + 2aia3-2a6-12ai)μ十ae + 3ai
　　　　― 2(aia3十J3α1)ド(４Ｆ)，
　　　ε26＝(4θ/3)は2j(α1－2μ2)十瓦(面2－4)}十(ど/3){－120μ4－24α2μ3十(36^2 +36ai十α7)μ2
　　　　＋2μ(^2(22 + 2aiai ―l2ai―ai ―2as) + 2as―a2^ ―iaia3 ―452ai}'(←Gt),
　　　e2n= l{eiａａ十α2)－2μり(ai-2μ2)＋2∂{α1(血2－4)十aidas)
　　　　十(ｃ’/l){24(5－α3)μ3十(36S-3+18aけα8)μ2＋2μ(2aia3十aiOi十azas一瓦8 ―2<26―24α1―6a2)
　　　　＋3as十2a6+12ai-２ａｉａ３－4J1α3－4J3α1－6α1α2ド(←Gi),
　　　ε28＝4(∂α3－1)j(α1－2μ2)＋4匈1面3＋2j(4a3μ-2a3μ2－α6)
　　　　4-<:'{(18a3十α9－30)μ2＋2(ａｓａａ－6ゐ－219)μ+15ai+3α6－･53'-6aia3}'(←｛
　　　e29= 12(l-ai) + 2a2 + 2Sa3∠1a3+iOd-aOa3-2eaa十∂2αs2十J(4μaa + a3一励)
　　　　十(ご/2){(10十a3^-2a9-12a3)μ十a9十2ia3-2a3a3}'(←Ｆ)，
　　　e30= da2ida2 ―O十(<:74){80μ3＋36α2μ2＋2(α,2－2a-,-Uaz)μ＋2(J7－2J2a2)}'(←Gi)y
　　　61＝(4/3){θ(ゐ＋α2)－2μ}(面2－4)＋(徊/3)血3＋(2/3)ｊ(24μ2＋如2μ－4a2－．)
　　　　十(ご/3){12(3α3－10)μ2＋4(α2α3－α8－12α2－6J3)μ十i謎2十拡8＋3α7－3αi2－312α3
　　　　― 423<22}'(←Gi).
　　　en = S+2asd(∠Ja2-4) + 2{≪'(53十a2)―2u)∠laｓ十ｊ(T8μa3+4a3+10a2＋ a8)
　十(cV2){2(30十α32－24αs－2α9)μ+2a9+3aa-4a3a3-6a2a3+12a3+15a2)'(←Gi),
ε33＝4(∂43－1)血3－2加9十c'{2Ca≫+Sα3－α32ｙ－10}
e34= (2M)-i(5as-3ai'-19a2 + 22ai-3)十(4M)-1α31811－6十(?(32ai-15a2-10)}
　十(4M)-l∂{(2ぶi(?+ai-l)α32＋3(1－＆1)α9}十(511－4－4∂α3)jμ-'as
　十Jμ‾1(2α9－αs2)十(1/8)(戸ｃ)'{3(α9＋5α3－a32)'－10}(←と)．
ｱｱ
　　　　　　　　　　　　PART　II　　ＮＯＮ･ROTATIONAL SYSTEM
　6. The fiist order theory in general (skew) system.
　6.A. 　Ｔｒａｎｓｆｏｒｍａtｉｏｎｓｏｆｃｏｏｒｄｉｎａtｅｓ，
　The　right-handed coordinates system (ヱタy> z) is drawn on paper in three
’states>
symbolically given by :
　(1) {z:→,タ:↑，ｚ:(2)}, (2) {z:→,ｚ:↑，ｙ:⑧), (3) ix:→。y:↑，ｚ:c}, where symbols
②，（E）ａｒｅｏｆtｅｎused in the theory of electricity and magnetism. and rotations around
ヱ’･jy･･ｚ-　axis are　shown by (O, (2), (3), respectively, whose　positive　senses　are
symbolically given ｂｙ（4）（ｒ:⑧＼ (5) (ぺ:⑧）.
　We define now four matrices in function forms :
(6¨(∩
－
ゴコ八7) i?i(,(?)= l+i?(ﾂﾚ白
(8)９八万ﾚﾋﾞD'(9)″)゛(″)ふ1下芦
ヨ
?
??
??
??
???
??
??
??
??
where ｉ denotes direct sum, explained in 1.5 (3). Hereaft!;r, 1.5.is used. A column
vector X or coordinates system Cx) is treated in following forms :
(10｀)、x = U) = (x↓)＝
?????ー
where ・ow vector Cx) = (:r↓)*=x* = (.x＼,xi,xs) = (.x,y,z). Making ix') by∂･rotation
of Cx) around xt-a.%is is symbolically written as : (11) U) (.9; xtXxO, which becomes
matrically　(12)ｙ＝拓(∂)ヱ.　In　the　two-dimentional　space, for omitted　Xb=2i
C13) x'=Ri∂). We have (14) iRW=i?Cの*=R(-d). RCのR(9')一犬(∂十<?'),
(15)Ｒ,(∂)＊＝瓦(∂)-1＝Ｒ,(－∂)。 　Ｒt(d)Rt(eo=Rt(.0十6'), (≫= 1. 2, 3)｡
　For instance. Euler's angles y。∂,φin analytical dynamics have following meanings:
(16) X (.<p;z)(:0;yKφ；ｚひ'，　０ｒ　　(17)ｙ＝瓦(φ｀)瓦(∂)拓(φＪ≡＆｡・Using other
ｎｏtａtionS(18｀)９＝e。　ｅ＝∂ｔ，φ=９ｓ， ｃｏｓ９　＝　ｃｔｉｓ ｎ９＊=ｓｔｉ　"　ｗｅＶｉａve as components of Z
(19)l＝Ｒs(∂3)瓦(∂2)R3(∂1)
-
C3　j3
‾j3　C3
0　　0
回
???＝?
づ
?????
?? ???
　C1C2C3 ―5l5s.
― ciCiSa―Sid･
　　　　ClS2　　9
　SlCtC3十ClSs。SiC≫
-SiCtSS+CiCs,　ぷjsa
　　SlSi　　9　　Ｃ2
　Ａｓｌμ,∂）is orthogonal, proved by (15), matrix Z is orthogonal I toOi where Z is ａ
matrix of direction cosinesi called･directior! matrix. Alth( ugh Z is generated from 角，
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沢s in Euler's case, we usei now,゛ｄ-tｏｒｓioｒi” Ｒｓ(∂) and ｊ･bｒｅａｋｉｎｇ”Ｒ人.<p) in order
to generate Z for putting z-axis as a path way of light ray. (20) (0,0.1)* =!, CO,hO)* =！
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　－
are column unit vectors or direction cosines of a:i = z, xz=y axes as to its own system
(x), respectively. Following matrix R(.(p,d) in function form is important.
　(2D　刄(？，∂)＝瓦(９)Ｒs(∂)＝(1キjl肺))(沢(θ)ヰＤ
????
Let (O. Cx) be two coordinates･systems.
??? ?
　ｃｏｓO　　，　　　－ｓinO，
－ｓｉｎ６ｃｏｓｗ．　　ＣＯＳ∂ｃｏｓip．
　召7Z心加？，一ｃｏｓＳｓi？呼，
and C22) i=lx be ａ･transformation, where
(f) is fixed. Putting x~l, x =!; $ becomes (23) I≡Z!，j三路　which are column unit
vectors or direction　cosines, simply　also called　directions, of　Z-, y･axes as to fixed
system (f), respectively.　From (21), we have
C24) ＼*R<i,p,∂) = (0.0.1)i?(恥0^ = (sind simp, ―ｃｏｓＧｓｔｎｆｆｉ，ｃｏｓ<p)，
(25)!*R(^,0')^(O,UO')R(<p,∂)＝(一ｓｉｎＯｃｏｓip， ｃｏｓ∂ｃｏｓ<ｐｉ　ｓｉｍｐ).　Now, solutions of three
equations (26)!＊沢り,∂)＝(α＼.ai.a%), {21)!＊Ｒ(恥∂)＝(β1･βz,βa),　where
　　　　　　　　　－
α12十αz2十α32＝β12十β22十β32＝1，(28)!*[rRii,e-)十t) = (ai. at, as)　for scalars　r, t, are,
respectively, (2(>:)’ tａｎ６　＝―a＼lai, c・印＝α3. (27)' tａｎＯ　＝－β1ZβＩ，　ｓinｗ=βｓ，
(28:μZα?= ―a＼lai, sini=a＼Kr･sinO') = ― aiKr CO∫ff), t=ai ― rcosd,　where the last is
proved by (29) l*{rRG,e)十Z}＝(ｒ ｓinBｓin i，－ｒｃｏｓdｓini, 　t十ｒごａパ). From
(30)ξ＝＆＝μx', x' =尺(‘ip.e)x, we have (31) /=/″R(<P丿)。(32) R(.<p,e) =μ＊Z，
(33) /″=IRU。6)*. Knowing Z，I', therefore, we have (34) i*i?((ｐ．e)＝1＊μ*i=a'i)*i
=l'*l, whose　right･hand　ride　is　knowrji reduced to (26), and　<ｐ，ｅ，Ｒ(９〉｡e), I'　are
　－
successively decided.　Similarly by (35)!＊ＲＵ.ｅ)=l'*l, the case　of knowing Z， ぶ，
reduced to C27), is the same, too√　General coordinates･ system　U) is given by an
equation (36) f=a十Ix for ａ column ｖｅｃtｏｒα＝(α↓), which is also an origin ｏ of the
system (x), as j: = 0 orξ＝α｡
　6｡２. Ｆｕｎｄａｍｅ㎡ａｌｍｅtｈｏｄｏ／ｒり･tｒａｃｉｎｇ.　’
　　(a) For aspherical surface (in the most general case).
　In equations (1)ξ＝α十＆＝ａ十Ix, (2)戸:/C2.夕.S)=0, (≪)-ray is ≪-axis of ix),
having origin ａ； and refracting surface F is given by (S), having･･origin a and dire･
ction of ｙ･axis 7 given.　Kno■ｗｉｎｇ ａ，1ぶ。!↓ｗｅ can calcu!ate 7=iR{w,e)*　with Z, G in
6.2 t33), (34). We must know at first, the refracting point ξ＝Ｊ on ？.　As z-axis is
x=tl for scalar z， from (1) we have ｌ＊＝{(α－ａ)＊十t＼*l*ぼ==(.a-a)*T+t＼Rim,eY｡
(2) (2"―a)*/ = (ai, a2, as) is known
1
and from 6.1 (21); (3)!＊尺(i,め＊＝(o， ｓｉｍｐ，ｃｏｓｆｆｉ)。
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　－
therefore, (.4") x* = (ix.夕. ≪) = ―(ai.az. 03)十t(0, siれ,Ｓ，　ｃｏｓＳ)，　and
(5) /(-ai. -02十tsinw, ―ai十ｔ　ｃｏｓＳ)＝O　　gives Z,£｡夕> S, and
(6)±r={(∂げ)＊(∂が)}-ｉｎｇが=　＼ｇｒａｄｆに^grad ／ is direction of the normal　which is
put as 2-axis of new Cx), having origin f=a on
ｙ: (7) a=a十ZZ!. In (6) with a･suitable
sign in (士)；　＼grad /p is inner product。and (8) f=a十iｘ＝ａ十ａ!＝2i十Tｘ． 　-ｗhere
(9)I＝tＲ(ﾀ,h=TRCi,e), i=ｉｎｃｉｄｅｎtａれｇｌｅ.As Z's do not depend on as, we can put
corresponding x=T, x=l into l£=Jx', therefore, we haveび゜/ 1 or (10) a!)＊7＝j･
From (9), we have　Z＊1＝Ｒ(i，∂)jl(９，∂)-1＝凡(i)瓦(∂)拓(－∂)鳥(－９)　　　Ｏ「
(11)Z'＊7R1(i)＝瓦(i)凡(∂－i)＝μ(i，∂－ぶ) Theref。re C12) 1ダa, e-d)=Q!)＊?jl(9;)
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｀=r瓦(９)≡(ai,az,a3), known, is solvable by 6. 1 (26), i. e., i,∂，Z in (8)，(9)ａｎｄ(ｚ)
is decided, by which the most important part of rａｙ･tracing ends, which will be known
in 6.3.
　Ｎ. Ｂ.　(i) Among　the formulae (1) (12). (2). (5). (6), (7), (12) are necessary　in
practice, and others are generally theoretical.
　(ii) (5) written as /(―ai>5''S)=0' is the section of ？ by ａ plane　£＝－α1, which is
parallel with the incident ray :　夕＝－α2十(ぞ十α3)tａ呼･
　(iii) (x) has夕z-plane or ・＝O as ａ refracting plane, which includes the normal of
F (as z-axis), an incident ray and ａ refracting ray.　Ｆ:/(2,ﾀぼ)づi(・,5ﾇ,ｉ)＝0，
where (x) is related to (x) given by (8). Solving/i(^,夕,5)=0. we have ａ form
ｉ＝(1/2)(ρ112＋2ρ2i夕十ρ3ダ)十…･.
　(iv) If　戸is　toric　　(13)／(ヱ,jy,ｚ)＝(1/？マフーα)2十ｙ一戸＝0，　omitting (~),
equation (4) is reduced to a biquadratic equation. whose standard form
(14)ヱ４＋6αjz;2十ibx+2c = (}　is solved as follows :
　Ｆｏｒ戸＝α2十ごｑ=゜α(α2－3ε)十&2，£)l＝ｑ2一戸3， if l)1≧0，1＝(1/2)(Ｆ７十1/ fl ), where
α＝９十ＶＤｉ， Ｂ=　ｑ－1/瓦. If Z)1くO，jを＝びpcosi?/3), wheｔｅ　ｃｏｓ９＝ｑ/＞‾3慌
For D' = C±)&/1/r二a ―(k+2a), we have four roots　ｚ＝(土Wk二i±VD' , where two
double signs (±)，土are free. In this, k satisfies　4ゐ3－3戸た－９＝O･
　　Cb) For sphere.
　For ａ sphere, having ａ centre ξ==&ａｎｄ radius r, (15) f = a十lx=a十趾＝石十ひ，
ｊ＝ｉ十rl, (i()) 1 = IRG.0). Assuming x=f ! ■for ｊ＝0，ｗｅ have　ｌ＝－ｒ↓　and
O = l*{b-a-Qr十Zz)!}べ＊侈－α)一眼(六∂)＊ｒ十zは，(∵Z＊Z＝1)，　　　０｢
　　　　　　　　　　　　　　　　　　　　　　　　　　－
(17)!*{rRii,e) + t]'=(b-a)*l=(.aua2,a3), which gives f,∂,Z solved by 6.1 (28). Then,
we have C18) a = a十ｔ!， 7＝限(i,d)*.
　　(ｃ)Ｆｏｒ plane.
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　－For ａ plane which passes through ａ point ξ＝処ａｎｄ has an unit vector of the normal j．
　　　　　　　　　　　　　　　　　　　　　　　　　　　－
(19)ξ＝α＋Zｚ＝Ｊ十Tx=bi十IZ, (20) l = lRii.0), T=lR(i,e)*. where Z‘ is decided by
!＊沢<ii,d)=J*i　with　i,e by 6.1 (26).　For x = t[, a十{tl-b)＼・ぷ　therefore, we have
(21)O＝{α＊＋1＊(ZZ－&)＊}/＝に・パ＋(α＊一M*)/. because !*l*!=i*R(り)＊↓＝(0, ｓinｔ，ＣＯＳ　I)1
― COS i.　By (22) h≡(処－α)＊Z＝{(0,0,&)－α*} J.　which is ａ scalar, we have
(23) t = t seci　and,　i＝α十Z 1･
　6.　Ｓ. Ｍｏｖｉｎｇｃｏｏｒｄｉｎａtｅｓ-りｓtｅｍ　ｐｒｏｄｕｃｅｄｂｙ ａｎ ｏｐtical夕ａt fi ｗりｔｒａｃｅｄ.
　Knowing ａ　normal for　ａ refractive surface　戸　or z-axis with (・), whose Jiz-plane
includes (n)･ray　and (nO･ray, we can decide (x) and (ぶり■ which　have　ａ common
origin ｏ on
ｙ
with Cx), z･axis = (n)･ray and 2'-axis = (が)-ray such that
(1) x = Ri{i)x = Ri(μ)a' withμknown by Snell's law (2)∠In ｓin　i＝O　and deviation
(angle) (3) (p= i ―i' = ―di, because i is known in 6.2. Writing Ｏ: ξ＝４ instead of ａ
in 6. 2, we can　put　in general, (4)ξ－α＝yｊ＝ZJ＝I’ｘ’ ior fiχed (ξ).　Using now
(5)φｐ°φ，φ・＋1°φ，φｐ-1°φ. in order　to omit　numbering p for any quantity　φj･ as to
many surfaces Ｆ。(/.= !, 2,…)ａｓ in 1.1, 5.3, we have (6) ?=a十ダヂ'゜α十Zj･
(7)ダ=jR(.i,e), (8) a =!2+c'l'i･ or　(8)' d=a+c'l'i,　where　ｙ＝ご　in 6.2.。From
‘(6), (8), a-a = c'μ＼.=l'x″-Tx. Putting (9) X″=とｚ'しc'＼, or (9)' ｚ″=x'-c'l,　we
㎜　　　　　　　　　　●　●●　Ｚ　丿　●　　　　　　　　　　　　　●　　●　　●　Ｓ　　　　●　　　　　　　　　Ｓ　　　●
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fj°/'ぎ″゜iRii,e)x″∴　瓦(i)拓(∂)ぞ″＝・= R,(Ox. or (10) x = Rzie)x″. From
　(i). (2), we have　　x' =Rii-i')Riii)x = Ri(i-i')x　or (11) x'=Ri{<p)x.　Now, O
　is called the 'v^ertex ， どthe'ｓfeeｔｏ tｈｉｃｋｎｅｓｓ'(ｓchiφＤｉｅ fee), simply ^tｈｉｃｋｎｅｓｓor
　＾ｓｅｐａｒａtｉｏｎ，　Against the set of the vertices {○。}ヨ{01,…,0s}. (1≦戸≦■p), we consider
　the optical path way traced {(ﾆ)。}'≡{OoOi…OpOg-n), being zigzag way in space, where
　Oo, Opや1 are arbitrary points on the way. The set {Ob) associated with three coordinates･
　systems (x), (ぶ)，(ぶり　at every vertex Ｏ。, denoted《０．》. is called the ゛ｍｏ▽ing coor-
　dinates･system' or 'zigzag system≒{Os>}' consists of ｚ･， z'■ axes of Ｒ
　formations for 化)。》consist of　"refraction' (1), (11), "shifting' (9) or (9') and torsion
　(10). Combining (9) and (10) with remark of (12)拓(∂)!＝!，　we　have
　(13) x = R3(0Xx'-c'D=R3(d)x'-c'l, or
　　Ｔｈｅｏｒｅｍ;･Ｓｈザtｉｎｇａｎｄ tｏｒｓｉｏｎ　ａｒｅｃｏｆｎｍｕはｔi･Ｕ右，
　　●　　　　　　　　　　　　　　　　　　　　　　　　　　j　　　　　　　　　　　　　　lIt is convenient that the positive sense of /-rotation frbm z･axis to ｚ･axis in (1) x =
｀Ｒ心)jｒ is drawn as (バ(S))in the configuration type ６. 1 (1) [z:→,ｙ↑，Ｊ:(8)}. similarly
of jｒ°柘(μ)x', x'=Ri(w)x;　and ^-torsion from ｚ″-ａχis to jｒ･axis in (10) x = Ri(d)x″
is drawn as (へ⑧)in the type 6.1 (3) {x:→,ｙ:↑，ｚ:⑧}｡
　　6.4. Ｓｐｈｅｒｉｃａｌれｄ ｏｐtｉｃｃｄｒｅｐｒｅｓｅｎtａtｉｏｎｓ　ｏｆ　alight ｒａ:ｙ.
　　Putting unit vectors of the ray and normal ∂= Z, 5=/　in 6. 3. we consider the point
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　四　●　　9才
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　－set is], lying on fixed unit sphere Ｓ of the centre O, and similarly U) = inS)｡is] is
　called, the spherical representation of the ray (O≫}' in 6,3, and is] the optical i･epre･
　sentation, which have properties, as follows :
　　(1) plane (O58')がioocう)=refracting plane, (2) dihedral angle ∠(55,53) = <?= torsion,
　where the are is ａ great circle of Ｓ， (3) arc
ａ＝£i≒=９＝deｖiatｉｏｎ
； considering the set
　{S}, (4) dihedral angles ∠(昴,ａ)＝f，∠(坏ａ)＝i″ , (5) segment ａリ05, which is the
　refraction law, also written as (6)ふ＝石∠Ｉｎ ＣＯＳi, with (7)∠In ｓin i＝0.１ｎ continuous
　medium, we obtain spatial curves　{S], {e} and orbit iO'}. Puttｉｎｇ　ａ―ｎｓin i，β＝ｎ ＣＯＳｉ，
　we have　ふ＝adβ１ ｄａ　-0, and with remark o£　ａむＯＳi　＝βｓtni,　dn=d(αsin i十βＣＯＳi)
　= (a COパーβｓin i)ぷ十ＣＯＳ idβ＝ＣＯＳｉｄβ, or (8) An,･COS i)―sec idn.　therefore
　(9) de = d(seci')dti. For vector equation of orbit {O}':ヌ=x(,s), function of arc length
　ｓ,　S＝ｄｘidｓor dx = 8ds, and scalar n = n(x),　we have
　ｉｄｎ＝idエ＊･∂。n^SCdx*･i)1/召５y弓５＝(ｊエ＊･J)∂。n―dsCcoパ)∂xTl,　therefore.
　(10)＜iｓ＝ｄｓ3≪ｎ,　＜ｈｌｄｓ＝ｄ{nS)/ds =∂ａｎ＾ｇｒａｄ n, or　　(11)ｄ(ｎｄエIdｓ) Idｓ＝ｇｒａｄ　ｎ, which
　was the differential equation'" of the orbit {O}'. By analogy with hodograph in
　kinematies, ie) may be called the "^　ｏｐtｉｃａｌｈｏｄｏＳｒａｐＫof the orbit {(:)μ｡
　　6.　５. Ａｎがｅ ｅｉｋｏｎａｌａt 哨ｅ・ｅｒtｅｘ.
　　　ｉ　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　●●1.6 gives (1) W=-〔ヱふ〕, (2) dW---d:xde〕, where (x), (x') are put as in 6.2
with transformations for (ｚ)，(3)ヱ＝£,ｒ＝£'x', where£＝瓦(i)＝1平沢(t). We define
(4)ρ＝pl　P2＼, r=八　ｒ2＝ρ-I，Ｊ＝1　　0　=J(t), J'=J{i'),　　　　C
2　ρ3
)　　(
ｒ2　ｒ3
)　　　　　(
ｏ　ＣＯＳ　t
)
(I) in (2) Be rn, p. 121 formula （2）.
??
?
???? ???、?
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ai = nか，
ρ3°r-＼
and separate･ hereafter･ the third coordinate ！゜2 from {x,x,x) defining x* = {x･,x).
similarly for S, e etc.　(･5)ｙ:Ξ＝J＝(1/2)ｉ＊pj十‥･is the surface in 6.2 (a) N.B.･iii.
where p is called the　ｃｕｒｖａtｕｒｅｍａtｒiｘ．obviously symmetric :　C6)ρ＊＝ρ. If 戸襖
sphere ｉ°(2ｒ)-1i＊ｊ十…，p　is scalar. As　i=yTニ？こＦ'＝1－(1/2)(a2十r)－‥･＝1十〇z．
　　　　　　　　　　　　　　　　　　　　　　　　　　－
transformation (3) for S separated, we have　　　　へ．
＝１　　０　∂十　〇　∂　（
Q　c°パ/ ＼stn t)゜゛　. or (7)'
＝(0一元7z i)∂十a ＣＯＳi
?
??
―
゜Ｊｓ十
Xstn iJ十〇2
= COS i十.０1
which holds for X, too.　Defining （8）λ= dn COS i, we.have
(9)
゜ｊ”J°ｊ{み十(”tli)}十〇2°jjｓ十り2'　
.　By refraction law
　　　＼４ｅ　＝４ｎ５＝加(ＣＯＳ　１十〇1)＝λ＋01
　　　－(jl)-ｘｊｉ＝∂１Ξ゜(1/2)∂ax^px十〇2 =
iOX十〇2，　or
omitting O1, 02， (10)ji＝一即系
　　　　　　　　　　　　　　　　　　　　　　　bor (11)ｉ＝－λ-1ρ-ｔ∠ＩＳ＝－λ-1ρ-1∠ＩＪｅ.by(9). (1) W separated gives
(12)Ｗ＝－(丞＊ｊｉ十Uf)＝ｉ＊(λpi)＊－λ(1/2)ｉ＊μ＝(λ/2)ｉ＊μ
　　　　　＝(2/2)(λ-1ρ-１ｊＪＥ)＊ρ(λ-1ρ-｀∠４Ｊｅ)＝(2λ)-1(ｊみ)＊ρ-1∠Ｕｅ.　Atthe vertex 2 = Z'=O,
(2) gives　-Jde*x = dW = C2λ)-1j(ｊみ)＊ρ-1(ｊゐ)＝λ-1(j＆＊Ｊ)ρ-ljゐ，　　０「
(13) x =一回み‾1∠1ふ　(ｙ＝－λ-Ｖ’ｐ‾1∠dJe, omittable primed case).
　6. 6.Ｕｎｄｕlatｏｒｙ ｍａtｒｉｃｅｓＡ，Ｐ　ｗith tｒａｎｓfoｒｍａtｉｏｎｓ.
　We consider now the equation of a wave front of
･U)-ray
(1) F- z=,x = {lny'x*Ax-u*x,
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　－
with matrix (2)Ａ＝(α1　α2)，Ａ＊＝ふ　and (3) u* ―{u,u).　　Without matrix, (1)
　　　　　　　　　　　　　　α2　α３
becomes　之＝(2刀)‾1(α1ｚ2＋2α2ｚＪ十α3j)－z4ｚ一座ぶ.　　If　F　is ａ　sphere　whose centre is
(ｔ£りｕｓ，ｓ),(n)-ray is ａ spherical wave from ａ point source, and
F:(ｚ一心)2十ix-usy十(ｚ－ｊ)2＝j2(1十♂十♂)＝ｓ2＋び2　　0ｒ　ｚ2十gc^-2siux十Mx)-2z=0,
then,　ｚ＝(1/2)(？ｚ2十fljｒ2)一ux―ux　∴ai=ai ―n/ぶ, a2 = 0. and u, u are inclinations.　　　　　　　　　　　　　　　　＿　　　 　＿＿　　　　　　　　　　　　　　　　　　　＿
η‾1A is curvature matrix of Ｆ.　As u is considered the first order quantity, we put
(4) nu =ＰＸ．where　(5)j）＝(pl　j）２)　for　(6) X* = (.X,X), considered as the quasi-
　　　　　　　　　　　　　　　　　　　拓　1）４
invariant or ｊχ the system･invariant. As direction ratio of (n)-iay is given by
∂:∂:∂＝9ｚ/9ｘ:92/9ｘ : －１　for　Ｆ，we have matrically, (6) £= nS― ―n∂。z=-Ax十nu
ヨーＡ,ｒ十PX, therefore　Oミ∠IJ･(e+Ax一戸Ｘ)＝ｊＪ(s－λ-^ＡＪｐ‾1∠iJｚ-PX)
゜{1－λ-1(∠ＩＪＡＪ)ρ-１ＵｊＥＴ(∠ＵＰ)Ｘ.　Asthis is identity to be held for any　e,e',X, we.
have (7)∠１ＪＡＪ=λｐ，∠１ＪＰ＝0,for ａ refraction.
Ex. (i) JAJ-=fド乱)(:Ｍ:)(に趾)几芯バ2昌
　　ぶ”(レム)＼u) ＼nucostJ.
?。?
　(ii)∠ＩＪＡＪ= Kp gives Aa＼= XpuふzＫ。s i = Xp2,ふz3ε。5^=>iρ3. In the case of F
α2°0，α3＝ｱﾌA, called　"standard astigmatic wave front' ， and　(01=r"',ρ2 = 0,
we have∠iniｓ＝(∠１７１ＣＯＳt)lr.･dn cos^i/s = (∠１７１ＣＯＳt)lr, which is known.
　　　　　　●　　　　　　　　　　　　　　　　　　　－　　　　　　　皿
　(iii) 0≡XdJP=dJnu gives ｊ。M = 0, J・!!ｃ。5t = 0. yz‾1？is calledヽ^ｉｎｃｌｉｎａtｉｏｎｍａtｒiｘ　.
A, P are called 'iindulatory matrices≒in which Ａ is called ＾ｕｎｄｕlatｏりｃｕｒｖａtｕｒｅand
Ｐ　’ｕｎｄｉｄａｉ。りｉｎｃｌｉｎａｔｉｏｎ， and all elements of A, P are seven, as A is symmeりric.
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Shifting　and　torsion in　6. 3 (9), (9). (10). (13) are　given, now, as　following　trans･
formation forms in (M)-medium:
(8){は恋７ぶ仁温}(，=)::に:ﾆ≒。。一lt・d matrix｡
Using　(9)Ｊ＝,1-l,7，ｗｅ　have.　for dia･point ｚ :　(10) c-shifting :　ｚ' ＝ヱ十c5 = x十＆；
because　the　ray is ix')=5z'十ｙ＝∂ｚ十ヱ＝(ヱ)∴　x'-x^dCz一z') = cS. (∵S'=S)｡
(U) e･torsion:　x'=R{e)x, i'=R(d)i;　because‘ the ray　is (ヱ')＝∂'ｚ十ヱ'＝沢(∂)(x)
= Rid}(Sz十ヱ)｡(10) gives　Jx-ce = O, (6) gives　x = A~KPX-e), therefore,
0≡jA‾1(？Ｘ－ε)－ａ＝(ｊＡ‾リ）)χ－(∠lA"' + c), which giｖとS(12)jA-1十c = 0, JA-'P=O
for c = 7ic-shifting.　　　d 1) gives　Ｅ'＝－がＺ'十j)″χ= -A'Rie)x十P'X≡尺(∂)ε
≡Rid)(-Ax十PX), which gives A'R(ff)=RWんＦ＝政(∂)Ｐｏｒ(13)Ａ'＝尺(∂)ARC0r＼
？'＝沢(∂)？　for ^-torsion. Now we have
　Theoiem １.:　Ｕｎｄｕlatｏりｍａtｒｉｃｅｓ Ａ．Ｐ ａｃｃｅｐt　tｒａｎｓｆｏｒｍａtｉｏｎｓ
(i)∠ＩＪＡＪ＝ｐ∠In ｃｏｓi＝ｐλ・４ＪＰ　＝0，　ｆｏｒｒがｒａｃtｉｏｎ．(ii) JA'^=-c=-n-'c, dA~ﾘ）＝0，
ｆｏｒｃ･ｓhり’tｉｎｇ・")Gii) A'=R(0)AR(0r＼ P'=^R(e)P, ｆｏｒ９･tｏｒｓｉｏｎ.　　　　　。
　As to (ｱﾌ)-ray： e=―Ax十？χ with x=vertex dia･point and X = quasi-invariant｡
　6. 7. Syμem-invaΓiance of matrix T=P~り＼p*-^　-ｗitｈ ｄｅｆｉｎｉtｉｏｎｆＳｅｉｄｅｌｉａｎthick-
　　刀ess matrix尺｡
　The seven elements of (Ａ,？) are called　'undulatory elements' ， which are extension
of Seidel parameters and the second elements (A. P) are considered. (A,戸)ｍａｙ be
pupil-system and (九戸) object-system, all of which are decided by initial arbitrary
１４ elements. This calculation can be done by Theorem l in 6. 6. knowing optical ele-
merits n, i, 0, c of moving coordinates system Ｒ)。》in 6， 3 traced by 6. 2, in which 《○。》
or ray {Op}' is called the principal ray. The calculation ｏｆ(んP) or (A, P^ is the
extension of　image-tracing　in　Gaussian optics　and is caχχｅａ　"^ｐｓｅｕｄｏ-ｉｍａｇｅ-ｔｒａａｃｉｎｇ≒
But fourteen eleme!Its of んj），ふ？have four identities in every numbering in 《０．》，
and only ten elements of them are independent, which is known, defining (1) tp = (p ―(pt
in general, by
　Theorem 2. T=P~'-AP*-＾　iｓりｓtｅｍ-i≪,ｖａｒｉａｎt。
　First proof｡(2) dW=-/ix*de holds in general meaning　dW=^dW。n = dWiＯｐ， Ｏｎ)
＝－(ｚｊ＊ふJ-Xp*de。), proved by additivity of 宦｡(3)£ =一人ｒ十PX=-Ax+PX gives
Ax=px=p又-PX,　therefore,　　　ｊＷ・=－Ａｘ＊ｄi-Ax十ＰＸ)＝jｚ＊Ａｊｚ－jｚ＊ＰｄＸ
= (1/2U∠1エ*Aa:-J{A-KPX一戸X)]*PdX='(l/2)dJx*Ax十ｊ(Ｘ＊ｊ）＊－Ｘ＊？＊)ｔリ）ｊｘ.
Defining (4) T=P'^A.戸＊-1，尺＝－j？＊ｔlj)，Ｚ＝ｊ？＊ｔ1八we have dW=a/l')d.∠1エ＊λｚ
－(1/2)ｊｘ＊尺X-X*UT-')d兄because (5) A* =丸尺＊＝尺　with　£＊＝£　The second
order terms of Ｗ must be Ｗ＝(1/2)∠dx*Ax-a/2)X*ＫＸ--x*cx.　by which
X*UT-')dX≡dX*CX≡X*CdX十XC*dX. As χ,ｉ are independent, JT-'=C, C* = 0
∴Ｃ:＝o－∠．Ｔ-v　∴77゛:1＝Ｔ‾l　∴T'=T　or JT = O. As this ｊ has general meaning
and holds in every transformation of 《０．》, T is system･invariant.
　Second (direct) proof. It is ｓｕ伍cient to prove　T　is　invariant or　ＡＴ＝O　for three
(1) A'^Aa-n-^cAy- also holds, even if det A=0, or ｊ does not ｅχist
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transformations in Theorem ｌ (6.6)｡(i) Refraction : Knowing ｊみ1J＝μ　and
ｉＪＰ＝∠dJP=O, we have　ｊＪ尤7＝μ＝Ｏ　and JPidT)戸＊Ｊ＝∠ＵＰ(j)-1Å？＊-1)j5＊Ｊ＝ｊＪλJ=0,
i,ｅ･｡ 　ＡＴ= 0. (ii) Shifting : Generally we have (6)ÅｒＵ＝Å(λ-1－f1)Ａ＝－λ＝Ａｒり1.
Knowing ｊｆｌ＝－ごａｎｄ，jA-1？＝0，ｗｅ have ｊｊＦｉ｀＝Ｏ　and
ｆ？(ｊＴ)？λ-1＝ｊｆ１Ｆ(FIλj5＊-1)戸＊f1＝ｊＡ-1ん1-1＝－jﾉFi｀＝0，i.ｅ.，jT＝0.
(iii) Torsion : We use hereafter notations (7) R(0')=e,R(.0O=9'- Knowing
Ａ゛＝θλθ-1＝θAe*. P'=ep, P'=e戸, we have e=P'P~'=pリ5-1　and　A'=eAe*
=p/p-l^*-lp/゛　or　？にl^/p/*-l=p一■'AP*-＼ i.e., Tり=T. Q. E. D.　Ｔ＝？‾1λj5＊‾1
　　　　　　　　　　　　　　　　　　－　　－　　　　　－　　　　　　　ais decided by initial values of Ａ，んp, p. If　P=P={, e.g･， ７°A　is symmetric･
therefore, we make following convention without loss of generality : (8) T=P-'AP本‾1
°j5‾1λj）＊‾1°７＊　or　7 is symmetric.
Denoting now (9)〔ψ〕＝φ－ゆ＊　for any matrix
φ,〔の〕= 0 means <J> is symmetric. In this notation, we have (10)〔Ｔ〕＝〔Ａ〕＝〔尺Ｄ=〔£〕
＝O　from (5). Following symbols are often used in the local problem for any quantity
ゆ:(11)･りa) refi三!1竺。ゆ'血と£白色弱。(P (iii) ff-torsion。d>, called the tｒａｎｓ-
,foｒｍａtｉｏｎ
ｃｙｃｌｅ． which means 0=0。, 0' =Φ。≒ｉ＝a。，《β＝ψ。。1 in numbering, where
(j? may not be used, as (ii). (iii) are commutative and simultaneously done. ｊ　in
尺＝－jj）＊ｔ1？ of (4) is Used in wide sense, calledｓｙｓtｅｍ-∠d, as in the general eikonal.
Now, (12)ＴＫ＝－４ＴＩ)＊ｔ1？＝－j(ｐ-x尨）＊-1)j）＊ｔlj）＝－∠ip-vｐ，　　　and
(13) TK=dTP*^'戸＝ｊ(F11j5＊-1)j5＊ｔ1戸= AP-^P, from (4), (8). In this case, the
symbol bar (-) is used for commutation, called pupil･commutation‘， ０ｒ simply, com-
mutation such that (1)ｏｉ or
/でiTJ7て乃＝y｀(ｉ，ゆ,…).
where (14) T=-Ｔ,　＾= ―A
For c'･shifting, we have　(15)ｔ1－ぶ-l＝一V'C'W = ＼Iが)，１‾リ）＝ぶ-'P' then
(16) P'p-' = A-'A' = iA'-^-v'c')A' = l-v'c'A'　Denoting　in　geaeral　(17) g=P-'P,
we have (18) T尺＝一４ｇ，
　and
from (16)＜ｐ７ｐ＝i= -x>'c'ぷ^-v'c'P'TP'*,　as
Ｐ-ｉｐＴｐｉＳ ＝
ｐ・-1(戸１-1－Fj-1)卜p-1j5一戸-ﾘ）･＝§－ｇ'≡み'，　(18)忿－ｓ’＝ｈ’
＝－ｕ’ｃ’ＴＰ’＊芦.　For refraction,　∠ｉＪＦ＝O ；　therefoｔｅ　　　ｊｇ＝∠1P-1P＝４Ｐ-KJ-ﾘ)？
＝ｊ(丿5)-1(ｊ？)＝0，ａｎｄ for torsion,
j＝θ･j ；
therefore g=p-^p=iり-ia/-i･ｅ’Ｐ＝Ｐ"小弓，
∠峻＝i一g=0. Therefore, for　ｉｇ＝ｇ≒－g1＝ｇz－gl＝(g2－g1)＋(ｇs－g2)十…十igi-gi-D in
wide sense, T尺z＝一ｊｇ°－Σ4'p-l=ΥΣ3ジター1ベター1戸崎ﾀｰ1jﾀｰ1　｡･｡
　゛　　　　　　　　　・　　　　　　　夕-2　　　　　タa慧
(19) ii:,=i]^'。-1ど。-iF'*。-1鳥-loｒ
ｉ＝Σu'c'P'*P,　abbreviated.
For K or g is given
no contribution from refraction and torsion, but shifting, therefoｔｅ　K or g is surface
quantity. K is　called Seidellan thickness matrix, which is　the　extension of　the
rotational case and will be written in deformed expressions later.
　6. 8.Ｒｅｐｒｅｓｅｎｔａｔｉｏｎｓ ｏｆ ｅｉｋｏｎｃｄｓａｎｄ Ｓｆｈｌｅｉｅｒｍａｃｈｅｒｉａｎ，　"ｗith inｖａｒｉａｎt ｍａtｒｉｃｅｓ..
　Now we have in general,
べ]＊=[こ]贈に)に㈲に)に卜
叱　:)レパ　彭り7:乙子r T
バニニ几二疹よ)．
????
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These are great matrices of fourth order produced by second order matricesF where the
right hand sides 1 = (1)4 in (2), A=貫手A in (3) and other 1= (1)2, written abbreviatedly･
These abbreviationsare hereafterused. For
臼＝C畳糾パ)ぐyに)レニ)
dｅtの= |(P| = |A目ﾌ:)川１－£r'CB＼ = ＼A＼＼D-CB＼. Making　ｐｒodｕｃt(3)(4)Ｔ-1　in　this
゜¨'゛ｅ“ｅ(7)(;:ご:l)(二二二⊇ト‥－≒
＼0P"vU 1/U丿(言1トず不二謡卜=ﾛｰ･=1
From　6. 6 (6) we have fundamental equations
　　　　　　　　　　　　－　　一一（8）と＝一人ｒ十PX=-Ax十？Ｘ，
　　　　　　　　－　　－－
εし－ｆｙ十P'X=-ぶｙ十Ｆχ，　which　hold　for　any　dia-points　X, X'　on vertex
planes ｚ＝0，ｚ＝O in《Op)), where　χ，χ
pectively. This is not the local case but
are variables of object,
the general case ：　Z= Zt。
pupil･systems, res-
z'=z' whose num-
bering are free. χ，
ｙ
are system-invariants in firstorder or quasi-invariants. (8) gives
χ=p-KAx十ｓ），ｉ＝F1（λｚ十ε）　or　　　　　　゛　　゛
?? ???
・Obtain
????????
ng
　　　－o ？‾1
????? ????????
??
????
?
???
?
inverse matrix from (7), we have
が）
　　一p*-l'jn-l　　Ｐ＊-17-I　χ　　　ｚ＝∠j5＊-17-1χ十？＊-17‾liべ
λj5＊-1ｒ1 －ＡＦ＊-1ｒ1)(χ)'o4ｓ＝λj5＊‾17‾IX一人P*-iT-'X
omitting primed quantities. Defining　(↓1) i=A-'PX, S=A-'PX, we have from (8),
(12)ξ＝ｚ十八-1ε，f＝ｚ十五"'£. We can defir!ｅnow point eikonal ｙ， angle eikonal Ｗ
with matrices and Schleiermacherian matrix ｊ as follows :
(13) V = a/2}(x*Vix+2x'*V,sと十x'*Vzx') = (1/2)U*, x'*)V(.x*, x'*y
(14)ｙ＝(1/2)(ε＊Wls＋2s'゛ｙ2ε十ε'＊ｙ3ど)＝(1/2)(ε＊,s'＊)帚Ｕ＊,ε'＊)＊，ｗheｒｅ
C15) dV = ^e*dx, dW =一一dx*de　　and
･6)V={バ：)･・(こ器七戸に)心戸に卜
叫ブ二こづ二回ご上
白1づ白字∩言:ここ
Using inverse matrix from (7) for (9). we have
C19) /!=
??????? ??
　　－)(万吽‾U
4
ｽﾞ)で 昌
???
by which
(20)jl＝？'＊-17-lj5-1λ－j）４-17-lj）-IA，j2＝j）４'l？-lj5-1－Ｐ＊-1T-ﾘ)-l，
　　　A3=A”P'*-'T-'P-'A-A′p)*-l'J'-＼戸-'A. A4=A'P'*-'T-'P-'-A′pt*-l'T'-lp-＼
イ
/＊－1
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　Theoreヽm 3.ｊ or Ａt　ａｒｅｉｎｖａｒｉａｎｔｆｏｒｐｕpil-ｃｏｍｍｕtａtｉｏｎ.　Thiｓ ｆａｃt holdｓ alｓｏｆｏｒ
　　～　　～VorW｡
　　　　　　　　　　　　　　　　　　　　　　　　　一一First proof. This commutation gives (P,A)**万(弓A), T<^-T, by which A, are
obviously invariant. Ａsiｱ, W are representable by Ａ， therefore they are also invariant.
Second proof. If is obvious that, ｊ，び. W do not depend on choosing of parameter･set
{P, A], but only the coordinates･system (x), Cxり.j is also represented by other
forms in
　Theorem ４:
　　　瓜　　Ａｉ＼　IP″゛-HP*十ＫＰ‾1A)　　　　　　，Ｐ″卑‾｀ＫＰ‾1
　j °C3　　zlj°(？？-IA－Ａ？/-1(P*十尺？-り0,
iP'-A？'＊-1尺)？-l)(21)，
０
０　？´
M
一
1
？４‾1
?? ?????????????????
(22)(1).
　First proof. From (17), (18) in 6. 7 we have (23) g=戸-ﾘ），
g'-g-p'-？'一戸-ﾘ）＝－７瓦(24)ｂ＝Ｔ-1g＝j）＊jｒ1J5(戸-IP)＝Ｐ＊λ-1j)＝&＊＝ｇ＊Ｔ-１　being
symmetric, and T~:1戸'-' = T-Kg-TK)P'-' = <ib一尺)Ｐ″-1 0ｒ j51/|＊-1T-1＝？’＊-1(&|一尺).
Then, (20) gives　Ai=P'*-'bP-'A-P″＊-1(ろ一尤)p-'A=P'*bP-^A十Ｐ/＊-｀ＫＰ‾１Ａ　and use
&？'1λ＝(？＊λ-1j))？-1Å＝j）＊，tｈｅｎ(25)j2＝Ｐ″＊-｀bP-1－？'＊(ろ一尺)？-1＝Ｐ/＊-1尺？‘1，
A3=-A'P'*-^bp-^A十(Ａ″ｌ）”‘‾1ろ十P'-A'P'*-'尺)j）‘'A=-A'P／-YJ-Ｐ‾1λ十Ｐ’Ｐ-１Ａ
－Ａ´？り‘-'KP-'A　and use (25). then Ai = (A'P'*-^b十？´一ﾉ1′p'≫-l尺)？-1－y1'？'＊“｀bP-1
= (P'-A'P'*-^K')P-＼ or (21); while (22) = (21) is obvious.
　Second proof. Knowing　ψoくIJ　I卜ｉ'(ﾝ　-A'　from (3)
゛,″‘'･<2>s"'(2>2‘･0i~'=0oAi
二7)(Tj)(1ｽﾞ)し
-1
し
。-･
for (19). whereφ,-1 are reverses of (22),
　　　　　　　　　－･･ .･，？/＊-17'‾1？‾1　　　0　　　　　0
ψoj《1)5'1°Ａ'
(　　
O　　　　F'＊-17-1戸'1
)(
λ
we have successively
?（??＝?
　0
/p/*-lp*
by　pf*'p-l = ^>-lp' P'*-1-J^-1？-1＝？/＊'lj'＊ｔl＝ｒ－115タｐ-＼
匹）
we make
??????????
φoA0oyi0s~'^…ｌs-1＝
G
、
o　　j）j　
by　－ｉ？/-I尺＋ｐ’ｐ-1j）＝･一戸'TK+P'P'^P
　　　　　　　　　　　A'p'*-i　？´
＝Ｐ’(ｇ－ｔｋ:)=ｐ’ｇ’＝ｐ
　　　　　　　　　　　A>p'*-i　？´　　　。　　　　　　　　　　＿
φ,ｊψs-1…02-'=l　　　　　　　　　by A'P'*-'十A'P'*-'=A'P'*-＼ therefore
　　　　　　　　　　　A'P'*-^　
]
φojφ5-1…(I>i-^=0o　which gives (22)｡Now we define following matrices
(26)び1＝Ａ十Ｒｒリ)＊，び2＝j?K-^P'*,
　　　{　　　　　　　　　　　　　　　　　　　　　　　　　Theircommutations are
　　　び3 = P'P"'A-A'F'*"ip*一過'P'*''KPA.
(27)□1＝λ十ＰＫ-'P* U2 =ＰＫ-1戸･＊　　　{
□3= P'･P-^A-A'P'*~^P*-A'P'*-^KP~'A,　　which correspond to exchanging
(A.F)-H-CA.P). By exchanginｇ CA．Ｐ)ｏ(Ａt？り, we define ｒｅtｒｏｇｒｅｓｓi･ｖｅor7？tro-
(D det ｊ＝1 is easily seen.
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gｒｅｓｓtｏｎof 0, denoted (P as in 1.3i where 0 is called ｃｏｍｍｕtａtｉｏｎ.　Ｗｅ Ｙvａｖｅ
(28)翫＝Ａ・－？'K-'P'*.び２＝－j）’ｒ？＊＝－び2＊，
び＼=-pp'-り1′－AI）＊-1？’＊十AP*-'尺P'-'A仁=一醜*,
where K=一Ｋ　ｌａ used notable as
£＝－４Ｐ＊λ-1F ； omitting
ａ，
and (29) Ai = Ut‘＾Ｕｉ．／l≫＝Ｕ≫-', /fs=び3> A* = ―Uiび2-1.
By theorem ３， At are invariant for commutation and /ll=:j1万, which are called com･
ｍｕtａtｉｏｎ-inzﾀαΓiants･(29) gives
ａ＝a
i.e.び1，び21 Ui are commutation-invariants,
and also Oi are. There are also directly proved :
　　　　　　－　　　　　　－　　　　　　　　　　　　　　　　　－ＥＸ.び１ ：ｇ°p-'p, g=g-＼ ７==－Ｔ∴１＝ｇ'が＝(ｇ Ｔ£)(ｇ‾1十Ｔ尺)，
　　　　O = TKTK-TKg-'十ｇＴＫ＝ＰＫｒ＾Ｔ-１(Ｔ尺TK-TKg-'十gTK)iごｰﾘ）串
　　　　^PTP*一片‾1£-1？＊十？尺-17-｀ｇＴＰ＊＝Å十PK''P*-PK-リ）＊，
　　　ａ:j）-９Ｒ-lj5'＊？/＊-1＝fljご~Y*'' =g-'K-'g'*=g-'K-Kg*-!十£Ｔ)
　　　　==(尺-1g＊－７)ｇ＊-1＋ｇ-17＝瓦-1　∴？£-1戸'*='PK-'P'*.　Retrogressive of (29)
gives　広＝Ｇ‾ｌａ＝一晩＊‾１ａ＝j4＊，ぶ＝ａ‾1＝一晩＊‾1＝－/12＊，丞＝al＝－£/s＊＝－ｊs＊，
ぶ＝－び■lC/2-' =びlび2＊-l＝j1＊bｙ(28)，ｗhich
corresponds to reverse A-＼ as (x, e)**(x',£');
or　　（30）fl＝Ｊ＝
???????????―
This is also proved by
］ ･心 jj 　ｊ４牛
一j3＊
1:）
＝１
(31) ^Cx*c-x*e)=x'*(V2*x十V3£')-x'*(V2*x十ｙｓｚ’)
　　　　　　　　　　　　　十ｚ＊(ｙｌｌｊ十ｙ2jl’)一全＊(ｙ／９万十ｎｙ万)＝O　and
(32) (£*5-X*£-)' = (£'*, -x'*) (ｽﾞﾄﾞﾆ几ごつ(言)(ン・･-・･)|:j
From (17), (18), we have (33) Vi=Ai''Au F2=-/f2~S V2*=A3-A<Ai-!Au V3 ― A4A2~^t
(34) Wx =一A3''A4, W2=A3~＼Wz* = AiA3'^Ai-Ai, W3 =一j1/13“1，ｗith 1^1* = Vi, Vi本= Vt,
W1＊＝W1， W3* = W3, which gives with identities (35) y.=び1，ｙ2＝一読. F3=-C7i.
(36)ｙ1＝び3-1び1び2-1，W2＝弘一1，ｙ3＝－び2'1び'iUz-＼ (37) (i)び2＊十びl十び1びｚ-1び1=0.
･(ii)Ｇ＊＋Ｇ-1＋び2-1ぴ1G-lびiC/2-' = 0. (iii) W‘＝　Ｕｉ，(iｖ)び1＊＝びi. (v) Ui*‘1む1a'!‘'1
＝C73‾1び1び2-1，(ｖi)び.≫-lびlび2＊‾l＝Ｇ-1びlUz-K
(v) follows directly from　ひ1び2-1びs＊＝Ｕ３Ｕｌ＊‾1ぴ1(∵f73=-び3*) or
(38) Uiび2-1ひ3＊＝(Ａ？'*-iK-P')p-KPP'~'A'二AP*'‘？'＊十Ａ？＊-1尺？'-'A')
=A'Pり‘‾1尺？に1ｙ1′十ｙ1′？り‘‾^ＫＰ-'A？*-'KP'-^A'-A'十P'P-'A？＊‾｀Ｐ″＊
-CA'P'*:｀:'KP-り11？ﾌ:‾:リ)14十P'p-:1Aj)|＊‾:｀ＫＰ:':゛:り1') being obviously symmetric. Now
　　　　　　　　　　　●(39)ひ2＋び3＊＋び1ひ2＊｀1ひ1＝(i)＊　　in (37)
＝？尺‾1？り‘－(？？に'A'-AF*-'？り十ｙ1？＊‾1尺？に1人り
十(Ａ十PK~^P*)P*-'^KP'-KA' -P'尺-ip/*)≡o＝び√1び3＊-1(び2十ひ3串十ひ1ひ,*-!ひ1)＝(ii)
using　ｕｙ｀＝肌-1ひ2＊び3-1び1仇-1　from (v). Retrogressive ｏｆ(ｖ):　o＝〔ひ2＊｀1び1ぴs＊｀1〕
＝〔(－び2)-lび1(－び3)-1〕＝〔び2‾1び1びa-l〕gives (vi) using C ] notation o1 6.7 (9);　and
(iii), (iv) are obviousi which shows direct proof of (37).
（40）1＝
くﾝ
y)ベレトにノ?)に
。
ご)
-
yl)(ﾌｽﾗy2‾1
び2
もﾝ
3~V gives identitiesin vanishing forms:
(41)o＝1十ＵｉＵｓ-1?71び2-1十ひ2び3＊-1＝－ひ2＊び3-1び1び2“1十び1びs＊-1＝1十び2＊ひ3'1こトび1び2-1びlひ≫-s
which　is　essentially　the same　as the above. From (35) or (42)　Vi=A十PK-リ）＊，
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Vz = PK-'P'*, V3=-A'十P'K-'P'*, we have (43) K=？＊(ｙf－j4)‾lj），
P' = V2*CVi-A)-^P. A'^Vzや‘(び1－Ａ)-!V2-Vz, (44)尺＝？'＊(ｙ3十A'T'P',
？＝ｙ2(F3十Ａり">i", A = Vi-V2(V3+Aり‾1ｙ2＊.　The set of undulatory matrices　　¢=，
(ふj）,尺) has ten elements. which are traced by 6.６ Theorem １ (i), (ii), (iii) and 6.7
(19). If we know initial 0 and the last が；iｱis decided by (42), where initial 尺＝0，
interpreted. As
ｐ
does not depend on choosing of <P; (43), (44) hold for any other (p，
j' and the same Ｆ. Giving initial (ふ？), we can calculate t!le last (A'. Pりand K
by (43), and vice versa by (44). Therefore (43). (44) can be usec!for changing of φ，
l)y which the special case A=A'=O with Aへλis attainedt calledｓtａｎｄａｒｄｐａｒａｍｅtｅｒ･
　&｡　９. Ｒｅｍａｒkｓ　ｏｎ　ｃｌａｓｓｉｆｉｃａtｉｏｎぷｓｃｒｉｍｉｎａｎt　in　tｈｅ ＧｔｔＵｓｔｒａｎｄ-Ｈｅｒｚbeｒｇｅｒ’　ｓ tｈｅｏり1，
　　ａｎｄ ｏｎ Ｓｍｉtheｓ ｓtａｎｄａｒｄ ｆｏｒｍ.
　Using notation 〔¢〕＝(1》－ゆ＊に〔¢＊〕＝¬〔(1》)in 6.7 (9). we define
(1)(£,j＊)＝〔んしも＊〕= AiAj*-AjAi*, (i*/) =〔Ai*A}〕=^Ai*A,-Aj*A。and by Herzberger's
tｈｅｏｒy(1)，ｉｎ general,
(?)Ｂ=６ｉ．　１＝(j?1ふ)'zμ(::::)Ｊ)゜“心は:::に7iai―az^
and we have
(3)エ(炎炎)Ｊて炎翻
/ , where
(4)(14＊)＝(23＊)，(1＊4)＝(3＊2)，(5)Z)'＝Z)(ｃｌａｓｓザｉｃａtｉｏｎ ｄｉｓｃｒｉｍｉｎａ？Ｉt).Acpprding
to D <,=,>; the optical systems　are　called　tｏｒtｅｄ Ｓ:ｙｓｆｅｍ(tｏｒｄｉｅｒtｅ　Ｓｙtｅｒｎｅ:
Gull strand), semitorted system (ｓｅｍｉｔｏｒｄｉｅｒtｅＳ:ｙｓtｅｍｅ)，　ｒｅtｒｏtｏｒtｅｄりｓtｅｍ(ｒｅtｏｒｄｉｅｒtｅ
Syμ・77z・). In our theory, ｅｌｅｍｅｎＪmatrices of D, D' are
(5) D:(13＊)＝〔び2-1び1び3'＊-1〕，(14＊)＝－〔び2-1び1び2＊-1び1〕＝〔び2-1びs＊〕= (23*),　　　　　|
(24＊)＝－〔び2-1び2＊-lび1〕.
(6) D':(3＊4)＝－〔び3＊び1ひ2-1〕，(1＊4)＝－〔び1び2＊-1ひ1び2-1〕＝〔び3＊び2゛1〕＝(3＊2)．　　　　　|
(1＊2)＝〔び1び2＊-1び2-1〕.
Other four combinations･ in twelve (り＊)，(尚)ｖgniｓh，ｐｒｏｖed directly by
(12＊)＝－〔Ｕｉ‾１ＵＩＵ２＊-1〕= 0, (34*) = -〔ＵｓＵｉ＊-la1＊〕＝〔び1び2-1ひ3〕＝o(∵び3＊＝－ひs) whose
retrogressive〔び1び2-1び3〕＝O　gives (1*3) =〔び1＊び2＊-1び3〕＝0(∵び1＊＝び1，び2＊＝－ひ2)，
(2＊4)＝－〔び2＊‾1ひ1び2-1〕＝0.£) is represented by the elements of our undulatpry mat-
rices. Using standard parameters in 6. 8, following result is obtained :　For
A=A'゜O' j）゜j5'゜1' Ａ４(ぢ‾l j!-1)'λT(ぢ1 0 V T°(;　ｸ)' we have
(7) L:)＝βKa'-が)(α一占){ぐ町－β2}-1(γ2－α2)十(ｙ一占'Xa一占)町}.
Proof:Ｔ＝Ｆ防？j）'＊-1＝－j）’‾IA'＝？‾1λ？＊-1＝ｊ戸＊-1，ａsヱ＝－Ａ'，λ＝λ．
　　　P' = -A'T'＼ P=AΥ-＼ K=-dP*A-ﾘ）＝Ｔ-1Å'Ｔ-1十λ-1，びi=A十？尺-ip*‘=K-＼
(8)
I
G＝Ｆ尺一字'＊＝一K-^-'A', Ui=A'一Ｐ'Ｋ-^Ｐ’*=A'-A'T"'尺‾1T‾1y1へ
　　　ひ
2‾l＝－び2*-'=KTA～!，び3＝一A'P'*"'P* = T,び3＝一び3＊＝－Ｔ.
Therefore we have ・片＝〔び･‾1び1G〕゜－ば‾ヴ〕一丿(ざみ9)(;グ
??????????
(]) in (8) Her!berger, II. p, 393. denoted ｊ instead of D, qr in (7) Herzberger, p.
　Ｆ.　　　　.
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ail＝－〔び2-1び3〕＝－〔A'-^TKT〕＝－〔A'-'T(T-'A'T"' + A-OT〕
　゜-i[ + A'-'TA-'T) =七白以‾17卜て(gリ)(;ｸ)(茄ｸﾞZ)〕，
嘸I＝〔び2‾1＆2‾1び1〕＝－〔A'-'TKCKT-T-'A')〕＝－〔ぶ-1T尺λ-1T〕
　＝－〔ぶ-1(ぶ７‾1十Υλ-1)λ-1T〕＝－〔７-1λ-1T十人’-１ＴＡ-ＩＴ〕
　ブ(（ｘＴづ)‾臨ツ)(;穴Zド(ｽﾞｽﾞ)(訪鴨:)〕，。a
＆1==－(ｙ－ｙ)(α十γ)β，α2 = -(a'-b')(aa十禎)β，
α3＝－(町－β2)-1(α一占)β(γ－α)－(ｙ－ろ')(αα2十沙2鴻which gives£)＝αlaa ―α22 of (7).
　N. B. Here, A', A have diagonal types, which is not the general case, but is attained
by new ∂･，ｙ･torsions for original　coordinates-systems (x), (x'), for　A=A'=O is
still held by the torsions. If only Ａ＝O ；
ｐ
and especially W have simple forms :
(9) V = (PK-'-P*,　　　PK-'P'*　　　。
　　　　？´尺-'P*,一八´十P'R-'Pり‘
)
(10)帚＝？＊-1(一尺十P'*A"'P')P~＼ -P*-ip'*A'"'　　　　(　　
y1～ip'p-l　　　　　　　，　Å～1　　　　
)
calculated by びi= PK-'P*, Uz=P尺"'P'*,び3＝一過> p>*-＼p*　and　びi=A'-Ｐ’Ｋ'^Ｐ'＊
For standard parameters A=A'=O. P = l.
（11）沁（ﾀﾞふべづ疆:屡ｙ-1いバ12) W 七≒ぺ
－？りＡ～I
　A～1
proved by 一尺十P'*A'-'P' =∠IP*A-'P十P'*A'-'P' = -P･＊ji-11？＝－λ-1
(∵A' = -Aへλ＝λ)，ａｎｄ尺？～'V^A'-'P'=KP'-K-A'十？´尺-ip'*-)A'-'P'
゜一尺十？りÅ～IP'= -1-1　giving　ｙ3.　As　Ｊ゛ Wie十 Wisヘ　ーＪ´゜W2*e十lｙsｊ･ ・ we
have for shifting　x=x十ce. x'^x'十どご;ヱ＝ｊ－ａ＝茸ｱie + W2s'-ce = Wie十Wzb',
－ヱ´゜一ｉ´十がｊ＝72＊ε＋73ご十c'i' = Wi*i十Wse'　giving　７１° Wi十乙･72°W2,
万3＝lｙs一c'. For torsion x=&x, & ―θ£, X ~B X≒が=e'e'; x=e~'x
＝θ~'(Wxee十耳ｱze'e'} = Wie十Wie.',一x' = -e'-'x'=d～KW2*ee十W3θ≒y)
゜lｙ2＊ε十Wse'　giving　７１°θWie'＼ 72°ews～1， W3°d'WsB～1.　Defining now
(12)ｓ(θ)＝(－
(13)ざ(O)＝(0
　　　　　1
????
1に詔ドｅ“ｅ
ｓ(べ)ベレ?パ＼sin 2ト;紹)
(14) SW=R(-∂)Ｓ(0)尺W. (15) S(.∂十∂')＝沢(∂')-IS(∂)Ｒ(ダ)＝jR(∂)-IS(∂')尺(∂)，
゛ｅｒｅ(ゴーゴ)(Ｎ)(ごに詔)で潔に詔い(“)･
,s(∂十e')=R(id十θ')-15(O)沢(θ十e')=R{d')一収(θ)-lｓ(O)沢(∂)沢(∂')giｖｅs(15)，ｋｎｏｗing
尺(∂)iｓ commutable. Any symmetrical matrix Ａ has following form
(16) A=
(2: ::)= プ
旦=（
十づ?jぷ卜Ｓ(∂－7r/4)foｒ　tanld=―ぶ亀万，
(“･ご3)大二。)/2)Ｊ弩｀(ニバマ)
If　Wi = ci十αＳ(θ1－π/4);then RCdOWiRCeiy^ = ci十αＳ(－π/4)being diagonal and
尺(θ1－π/i)WiR(di-π/4)-1十(－＆)＝α5(0) being vanishing diagonal. Thus　Wu Wi
can be vanishing diagonal and ｙ becomes of type
(17) W =
????????????? ?????
with eikonal　W = a/2')U*Wie + 2£'*W2e十e'*W3e':i　Ｏ｢
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W＝α６s十<Z1££'十atee'十a^ss'十atee十β£'e', which is one of the Smith's standard foｒｍs(1)
having six ｃｏｅ伍cientsonly. In this case, A=A'=O is still held by shifting and torsioiii
therefore ｊ，Ａ～１ become vanishing diagonal.
　6. 　AQ. Slit　ｃｏｏｒｄｉｎａtｅｓ,　ｐｓｅｕｄｏ-ｐｏｉボ，　■ｍａｇｎｉｆｉｃａtｉｏｎｍａtｒiエａｎｄ ｐｓｅｕｄｏ-ｃａｒｄｉｎａｌ
　　ｐｏｉｎtｓ ｕ,itｈ ｒｅｍａｒkｓ。
　From undulatory matrix ん　(1) S=nA-'　is defined and accepts transformations
(2)･∠ｉｎＪＳ-ﾘ＝ρλ，λ＝Ｊｎ ｃｏｓ{，∠１ＪＰ=O　for refraction, (3) /iS=―c,∠iｓ-^ｐ＝O　　for
c-shifting, (4) s'=R(:0)SRior'=ese-Ｓ Ｐ’=Ｒ(0)P=eP for ^-torsion, derived from
Theorem l in 6.6。l appearing only for refraction. This is local problem. In system-
problem we consider (n)･ray (5) X―Sz十ｚ　corresponding　X=pz十み　in 1.7, where
ａ刊）十〇2, X=b　is a diapoint on the vertex plane 之= 0. For the type of
(6) S=(s + s)/2 +り－j)(1/2)・S(d-・/4) in (16) oi 6.9,
(7) R(d)ＳＲ(∂)-1＝Ｇ十5)/2十Ｇ－j)(1/2)ｓ(－7r/4)＝Ｇ斗よ)≡(ｓ　o
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　し
(5) is still invariant for∂-torsion. Let Ｓ be of diagonal type (7). We consider two
slits, in which the first (8) X=x, z=s, and the second (9) X=x, z = s, denoted by
the components of (5). Superposing copies of two planes z = s, z = s with slits, we
see ａ point as crossing, having coordinates ２， X, which is considered as a vector x on
ａ plane.　In this case (5) becomes　(10) x=S8十X. For　^-torsion, x'=6Z as ａ vector,
and also for　∂，ぶ, therefore　θ‾1ｙ＝Ｓθ‾1が十e-w　　∴　x'=ese-'が十x' = 5'5'十ｙ
∴　s'=ese-'　which is the same as (4). Now we say that slit coordinates (x, X, 5)
define ａ "pseudo-point” in the space of three dimension. As　S has three elements,
pseudo･point has five　elements in general.　Besides, we say that　Ｓ　defines a pseudo-
point on X-axis, considered as (0. 0, 5). In (6). S has two principal distances ぶ，j and
slit inclination ∂.　In (x, X, S) denoted also (,x, S); X shows the position of slits.
Ａs，S＝zzＡ‾1　in（1）；（10）ｂｅｃｏｍｅＳ（11）７＝Ａ-1ε十X, which coincides with　ξ　in 6.8
(12) with (11). Using f instead of above X, we have again the formulae
（12）ξ＝Ａ‾1？Ｘ＝ヱ十A-'s, ?=A-'PX=x十λ-1ε，ｗheｒｅ　f. i are slit coordinates. In
general, two slits of　Ｓ are mutually perpendicular. Let a be slit inclination of　ざ，
corresponding the first slit, thenα十π/2 the second. (12) is equation of (n)-ray which
pass　through　four　slits (んα), (A, a). For, a straight　line　is　uniquely decided by
four slits to be passed.　Considering (が）･ray, we have (13) X=p-'-A^ = P～1y1’ξ’，
because χ is system-invariant in the first order or quasai-invariant. Fixing f and
ｍｏｖｉｎｇξ，ｗｅ have ・o2 rays, and from (13) ; (14)が＝Ａ～'f'p-^Af, which means that
がis still fixed, decided only by f, although f is varying. Thereforeがcan be called
the　ｐｓｅｕｄｏ-ｉｍａｇｅoff. which passes through double slits (A', a'), making orthogonal
focal lines or caustic lines.　If A or S is scalar, slits become ordinary point f. Genera‘11y
ξgiｖｅＳ astigmatic pencil, therefore $ can be also called ｃａｕｓｔｉｃｃｏｏｒｄｉｎａtｅｓｏｔ　ａｓtｉｇｍａtｉｃ
ｃｏｏｒｄｉｎａtｅｓ.Exchanging standpoints of f and f, pseudo･image Ｆ of ｉ is defined.
The correspondence of focal lines £’S has following structure.
ω　in (16) Smith, p. 88, in the case of ａ°&゜c = ££=0.　Thesestandard forms are also given in
　(8) Herzberger II.
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　(15) C5(£・乙)。ｅｙ(£'・が)。。　　に
(£・Z;)。ｅぷ･(£･上Zj)。。　　　　　　　.
l　j　　　.I　　　　　　　　　　　　　　　　　　
■
　In this case･ separated correspondence, e.g.,£^L' does not hold in general. In ortho-
gonal system, this separation holds in general, which is realized when every curvature
matrix　p　is diagonal and torsional angle　θ＝O　oｒπ/2i where refraction angle t, i' or
deviation
？ is arbitrary,
but this
system is to be called ｇｅｎｅｒal ｑｕａｓi-ｏｒtｈｏｇｏｎａｌ ｓ５
because
only the first order theory allows the separation of sagittal and meridional pencil.
In singly symmetrical system which is torsionless (θ＝O)ａｎｄ has one symmetrical planet
the separation holds in rigorous meaning･The matrix　Ａに1？'P-M　is called magni･
fication matrix
and χ in (13) is also called ｒｅｄｉ£Ｃ,ｅｄ ｃｏｏｒｄｉｎａtｅｓ of ξ.Ｃａｎ　”t）ｓｅｕｄｏ･
ｐｒｉｎｃｉｐａｌ　ｐｏｉｎtｓ＾　Ｈ，　Ｈ’ be defined under the condition of unit magnification matrix ？
This is not the case, that is, the formal solutions of matrices A^ACH}, A'=A'(Hり
for parameters ふλ≒j），j）≒尺are
not symmetric in general, but the solutions are
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　－treated ａｓ ｐｓｅｕｄｏやｏｉｎtｓ ｏｆ the ｓｅｃｏｎｄ ｃｌａｓｓ，
　ａｓ
follows :　For　？＝？＝1，ｃｏｎｄｉtion is
(16) [=A'-ip’ｐ-１Ａ　or　A=P'-'A', solved by
(17) A(H) =はCKP'-^A'一戸＊)十P'-'A')(.KP'-'A' + ＼-P'*)‘1，
(18) A'(H')={ぶp'*-l十W P'*-'K-P)A}(iP'*-'-＼十♪/＊-１ＫＡ)‾1.　Proof. As
７＝λ＝Ｐ-ｉｉＰ・*-＼ (16) gives ７十A=P'-KA゛＋Ｐ’ＴＰ’*),
where
Ｆ-1＝(1－Ｔ尺)p/-l
丿
.
ｆび
1＝ｙ-1ぶ－Ａ for　びi = KP'-'ぶ＋1一戸＊i by which　T=A-A or λis given as
in (i7). Now, (T-^-尺)ＴＵｉ＝び1－ＫＴＵy＝び1－尺(ｙ-1ぶ－ｊ)＝1－j）｡'＊十尺Ａ＝び2，
？？j＊-１Ｕ
ｔ＝Ｐ’Ｔ(７-１－尺)ＴＵ，＝戸'(1イTK)(P'-'ぶ一疋)ヤダ(P'-Iぶ－y1)＝ぶ一Ｆん
i
)y‘Which A'=A'-A' oΓ A' is given as in (18). By standard parameters A＝ぷ＝0
(j)ｇ？= 1), we　can define pseudo-foｃｉ　Ｆ． Ｆ' with　the existence as　Ａ´＝ｎ’Ｆ’-＼
λ＝ｎＦ-1.1n
this case　T^A=A, therefore (19)尺= p>*A'-xp>十A"^, and by (17);
(20) A-KW =尺十(1一戸＊)ぶ-lｙ＝ｊ-1十A'-'^P', and by (18);
(21) A'-KH':) = (P'*-'べ)Ｐ″＊ぶ-1＝Ａ'-1一戸＊ﾎﾞｰ'. For the third
A, P=l,
T='K-A
－Ａ＝瓦　we have
矛≡－ズ'ｊｆり1′=
P'TP'*=P'il-TKy^ＴＰ’＊。 ６ｔ
－ｙ1'-ﾘrfT‾1J'-1＝？'＊-1(？-1｀-･尺)？'-1==？'＊-1(λ-1－Å-1－Ｆ４ｊ'-lj）')戸'-1
Defining (22) A'-'=A'''一一ぶ-1＝召'，ﾉr-1－ｊ-1＝ｊ，　we have
゛ｙ1～1召～1(Ａ～1十召') = i"*"'(B一戸ｊy1～1？り？～1，・
　∴　一人～'B'-'A～1－Ａ～1＝ＰりK-ｌＲｐ’-V－Ａ～＼ therefore
　(23)召'＝－(Ａ’-lj）')召-KA'-'P')*. Now, putting (24) A-KW =
n-'H,
　λ～1(∬7)＝ｎ’-^Ｈ’.　Ａ’＝がＦ～＼ A=n-'F-＼A-'=n-'S, A'-'
=ｎ’-’Ｓへ　Ｂ‾ｎ‾1Z，
　召´＝が‾IZへwe have (25) K =ぶ-＼p'*p' pi十ｎ-^Ｆ,(26)Ｈ＝Ｆ十ｎｎ’-^Ｆ’lｈｔtｐ:/／ｗwｗ．'－(Ｆ’Ｐ’)＊，(２７)Ｚ'＝－ｔlれﾀ-KF'？')Ｚ-１(ダ？')＊foｒ(28)Ｓ－Ｆ＝Ｚ.
　Ｓ’-F'=Z'.
　(27) is the extension of Newton's equation. Defining (28)／＝Ｆ’Ｐ≒ｆ＝ｎｎ’‾1jが~f*。
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　－　　　　　　　　　　　－　　　－
we have (29) H = F十/. H'=-F'-f', Z'-=-nが／Ｚン／＊＝－／ｚ‾lｙ'
｡iNeiむ£０れ’Ｓ)｡.
For (30) S一月=y, S'一冑' = y', we have (31)がy/-lづｙ‾l＝1， proved by Newton's
equation: O＝Ｚソ'‾1Z九/｀＝(ｙ'－が)f'-KY九/つ十ｙ which is
o=/'y'"'(y'が‾１ｙ－ｙ十ｙ了'‾ソ)ｙ-１＝１－がY'-i十y-y-1 giving (31). /, /'
are called
focal ｌｅｎｇth　ｍａtｒｉｃｅｓ,
which are asymmetric, in general. Extended Newton's equation
holds for　pseudo-points　5, 5'　or　Ｚ，Ｚへ　which are symmetric with　F，Ｆへ　Thus,
Gaussian optics has been
completely extended for asymmetrical system using idea of
(8) 　Ｃ
ξ↑
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pseudo-points with undulatory matricesi traced｡
　6，Ｗ. Ｅエｔｅｎｓｉｏｎｏｆ Ｌａｇｒａ，ｉｇｅ’ｓtｈｅｏｒｅｍ ｉｎtｏ tｈｅ ｃａｓｅｏｆ ａｓｔｔｇｒｒ，ｏｔicj》≪ncilｓ。
　From s=AP*-'T-'X-AP*-!７-1χ　in 6.8(10)ａｎｄξ＝ｚ＋Ａ‾1ｓ＝Ａ‾？Ｘ，
e=x十A-'s=A-'PX.　we obtain　s(ξ｡0)=Sぶ。o)=-A？-l/JP‘1兄
s(f=o) = e{x･,)＝－ｊ？＊｀17“1χ　and therefore　　　　　　　　　　　　　　　。
　Theore・n 5. (1)－ｒｓ(ξ|,:o)＝i＊ε(il･o) = X*T-:1χ＝χ|＊TT1χ ilj万り,μ|。。-in万万t,万４万ｒia?Ｉt｡
　Let us consider the meaning. If three pseudo-points (f, S), (e， ｓ)，(1．　S) have ａ
common straight line, (2) x=S-SS =卜ぷ∂＝卜SS. Eliminating ｚ， S, we have
(3)ざ＝(ぷー§)(ぷ－Ｓ)-1ξ＋(j－Ｓ)(ぷ－Ｓ)-1ぞ.lf　S = Zo, i = X。
(4)ｚo＝(ぶ－ｚo)(ぶ－Ｓ)-1ξ十(zo-SXS-Sy% where zo is ａ scalar and (xo. Zb), denoted
ordinarily (.x。yo> zo). is an ordinary point or current coordinates of ａ straight line
penetrating four slits of C = (f. 5).ご= (f, 5). C has･･ａ couple of two slits (mutually
orthogonal) L, L having angles α，α十π/2 between X-axis. Considering　Ｃ°= (0, 5)
whose slits are　£°, L°, we see　ＵＬ゛・£IIL＼ denoted cue. c makes, optically.
caustics which can be called ’ｃａｕｓtｉｃｏｕｐｌｅ or simply ゛ε・uple . As£o，£ｏ pass though
z-axis, C° can be called 'axial c。uple of C. Generally CiC, becauseごhas＆斗,i.
Setting　now (5) 5(f=o) = ≪~^£(t=o)＝　ｖ，　8(f=o) = i~^£(l=o) = t', in ｚ＝ξ一Ｓ∂｡＝i－ぶS, we have
(6) £it'=o) = Sv, f(f=o) =一Sv, and from (1) ; (7) -nξ*v==n^*v=X*T-'X. V is an incli-
nation vector of ａ ray
ご"C,
penetrating two couples Co，ご, and V is that of CC. This
state is shown more fully by 函ｅ schemes
ご
?
(9)
????
j｝
???? ?→???????
び
＼匹
Ｃ,ごし５ご，
　　　　　　　（ｚ）　＿
　　　　（Ｓ）　　　（Ｓ）
　In (8), e is ａ plane vector of the crossing point made by slits when copies of　Ｃ
planes are superposed. mentioned in 6. 10, and　（ヲ声is X-axis proved by vanishing of
XO in （4）｡as e=f=O. In (9), four correspondence８，　ｅ，　ｇ.c-^c.　are mutually inde-
pendent as pseudo･image such that ００２rays penetrating couple Ｃ penetrate couple Ｃへ
but are non-separable foｔＬ，　Ｌof Ｃ in general or£ｅ£' does not hold. This is not the
stigmatic correspondence, but　the astigmatic. In (7), the system-invariance of ，zξ＊tjis
independent of f or ごand also the case of m|*w. This independence ｉs‘shown by （10）.
Since Ｃ and ぴhave ａ common Ｓ or A=ns'^, their wave fronts Ｆ， F" at the vertex are
ｃｏ昭ruent in the first order theory, whose inclination matrix is z4＝,z-1j）χin 6. 6 (4),
where　Ｆ　corresponds to ａ ray　oc. ０ denoting vertex. .Although formally　u=n~^AS
（∵ξヲＡ‾1？Ｘ）ｏΓξ― Su, we can set against （6）；（Ｈ）･ξ（。=O)= Su, f(。=o)= 5m, shown
byｚ＝ξ－Ｓ∂＝ξ― Su. In our theory, the･ ray. e.g.,ごごis given by ａ common normal
or two corresponding wave fronts, e.g., F, F. Thus, C can be also called （ｃｏｕｐｌｅｄ，）
centresがcurvature of Ｆ in general. Moreover, f is called ｊ〉ｓｅｕｄｏ,山。iatioｒCof C
(from Ｃ°）in the above meaning, and nv 'opticctl inclirufiioT^ .　Now the Theorem ５
can be stated in ａ word as follows :
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　”Ｉｎｎｅｒ ｐｒ･ｏｄｕｃt betｔむｅｅｎ ｄｅｖiaｔｉｏｎ ｏｆ ｃｏｕｐｌｅ Ｃ ａｎｄ ｏｌ）£ｉｃａｌｉｎｃｌｉｎａtｉｏｎ ａt ａｘｉａｌ
　　ｃｏｕｐｌｅ　Coiｓ ｓｙｓtｅｍ･iれｖａｒｉａｎt＾≒
　Now the Lagrange's theorem　as to stigmatic pencils(1)has been extended into the
case of astigmatic pencils. Since　every　ｚ-ａχiｓ‘ itself, in the coordinate system 《０．》，
is an optical path way, treated as ａ principal ray, this extended theorem has ｇｅr!erality
and holds for any neighbouring pencils along a ･ｒａy･
　6. 12･Ｓｅｉｄｅｌ -ｐａｒａｍｅt ｒ ｍａtｒｉｃｅｓ.
　Using small　letter ｊ instead of Ｓ and　using (') O (■) system　in 6.6 (11) for 6.６
Theorem ｌ or 6. 10 (2), (3), (4), we have　　　　　　，
　（1）（i）:　∠ｉｎＪｓ-ﾘ＝ρ∠１７１ＣＯＳｉ，∠１ＪＰ=0 (refraction),　GO:　's-s'^-c≒　Ｕ
(shifting), (iii):s=e'tが~＼ P = e'P (torsion), where s = nA-＼　Introducing new
parameters　Ji， ａ:　(2) JP^h-＼ ｓｉ
invariant･and we have　（3）（i）:加好＝ho Ａｎｃｏｓi, h' =八, (ii):ﾇ;一九' = -cV'-V,
a｀＝（7≒(iiO:０=５０’-1，えj＝hj’ｅ・-1，　０r uniting (ii), (iii), (4) (i):dnaj = hp∠１７１ＣＯＳｉ。
　　　　　　　　　　●●(ii)(iii)=(ii)’　･■　ｈＪＱ’=hj'一c'a', a=a'Q'~^, omitting　local invariants ofA。。where
GO' is called ゛ｇｅｎｅｒal　ｓhザtｉｎｇ”，proved by using general formulae （5）Ｐ＝Ｊ‾１ｈ-1，
ｊ‾1°？（y＝ｊ‾ﾘzぺy，み-' = /i-V s = a'^hj.　(3), (4) are (.h,a) system, but　for (A, 5)
system, we have (6) (i):∠３ｎＪｓ"Ｍ=ｐ∠ｉｎＣＯＳi, (ii)’　･｡　hie″='hj'a-c's'-'). We often
ＵＳｅ（7）lﾉ＝Ｆ１，ｙ＝一∠ル＝一∠in＼μ＝ﾘﾉＮ，μ″＝ｖ’/Ｎ， 　ｍ＝μ≒ｍ″＝μ・Ｍ°μｍ＝μ″ｍ″
゛μμ≒　∠lm＝－か＝l　in 1’｡4. For　ふ　(8) A = ns'' = nJ-'h-り｡(1), (3), (4), (6) are
pseudo-imege tracing formulae, by which {h,a}, {h,s] or {んP} are decided. using above
relations. For K or　元＝Σv'c'P'*P =ΣノどP'*e'-'P (by (OCiii)) in 6.7 (19), we
have (9) K =Σ＾’ｒ’k＊‾リ-10'一町-1か1　or　馬＝ΣZv'p.ic'。.ih*p2ijp-＼e'p-J7ん11／
For object-system りI,ｓ,ａ}, we consider pupil･system {k, t, t] , where bar (て) notation ia
｛ｊ，戸｝is avoided, mentioned in 1.4. Above formulae still hold for {k, t, r], exchan--
ging notations.　From 6.8 (7), we have great matrix with resolution
(lo)(Nj)(イ＊ぶ) ＼0 vTJ･
　　　p-'-Av　？‾j　一？＊‾1　　　　p*-l･
゛Ｔ°
(
戸-ljν　j）-1
)(
(j5-lA)＊1･－(？‾1ﾉ1)＊ν
)
proved by
and　p-' = hJ, p-' = kJ, p-'Av=a,
戸-'Au=r. (10) gives (11) VＴ＝HJｔ＊－司戸=　Ｔｊｈ゛一農
which has second proof by definition of ７ as
Ｔ＝Ｐ一頃Ｐ＊-1＝ゾ｀1みJ{T*k*-リ‾1一Ｊ-^ｈ-^ａ）.Jfe＝i;-1（心力＊－ｏＪｆｅ＊）　using　Ａ＝ｙリーりk-'a.
A― A* =ν-＼*k*-リ‾1　with　A＊＝んA* = A,　Ｔ＊＝Ｔ.　Setting initial value of
ｇ＝戸-１Ｐ＝ｋｈ-l　as e-i= y, we have (12) kh-' = x-TK, from (6.7) (17), (18).　Since
T=P~'λＰ＊-1＝－75-1（ﾉじＦり＼)P*-K we have　(13) T=ＴｉｆｅＪt-IG－Z）Ｓ‾リｈ＊.　Putting
initial value (14) Ai = l, kx=-nx-ﾘi~^si(si-tO~HiJr＼ T becomes unity :　T=l, which
is system･normalization, and it　is convenient　in practice　to put　51, fl　scalars ； if ｓ０，
i1°ｱzl（
;:竺
ZI）
（ふ　
g
j
i1
）
‘　Ａｂｏ゛e
is matrical extension of Seidel-parameters in 1゛
(1) in (6) Herzberger, p. 17-p. 25.
9ろ
　6. 15. Innぴ･μ･ａｎＳかｒｍａtｉｏｎ.
　Let T=l, hereafter, or let us consider the system･normalized case. Then (10) in 6.12
becomes ????????
一J1＊　Ｊ八＊　　一Ｊん＊　Ｊ
　　て'＊　－(y＊
)
＝
(　　
ｔ＊　－
??????
?
????
??
?
?
?
??????
= i',
because (1ん)(Ｄ＝l　whose factor matrices are mutually reverse. We have from (1).
(2)ｈＪｒ*-aJk*=.ＴＪｈ＊－ｋル* = ja*T-k*a)==(T*li-a*k)J=u,　and
r(3,)ａＪｈ＊－ｈ.Ja*=kjT*-･ｒJfe* = JCh*k-k*h)J = T*a-a*T==O,　０「
(4,)〔ａＪｈ＊〕=ａｊＴ＊〕=ih*k〕＝〔T*a〕＝O　using 6.7 (9). In 6.8(10)χ＝－j5＊-1χ十Ｐ＊-1χ，
とnS = A戸＊‾1χ一Ａ？＊‾1χ(∵T=l), we use new notation (χo。;, 3') instead of (x, X, X)
hereafter･and have (5) 8 = T*x一o-*v, X^ = J{-k*x十h*y). These hold　in general,
where X, y are reduced eoordinates of pseudo･points (f, 5), (f, t) in 6.10, denoted also
(リi(T-'工1　ｏ"リhJ), ivΓ''y, T ^kJ), now, respectively. Using newly (6) H=/Sm ｃ・バ(cf.
6.5 (8)∠1？ＩＣＯＳi) and　(7) w゜Ｎ柘ω＊＝ω, we have from 6.12 (4)(i),
(8)∠ｉｍａＪ＝蔵ρ= N-'hω　for refraction. For (9)α＝Ａ＜ｊＪ，β＝∠IｔＪ，　wehave
(10) N一哨ω＝ｄ十μα＝♂Ｊ″十μ‰･Ｎ-４ω＝てＪ十μβ゛ｔ≒Ｆ十／β, proved
by ∠Ｉｍｆｆｊ＝ｍ!Ａａ.l十(./iin)oj=m∠1びＪ十(dm)a'J', etc.,　ｕSing(11)和φ＝・ｐ’ｊφ十(J<c)φ
＝９即十(卸)φ≒　which　holds even for matrices and is the same form as in 1，3.
Operating j for (2)。(4) we have　(12) ak*-hB* = ka*一所＊=Ｎ，〔ｄ＊〕＝〔ゐβ＊〕＝0.
Defining great matrices
(13) 004
イ
=
に①）べ／ﾌﾟﾄ几言
ｽﾞ)
゜尺(‾゛/2)'θo畑
仁　‾肌ｿﾞﾚ
θ34°
(Nj:
I ｙ
ぺ几ノトヂこ二∩－(ｽﾞﾌﾟ)
???????．???????
¢3°
(で:ｽﾞ';卜　
ゆ4°
(で
(o NΦ４=(でωl)'･゛e
have (14)θo4°θo3θ3“using
（15）Ｎｈ＊-^一kh'^ａ＝－β, proved by ん‾1α＝α*;,*-!　ａｓ　ah*=hα* in (4) and (12). From
(10) we have （16）ψo＝θo4ψ4，（17）ψ1＝θ12の2, (18) 03 = 63*0*. Obviously (19)ａ>l＝I，oφ４.
Now defining vectors （20）ﾌﾉ＊＝（（ｊ∂）＊，（Ｊ‾1χ,）＊）ａｎｄ歓＊＝（ヱ4＊ｓｙt*), xo=x, yt>=y in
(5), we have　(21) v* = U!)*0a = ui*0i = U2*φ2 = M3*φ3 = U**0i, Iり*=u,*eり, Wi=eりψJ.
In (21) e.g. S*J=x*Tj-x*aJ, Xo*J-'=-。＊ゐ七y*h. Now (22) 004 =θaiSiilti　proved
by　(23)α＊‾1十Ｎ‾1βα‾哨＝Ｎ‾1ん（∵α‾哨＝ｈ＊α＊‾1）.　And we have
（24）ゆo＝θ01012^2 (First resolution)
　　　　= 6'o3034(Z>4 (Second resolution).
Thus we attain the extended results of 1.7.
(25)J3 =　Ｊ（ｒ＊Ｊ一cr*v) =ωα‾1jｒ1－Ｊ♂-yi =ω七十μyt = vh'^Xi ―■Ja*yz ―μjｒ4－ω,y4･
Ｊ‾1χo＝一ん＊・十九*y=-Nα‾１ぶ1十八*yi = -Nエｌ＝　　　　　ｈ＊,y3＝　　Ｎｙ４｡
　　　　　　　　　　　　　First type (Seidelian)　　　　　　匹
　Defining (26)ｒ＝ＮＪぶV=rリｐ-Ｍ ＝ｘ-ﾘｒＪ　for　ｔ>ｓｅｗｄｏ･ｃｅｎｔｒｅｓｏＩ　ｃｏｕｐｌｅｓ（ｚ。y）゜
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゜(.s,t), similarly in l.1,　-ｗｅ have　　　　　　　　　　　　　　　　　　　　　。
　　　　　　Ｇ，F)一(・，7)　　　　(First way)
　Ｇμ)／
　　　　へＧ，・)→(F，Ｑ)　　(Second way),
where (5, O=general type, (s, ?) = centre type, (ぷIo) = vertex type, (o,・「｣or ( 7,。)
゜regular type. 6*12, 001,θ34) 003 are called returning transformations.　From (23),
βα‾1＝肌‾1－ｙα＊‾1ん‾1　oΓ　βα‾1 is symmetric, foｒ〔肌-1〕＝(Ａ＊-1仇＊1)/1-1〕
＝ん＊‾1〔h*k〕/z゛1＝0，α＊-1/1-J＝(ha*)-!,〔んα＊〕＝0， ０ｒ(27)〔肌-1〕＝〔βα-1〕＝0，　seen also by
肌‾1°χ一尺，(∵T=l)> Returnings are also written as
(28) (First)仁:“‾1二Jご1りし{ﾆ≒。｀1，り
　　(Sec゜¨)に゛言2ご∩ﾆ≒ﾑ
尚
(ａs〔βα‾1〕＝o)
. (as〔肌-1〕＝O）.
　6. 14.Miｓｃｅｌｌａｎｅｏｕｓ　ｅｘａｍｐｌｅｓi？ tｈｅｆｉｒｓtｏｒｄｅｒtｈｅｏり･
　(i)Ｔｈｅ locus on a plane ｚ＝ｉ of 由ｅ rays, passing through axial circular stop is an
ellipse, whose area is minimized for certain i decided only by undulatory matrix Ａ.
Since　Ｊ＝－75＊-1χ十p*-l兄･ε＝λ戸＊-1χ－ｙ1？＊-1兄(T=l) in 6.8 (10), we have, for
t = z/n,･ｊ＝Ｊ十ｉ,z-1ε＝jｒ十ZE＝α十(1－ZA)j）＊-1χ，　where　α＝(－1十tA)P*-'x.　Setting
・~a=xi, we have･ｙ＝？＊(1－ね4)凭ｒl＝召ヱ1, X*X=:ri*召*Bxu X*X=χ2十χ2＝が≧Q 13
given. In jｒ1＊召＊Ｂエ１＝１び．　ｄｅtＢ＊召= ＼detB＼^>Q, therefore the locus is an ellipse, whose
centre is α, and the area is proportional to ＼detBに2 or (＆Z(1－びl))^ where
det(l-tA) = (l-tA')(il-t(adjA)) = t'detA-Ktだ1)十1, in which zｒ(α1　a2＼―ai+a< in
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　α3　α4
)
general. This minimization is given by
　Z＝乃苔ふ― = z/n.　　(ii)Ｔｈｅ resolution l乙f Schleiermacherian great matrix j is
given by Seidel parameters
　　　Ｊ″h'*, 0　　　　　1'　　，0　V. Ｋ＼μL＊Ｊへ　0　　1　　，0
j゛
(　
0　,　Ｊ’-^h’
)(
一７ｌｊぴ’Ｊ’Jlタ*.lAo,　1)(　0　.　hJ){
■ °)
which holds in general.　(iii) For　single refractiorii pseudo-fociタ，Ｆ' are given by
F=-in/ ＡｎＣＯＳｉ)みｊ，ダ=(ぶZ∠In ｃｏｓi)ＪりＪ″　and　Ｈ＝(nl Ａｎ　ｃｏｓiyuj)rj.
Ｈ’゜(n' ﾉｊ７１ＣＯＳt)(.dJ)rJ', pseudo-principal points of the second class, in 6.10.
　7. Perturbation eikonal in general (skew) or asymmetrical多ystem。
　７。へ｡ 　Ｃｏｅｆｆｉｃｉｅｎtｓｏｆ ｑｕａtｅｒｎａ･りｅｘｐａｎｓion bｙ ｄｏｕble･ｄｉｃtｉｏｎａｒｉｃ ｏｒｄｅｒｔｕiｔｈ
　　ｃａｌｃｕlatｉｏｎｓ.
　Using, here, Cx, x) instead of ix, x) which are components of vector ・2ｒ in 6. 3.　ｗｅ
consider an expanded function (1),A=Σりjtix^x^y"タ£゜ΣA(n)i where Atn) is the sum
of homogeneous terms of ，7･th order. It can be said that A is type of
(2)Σ(ｚ十xrcy十夕)゜，ヽvhich means that every independent terras of (1) and (2) coin･
cides. neglecting coefficient, proved by　Ni=N･2, where Ni, N2> are the numbers of
the tｅ皿sofムn) in (1), (2). respectively,卵follows : 6Ni = (w+l)(n+2)(n+3),
（5）ム＝
and ｊ４＝
95
肌＝Σ（j･＋1）（9十叉）＝忍(ﾉ)＋1)(,z一タ+l) = nΣ(p+D十Σ(1－ｙ)，ｏ｢
6jV2=3≪(。＋2)(,1＋1)＋6(,1＋1)－,2(,1＋1)(2・+ l) = 6iVi. In y1(。)，　tｈｅｃｏｎｖｅｎtｉｏｎｏｆ double
dictionaric order is ･made, as follows :
　(i)Fiｒｓtり・the　tｅｒｍ ｏｆｇｒｅａｔｅｒ＊　iｓ　ｐｒioｒtｏ the ｓｍａｌｌｅｒin (2)haｖｉｎｇ　ｘ’ﾀﾞ-zがye, o「
(1〉・ｑ)｡
　(ii)Ｓｅｃｏｎｄａｒilｙ，　tｈｅ tｅｒｍ,　ｏｆｌｅｓｓｎｕｍｂｅｒｏｆｂａｒｓ(‾)iｓ ｐｒioｒ tｏ tｈｅｍｏｒｅ，ｗitｈ
　Gii) Xね夕ｒ必ｒZ。y- ■
'Ｂｙ using the order, A　is written as　(3)Ａ＝ΣＵｉＵｕ Ｕｉ= x'x'y''ダ　whose exponents
are shown in TABLE ９ (a), for example, ム1)＝α1jｒ十α2主十α3ｙ十α4夕，
A(21 =･α5J2十a6xx十α7丞2十asxy十α９ｉｙ十aiox夕十α1丘夕十α12ｙ2十(213V夕十α14ダ･where, e. g..
U14°ダ･
　Theoreｍ　＼｡ Ｆｏｒ tｈｅｎｕｍｂｅｒfik)ｏｆ　the ｔｅｒｍｓhaｖing k baｒｓ iれ(/>, q).　ｗｅ ｈａｖｅ
　(4)ｙ(幻＝ｍｍ(ゐ十1，夕十1， 9十1, p+q+＼一之).
　Proof. Exchanging bar ｏ plain ； k^p+q―k and exchanging ぶO V ; y>Ogr.　Therefore
it is sufBcient to prove　/a)=゛ｍｉｎ(ゐ十1, />+!) in the case of k≦戸＋9－1こ・j）≦q- If ｓ０，
　X can put free number ｙ　of bars such th截　Ｎ≦戸＋１　and　ｙ≦ゐ十1，　０「
2V＝ｒｎｉｎ(え十1，夕＋1)ａｎｄ independent N terms are produced. Ｑ. Ｅ. Ｄ･
　TABLE ９ (b) and (c) show multiplication terms and differentiation terms. For ex-
ample in (b).　ｕeW4= U2i means　Ｇｉ)夕゜jｒｊ夕and　M11M9 =μ54y　uziUz = Uii mean (£夕)(ヱ,y)
＝ｌり夕，(ｉり)ｉ＝ｉ３夕respectively, with (a). By (b), calculation of polynomial ｃｏｅ伍-
cients of multiplication AB is easily done.　(c) is given for the perturbation eikonal
　　　Ｏ　く)£＝ΣeiUi = E(3)十£(4)十…which will be defined in 7. 2.　For Ｆ＝∂£/∂ｚ＝Σｊz4。e.g..
jo＝2ε21. TABLE １０ is given for inner transformation of Ｅ， which consists of (i).(ii).
It is easily seen that the inner transforr!lation matrix　θ｡:(x'.x'.y',ダ) = (x, X, y, y)d
in 6.13 (13) can be resolved into following four types :
????
?? ?????
??????
witha．　bbeing scalars.
?? ?
For
with detA=]:
(6) E=Σり]tlX^Xりり″卜Σｅ’iifciiｘ’＾ｘり'y'^y"゜Ｅ≒　ii　(7) W,x') = iy,y),
(ダ,ダ)＝Ｇ,ｉ)，ｗｅ have (8)り■}!:%= e'kHjJ　and if　(9) Cx'.ダ)＝α(ヱ,ｉ)，
(ｙ＞ｙ’)=Kv.夕). we have (10) ejM° ａｊ゛■h''*'^e'ＪＪｆｃＳ-Therefore Ａ４　is reduced to (9)
(10)ｏｒ exponent table 9 (a). (7). (8) or commutation ｚ e y brings following com-
mutation of numbering f o μ:
　(11):(1)1e3，㈲，(2)5e12，6叫㈲4，㈱0，(3)15e31，16e32，17e33，
18^34, 19e25パ0≪*27. 21-M'26, 22≪>29, 23≪-28, 24≪'3O, (4) 35^65, 36≪-66, 37≪-67.
38-^68, 39-W69, 40**57, 41*^59, 42≪'58, 43<h-61, 44≪'6O, 45≪*63, 46*>62, 47-w64. 49≪-50.
Sl^'Sa, 54<^55, except the case of £＝バ:8, 11, 48, 52, 56.
　After double commutations ｚそ争y> x'^yへvector equation in (S)
Ca:'*,yり‘)゜しｒ＊ﾀｙ＊)Ａ　or,jfc'*=ぶ*. y'*=x*A十,y＊　become･ a:'* = x*十y*A, y'*=タ* or
(isc'*,y'*) = <:x*,y*}Au therefore A2 is reduced to Ａ１. Besides, in 6.13 (13), we have
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-
(1に･十乱j
　θj4°
(で/z＊言ふ
一
一
一
一
Uし匠り
/　　1°O＼INh＊‾1　’0し
‾1α/z＊
7)(丁ズ
?
・　where
ha* = aん＊iｓ symmetric. Therefore we can set in Ai, As,
(13) A={　恥)，(14)λ＝C1“3)，Å＊一二(“4　‾“2)，α1α4―asαJ=l.
respectively･ with natural results. (ぶ'*.y'*:) = (x*,y*:)JU　or x'*-=x*A*-', yり‘＝ｙ＊y1，
i.e., x'=aiぶ｀゛-a2X, x' = ―α2ぶ十αlｚ。ｙ´＝α1jy十α2夕1夕´゜臨ｙ十α4夕are treated in (i) as
separate　type with　transformed ｃｏｅ伍cients. Similarly the case of　Ａ１　０r(13), i.e.,
ヱ'゜jｒ十βljy十β2夕，ぎ゜・十β2ｙ十β3夕，ｙ°,y，ダ已
　　　　　　　　　　　　　　　　　　　　　　　TABLE　９．
　　　(ａｊ　Exponent.　　Ml = x'x'yりｉ.
＼ 　 ● ｊ －ｊ ゐ 万 ＼ ｊ －ｊ １ ｉ ＼ 　● ｊ －ｊ ゐ －ゐ
１
２
１
０
０
１
０
０
０
０
25
26
１
０
０
１
２
２
０
０
49
50
１
２
１
０
２
１
０
１
３
４
０
０
０
０
１
０
０
１
27
28
１
０
０
１
１
１
１
１
51
52
０
１
２
１
２
１
０
１
５
６
２
１ ０レ
０
０
０
０
29
30
１
０
０
１
　０
，０
２
２・
53
54
２
０
０
２
０
１ １
７
８
’０
　　１
２
０
０
１
０
０
31
32
０
０
０
０
３
２
　　０
｀　　１
55
56
１
０
１
２
０
０
２
２
9
10
０
１
１
０
１
０
０
１
33
34
０
０
０
０
１
０
2
3≒
57
58 に０
０
１
３
３
０
０
11
12
０
０
１
０
０
２
１
０
35
36
　４
Ｓ　３
０
１
０
０
０
０
59
60
１
０
０
１
２
２ １１
13
14
０
０
０
０
１
０
１
２
37
38
２１
２
３
０
０
０
０　’
61
62
１
０
０１ １１
２
２
15
16
３
２
０
１
０
０
０
０
39
40
’０
　３
４
０
０
１ ００
.63
64
１
０
０
１
０
０
３
３
17
18
１
０
２
３
０
０
０
０
41
42
２
３
１
０
１
０
０
１ 6566
０
０
０
０
４
３
０
１
1920
２
１
０
１
１
１
０
０
43
44
１
２‘
２
１
･1
0
０
１ 6768
0，
0
０
０
２
１
２
３
21
22
２
０
０
２
０
１
１
０
45
46
０
１
３
２
１
０
０
１ 69
０ ０ ０ ４
23
24
１
０
１
２
０
０
ゝ　１
　１ 4748
０
２
３
０
０
２
１
０
(ｂ)
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Multiplication terms. (1) :μIUJ = Z4－･
１ ２ ３ ４ ５ ・６ ７ ８
●
９ 10 11 12 13 14 /
５． ６ ８ 10 15 16 17 19 20 21 23 25 27 29 １
7、 ９ 11 16 17 18 20 22 23 ・24 26 28 30 ∩
12 13 19 20 22 25 26 27 28 31 32 33
３
14 21 23 24 27 28 29 30 32 33 34
４
35 36 37 40 41 42 44 48 50 53 ５
37 38 41 43 44 46 49 52 55 ・ ６
39 43 45 46 47 51 54 56 ７
48 49 50 52 57 59 61 ８
51 ・52 54 58 60 62 ９
53 55 59 61 63
1
10
56 60 62 64 11
65 66 67 12
67 68 13
69‘ 14 .
(1):z４zり= Mt.
二 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34
１ 35 36 37 38 40 41 42 43 44 46 48 49
50 52 53 55 57 59 61 63
２ 36 37 38 39 ‘41 43 44 45 46 47 49 51 52 54 55 56 58 60 62 64
３ 40 41 43 45 48 49 50 51 52 54 57 58 59
60 61 62 65 66 67 68
４ 42 44 46 47 50 52 53 54 55 56 59 60 61 62･ 63 64 66 67 68 69
(c) Differentiation.
　　　　(χ)
£＝ΣetUi,
　　　i=lli
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　(〉≪)
(Ｆ･，Ｇ，Ｆ．　Ｇ)＝(∂/∂ｚ,∂/∂ｖ，9/９ｘ＞9/∂夕
<-8
???????
??
? ?
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Ｚ ５ ６ ７ ８ ９ 10 11 12 13 14
力 3ei5 2ei8 ε17 2ei9 ･ ew 2e2i 召23 ど25 e2？ ε29
g< ε19 ε20 ｅ２２ 2ど25 2e28 e27 ε28 3esi 2e32 ど33
ｊ ε16 2ei7 3ei8 ε20 2e22 ε23 2e24 ε26 ど28 ど30
－gl ε21 ε23 ぞ!24 ｅ２７ ε28 2e29 2e30 ε32 2ej3 '2en
(3)
●
Ｚ
15 16 17 18 19 20 21 22 23 24
ヵ　ｊ 4e35 3e36 2e5i ε38 3e40 2en 3e42 ｅ４３ 2ε44 ε46
gt ε40 en ε43 ε45 2ど48 2e49 ε50 2e5i ε52 どS4
y; ei6 2en 3e38 知39 ε41 2e4.i ど44 3e45 恥46 3C47
－gt Ｃ４２ ε44 ε46 ε4？ ε50 ど52 2e53 ε54 less lem
Ｚ 25 26 27 28 29 30 31 32 33 34
石 2e48 召49 2e50 ε52 2e53
- -
ε59 ε61 ε63
gt 3es^ 3ε58 2e59 2e60 ε6t ど62 4e6S 3C66 lem ε68
み ε49 2e5i ε52 264 ε55 2em ε58 ε60 ε62 ど64
－gt ε59 ど60 21?61 2£62 2eei 3e64 ε60 2e67 3e63 ieea
Inner transformation foim.
?
?
?? ??????????ー?
(i) Separate type :
???ー?←
TABLE　１０.
゜－α2コ;十α1i　，
??????
´＝αlｙ十α2夕
´゜α3､y＋α4夕l
(3) eis~ai^eis ―a4^a2eiR十ai a4en ―az^eis,
　　　i16＝－3α42α3ei5十α4(α1α4 + 2a2α3)ei6"~α2(2α1α４十Cr2α3)ei7 + 3a2^α1ε18，
　　　en = 2α32α4ε15－α3(2α1α4･十α2as)eie十aiCaiα4＋α2αs)ei7 ―2ai'aieis,
　　　ei8=-α23ど15十α1α3り16－α12α3ei7十ai'ais.
　　　?19 =α42α1ε19‾α1α2OHe20十α3α42ε21＋α1α22ど22－α2αsaie23十α22α3^24)
　　　i20＝－α1α4(α2十αz)eu十α1(α1α4十α22)ε20－α3αi(.a2十as)e2i ― 2ai'a2e22
　　　　十α3(αlα4十α22)ご23－2α1αibczen,
　　　F21＝α42αzeia ―α22α4e20＋α43ε21十α23ε22－αZα42ε23＋α22α4^24)
　　　e22 = axa2a3ei9 ―ai^α2ε2o＋α2α3り21－α12α2ε22‾α1α2α3ε23十α12α3^24.
　　　J23＝－α2α4(a2十α3)ei9十α2(α1α4十α22)ぞ?2o－α42(α2十az)e2i ― 2α1αie%%
　　　　十α4(α1α4十α2^)e23~2aia2a4e24i
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　　　124°a2a3^ei9―aia'^e%o+α2α3aie2i~oii^a2e2i―aiaiαieii +aiaten.
　　　125°α12α4ど25－α12α2ε26十aia2α4ε2？‾α1α2α3ど28＋α32α4ε29－α2α32ε30，
　　　eis ana2et5十α13ε26－αlα■I'ezi十α12αμ28－α32α2ε29十aia3^e30t
　　　?27 = 2α1α2α4ε25－2α1αi'eis十αi(aiα4十α2Q'3)ど27－α2(aia4冲a2a3)e28 + 2α3α42ど29－2α2α3ate3o,
　　　i28＝－2α1α22ε25＋2α12α2ε26－α2(α1α4十α2α3)e27十ai(aiα4＋α2α3)ε28－2α2α3α4ε29＋2α1α3α4^30>
　　　129°α22α4ご25－α23ε26十a2a4 £27―α22α4ε28＋α43ど29－α2α42e30，
　　　ezo=―az^e25十α1α22ど26－α22α4ど2?＋α1α2α4e28~α2α42ε29＋α1α42ε30，
　　　e3i=ai'e3i十ai a3e32十α1α32ど33十αs'e34>
　　　esi ― 2α12α2631十α1(2α2α3＋α1α4)ど32十α3(2α1α4十α2α3)e33+3α32α4e34>
　　　^33 = 3α1α22ど31十azCaiα3＋2α1α4)どS2十α4(2a2a3十α1α4)ε33＋3α3α42ε34，
　　　eu =α■!.'e3i+ a'2aie32十α2α42ε33十α42ε34，
(4)ｅｓ５＝α44ε35－α43αzese十α22α42ε37－α23α4ど38＋α2''639.
　　　?36 = ― 4α43α3e35十α42(αia4 + 3α2a3)ese ― 2α2α4(α1α4十α2α3)じ37十α22(3α1α4十ａｉａs)ε38
　　　　‾4α2 aie39t
　　　eai＝6α32α4 <?35―3α3α4(α1α4十α2α8)ε36十(α12α42＋4α1α2α3α4十α22α3 )e37
　　　　－3αiα2(α1α4十α2α3)ご38＋6α12α2‰39，
　　　538=-4α33α4ε35十α32(3α1α4十α2α3)e36－2αja3(aiα4十α2α3)ど37
　　　　十α12(αia4 + 3α2α3)肖8－4α13α2ε39，ε39°α34に35－α1α32ε36＋α12α32ε37－α13α3ε38十α14ど39，
　　　＆o＝α43αleto ―aiα2ai''eii十α3α43ε42十α1α22α4ど43－α2a3a4^e4i―aiα23ε45
　　　　＋α22α3α4ε46－α2^a3e47.
　　　J41＝－3α1α3α42ど40十α1α4(α1α4＋2α2α3)ε41－3α32α42ε42－α1α2(2α1α4十α2α3)ε43
　　　　十αSOttCα1α4＋2α2α3)ど44＋3α12α22ε45－α2α3(2α1α4＋α2α3)ど46＋3α1α22α3e47，
　　　J42°α2α43ε40－α22α42ど41十α44に42十十α23αiei3 ―α2α43e44－α24ど45十α22α4りie ― d2^aie*7.
　　　e43 ― 3aia3^a4e40 "-aiα3(2α1α4十α2a3)e4i + 3α33α4ぞ?42十α12(α1α4十.2α2as)e4i
　　　　－α32(2α1α4十α2α3)e44 ―3a'i'a2e45十α1α3(α1α4＋2α2α3)ε46－3α12α2α3e47i
　　　144＝－3α2αμ42ε40十α2α4(α1α4 + 2a2α3)e4i ―3α3α43ε42－α22(2α1α4＋α2α3)g43
　　　　十ai'iaiα４＋2α2α3)e44 + 3α1α23ε45－α2α4(2α1α4＋α2α3)ど46＋3α1α■^a*eii,
　　　＆5＝－α1α33ど40＋α12α32ε41－α34に42－α13α3ど43十α1α33ε44十ai*eis ― ai'α32ど46＋α13α3ε47
　　　?4a ―3a2α32α4ε40－α2α3(2α1α4十α2αs)eil+'ia3'a^''e^^十α1α2(aiα4＋2α2α3)g43
　　　　－αiCaiα3α4十α2α32十α1α2α3)ど44－3α12α22ε45＋α1α4(aiα4＋2α2αs)e46 ―3α12α2α4^47.
　　　i47°－α2α33ど40十α1α2α32ど41－α33α4e42－α12α2α3e43十α1α2α3α4ε44
　　　　十α13α2ε45－α12α30Cieie十ai^ateti,　　－
　　　e48 =α12α42ε48－α12α2Qr4e49十α1α2α42ε50＋α12α22ε51‾α1α2α3aies2十α32α42ε53
　　　　十α1α2^a3e54~a2α32α4ε55＋α22α32ε56，
　　　i49＝－2α12α3α4ε48十α12(αlα4 + a2a3)e49~α1α3α4(α2＋α3)ε50－2α13α2に51
　　　　十αia3(αlα4十α2ar3)<?5^ ―2α33α4に53－2α12α2α3ε54十α2α3(α1α4十α2a3)e5s ― 2aiα2α32&56，
　　　e5o ―2α1α2α42に48－2α1α22α4e49十α42(α1α4十α2α3)ε50＋2α1α23ぞ?51－α2α4(α1α4十a2as)es2
　　　　＋2α3α43ど53＋α22(α1α4 + a2a3)e54~"2α2α3α42ど55＋2α22α3α4ε56，
　　　i51＝α12α32ど48－α13α3ε49十α1α33ε50＋α14ES1－α12α32ど52＋α3''e53十α13αsea ― aiα3'e55十α12αi'ei%,
　　　e52 = ― 4α1α2α3α4ど48＋2α1α2(α1α4十α2a3)eii ―α4(α2十α3)(α1α4十α2α3)ε50
　　　　－4α12α22ε51＋(α1α4十α2α3)2ど52－4α32α42ε53－2α1α2(α1α4十α2α3)ε54
　　　　－αi(.a2十α3)(α1α4十O2as)c55 ―iaiaiazα4^561
　　　i58°α22α42ε48－α23α4e49十α2α43e50十α2''e5i~α22α42ε52干at*es3十α23α4ε54－α2α4'e55十α22α42ε56，
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　　e54 = 2α1α2α32ε48－2α12α2α3ど49＋α2αsCaiα4＋α2α3)ε50＋2αi'a2e5i ―αlaβ(aia4 +α!a3)≪2
　　　＋2α33α4ε53＋α12(ａｉａt＋α2α3)e54－α1α3α4(αi＋α3)ε55＋2α12αjαiese.
　　i55°－2α2^a3a4e48十α22(α1α4十α2αs)ei>i ―2α2α3α42ε5o－2αlα2sE51－α2α4(α1α4十α2αz)ei2
　　　－2α3α43ε53－2α1α22α4e54－α42(α1α4十α2α3)^55 ―2aiα2α42&56，
　　　　^56 =αz'az'ei% ―aia-i'a%e･9十α2α4950十α12α22ε51－α1α2α!iα4ES2＋α32α42ε53
　　　　　十αi^a2a4e54 ―α1α2α42ε55＋α12α42ご56，
　　　　esi = ai^a4esT ―ai^aiea十ax'asoctesa―ai^aiaaeRo + aiα2α3りe6i ―叫aiai'eiz
　　　　　十α33α4ε63－α2a3'e64.
　　　　eis= ―α13α3gS?･十ai*eii~α12α32ε59十α13α3ど60‾αlaa'eei + a＼azei% ―α34ε63＋α1α33ε64″
　　　　＆9＝3α12α^a^e5^ ― 3ai^a2^e5a十aiatCaiα4 + 2a2a3)e59~aiα2(α!α4＋2α2α3)e60
　　　　　十α4(.aiaza4十α2α32－α＼a2a3)eii ―a2α3(2aiar4十α皿3)ε62＋3α32α42ε63－3α2α32α4f64，
　　　　i60°－3α12α2α3ε57＋3α13α2e58－α1α3(α1α4＋2α2d3)^59十ai^Caiat + 2a2α3)ど60
　　　　　－α32(2αiai + a2a3)esi十α1αs(2aia4 + a2α3)C62 ―3a3'α4ε63＋3α1α32α4ε64，
　　　　i61＝3α1α22α4ど57－3αlα23ど58＋α2α4(2α1α4十α2α3)ε59－α22(2α皿4十α2α3)ｅ６０
　　　　　十α42(α1α4＋2α2α3)ε61－α2aiCαia4 + 2α2a3) eG2 + 3a3a4^e63"" 2a2a3ai^en,
　　　　662 = ― 2aia2^a3es7 + 3α12α22ε58－α2α3(2α1α4十α2α3)ｅ５９十aia2(2aia4十α2α3)eeo
　　　　　~"a3a4(aia4 + 2α2α3)ε61＋αlatCaiα4 + 2a2α3)ｅs２－3α♂α42EG3＋3α1α3α4^e64.
　　　＆3＝α23α4ε57－α24α58十α22α42α59－α23α4ど60十μ2α43e61－α22α42ε62十α44e63－α2α43ε64，
　　　ee4― ―a2^asesi十α1α23e58－α2'a3Onesa +α1α2'ate60-'a2azα42ε61十α1α2α42ε62
　　　　　－α3α43ε63＋α4'aiee4.　　　　　‘.　　　　　　　　　｀
　　　iG5＝α14ε65＋α13α3ε66＋α12α32ど67十α1α32に68十a3''<?69.
　　　?G6 = 4≪l'a2e65十α12(αia4 + 3a2a3)e66 + 2αia3(aia4 +ａｉａs)ｅｓｉ十α32(3αlα4十α2α3)eaa
　　　　　+ 4a3'α4eG9>
　　　＆7＝6α12α22ど65＋3α1α2(α1α4十α2as}eM十(α12α42＋4α1ぐ¥2α3α4＋α22α32)ε67
　　　　　＋3α3α4(aiα4＋α2α3)肖8＋6α32α42ε69，
　　　ees = iα23α1ε65十α22(3α1α４十a2a3)ees + 2α2α4(α1α4十α2α3)肖7十α42(α1α4＋3αgα3)ε68
　　　　　＋4α43α3^09, eei=a2*ess +α23α4e66十ai^ai'eRn十α43α2ど68十α4''669.
(ii) Triangular type :　for ﾄﾞﾀﾞ＝jｒ十β1ｙ十β弓　　り’＝ｙ
　　　　　　　　　　　　　　　　　　　し'゜ヱ十β2ｙ十β3夕　'
{
ダ゜夕　゛
(3) 5i5 ―si5> ei6 ―ei6> en ―en, eia ―en,
　　　en ―2βiei5十β2ε16十en> ^20―2βiei6 + 2β2ε17十e20. ?21°3βば15十β3^16十621,
　　　122°βiei7 + 3β2ei8十en, e23 ―2β2ei6 + 2βzen十ezs>み4＝庫り7＋3β3ε18十eZ'ti
　　　e25 = 3β^en + 2β1β2ei6十β2V17+2βiei9十β2ε20十e25.
　　　J26°β12ど16＋2β1β2e17＋3β22ε18十β1に20＋2β2^22十肖6，
　　　e27 ―6β1β2ei5 + 2(β1β3十β22)む16＋2β2β3ei7 + 2β2ei9十β3620+2βie2i +β2ε23十C27>
　　　i28°2β1β2ε16＋2(β1β3十β22)e17＋6β2β3618十β2e2o + 2β3ε22十βie23 + 2β2e24十り8，
　　　＆9°3β2='ei5 + 2β2β3ど16＋β32り7十･2β2e2i十β3ε23十e29.
　　　930°β22ど16＋2β2βsen+ 2β32ど18十β2e23＋2β3ど24十e30i
　　　J31°βi'ei5十β1　Ｓｉｅｉ６十β1β22ε17十β23ε18十β1りf9十βlβ2り0十β2‰2十β1ε25十β2e26十£31,
　　　132° 3β12β2<?15十β1(β1β3＋2β22)e16十β2(2β1β3十β22)・17 + 3β22β3ε18＋2β1β2ε19
　　　　　十(β1β3十β22)ε20十β1‰1＋2β2β3ε22十β1β2623十β22ε24十β2<?25 +β3(?26十βｌｅｉｉ十β2ε28十a2，
　　　eaｓ＝3β1β22ε15十β2(2β1β3＋β22)り6十β3(β1βi＋2β22)ε17十jβ2β32り8十β22ε19十β2β3^20
10!
　　　　　＋2β1β2^21十βI en十(β1β3十β22)ε23＋2β2β3・2，十β2^27十βSE28十β1ε29十β2e30十e33>
　　　iS4°β2'ei6十β22β3ei6十β2βz'en十β3'ei8十β22ε21十β2β3ε23十βi'en十β2ε29十β3e30十ε349
(4)i35＝り5，936＝ε36，J37＝ε37，J38＝ε38，iF39＝ε39ト
　　　e40 = 4β1ε35十β2ε36十ど40. 641°3β1^36 + 2βzen十e41. §42 = 4β2e35十β3gS6十en,
　　　５４３＝2βie37＋3β2ε38十e43> e44 ―3β2^36 + 2β3ε37十e44i ?45 ―βie38 + 4β2ε39十ets,
　　　ｅ＊６-262631＋3β3e38十e46.ｄt― B^ｅｓs＋4β3ど39十en,
　　　J48＝6β12ε35＋3β1β2e36十β22ε37＋3βie40十β2^41十e48.
　　　e49 ―3β12ど36＋4β1β2ど37 + 3β22ど38＋2β1^41 + 2β2^43十£49)
　　　J50＝12β1β2ε35＋3(β1β3十β22)ε36＋2β2β3e37 + 3β2e40十β3641 + 3β1943十β2ε44十eso.
　　　?51 =β12ε37＋3β1β2ε38＋6β22ε39十β1e43＋3β2e43十en,
　　　e52 = 6β1β2ε3G＋4(β1β3十β22)ε37＋6β2β3ε38＋2β2ε41＋2β3^43+2βie44 + 2β2・46十eszi
　　　iS3＝6β22ε35十･3β2β3ε36十β32ε37＋3β2e42十β3^44十£53.
　　　J54＝2β1β2e37 + 3(β1β3ナβ22)り8+12β2β3ε39十β2ε43＋3β3^53十β1ε46＋3β2e*i十esi,
　　　e5s = 3β22ε36＋4β2β3ど37＋3βS2ε38＋2β2ε44＋2β3e4G十eis,
　　　esi ―β22937＋3β2β3ε38＋6β3‰39十β2e46+3β3<?47十肖6，
　　　657 = 4β13ε35＋3β12β2e36 + 2β1β■I'ei-i十β23ε38十β23ε39＋3βi''e40+2β1βien
　　　　　十β2‰43＋2β1ε48十β2e49十esT,
　　　e58 ―β1り36 + 2β12β2ε37＋3β1β22ε38＋3β23ε39十β12ε41＋2β1β2ど43＋3β22ε45β1C49 + 2β2ε51十ess,
　　・i59＝12β12β2e36+3β1(β1β3＋2β2-)e36+2β1β2(2β1β3十β22)ｅs７＋3β22β3ε38
　　　　　＋6β1β2ε40＋2(β1β3十β22)ε41＋3β12ε42＋2β2β3ε43＋2β1β2^44
　　　　　十β22ε46＋2β2e4s十β3ε49＋2βie5o十β2652十。59，
　　　e6o―3β12β2ε36＋2β1(β1β3＋2‘β22)。＋3β2(2β1β3十β22)ε38＋12β22β3ε39＋2β1β2ε41
　　　　　＋2(β1β3十β22)ε431十β12ε44＋6β2β3^45+2β1β2e46＋3β■i'ei-1十β2^49+2β3^51
　　　　　十β1ε52＋2β2e54十eeo,
　　　661=12β1β2‰5＋3β2(2β1β3十β22)ε36＋2β3(β1β3＋2β22)ε37＋3β2β32ε38＋3β22940
　　　　　＋2β2β3e4i + 6β1β2ε42十β32ε43＋2(β1β3十β22)ε44＋2β2β3e46 + 2β2e50
　　　　　十β3^52 + 2β1ε53十β2ε55十e6i.
　　　e6J = 3β1β2‰36＋2β2(2β1β3十β22)ε37＋3β3(β1β3＋2β22)ε38＋12β2βs2ε39十β■t'ei＼
　　　　　＋2β2β3^43+2β1β2ε44＋3β3‰44＋2(β1β3十β22)g46＋6β2β3f47十βzesz + 2β3^54
　　　　｡十β1ε55＋2β2e56十^62.
　　　e63 = 4β22に3S＋2β22ε36＋2β2β3 e^^十β33に38＋3β22ε42＋2β2β3e44十β32ε46＋2β2653十β3ε55十eesi
　　　ee4 =β23ど36＋2β22β3ど37＋3β2β32ε38＋4β33ε39十β2'e44 + 2β2β3ど46＋3βieAt
　　　　　十β2ε55＋2β3ε56十。64，
　　　165°β14ε35＋β12β22ES7十β1β23ε38十β24ど39＋βi'e40十β12β2941十β1β22ε43
　　　　　十β23ど45十β12ど48十β1β2ε49十β22と51十β1ε57＋β2ε58十ど65，
　　　eee ―iβ13β2ε35十β12(β1β3＋3β22)e36＋2β1β2(β1β3十β22)ε37十β22(3β1β3十β22)ε38
　　　　　＋4βZ3β3e99＋3β12β2ε40十β1(β1β3＋2β22)ε41十β,'e42 + 2β2(2β1β3十β22)e43
　　　　　十β12β2ε44＋3β22β3ε45十β1β22ε46十β23ε47＋2β1β2e48十(β1βS十β22)ε49半β1‰0
　　　　　＋2β2β3り1十β1β2ε52十β22ε5隻十β2(?57十β3958十β1ε59十β2e6o十666.
　　　e87 = 6β12β2‰5＋3β1β2゛(β1β3十β22)e36十(β12β32＋4β1β22β3十β24)ｅ%ｔ＋3β2β3(β1β3十β22)ε38
　　　　　＋6β22βみ39＋3β1β22ε40十β2(2β1β3十β22)&41＋3β12β2ε42十β3(βlβ3 + 2β22)ε43
　　　　　十β1(β1β3＋2β22)・44 + 3β2β32ε45十β2(2β1β3十β22)ε46＋3β22β3947十β22ε48十β2β3^49
　　　　　＋2β1β2ε50十β3‰1十(β1β3十β22)ε52十β1‰3＋2β2β3e54十β1β24･S5十β２‰6
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　　　　　　　　　　　　　　　-
　　＋β2ε59＋β3ε6o＋β1ε61＋β2ε62＋ｅｓＴ.
　168°4β1β2'e35十β22(3β1β3十β2'')e38+2β2β3(β1βi十β22)ε37＋β32(β1β3＋3β21)・38
　　＋4β2β33ε39十β23ど4o十β22β3^41+3β1β･leii.十β2β32に43十β2(2β1β3十β22)ε44半β33e45
　　十β3(β1β3＋2β22)ど46＋3β2β3り47十β22ε5o十β2β泌52＋2β1β2^53十β♂ε54
　　十(β1β3十β22)ε55＋2β2β3ε56十β2ε61十β3962十β1ε63十β2e64十ees,
　＆9＝β2*ess十β23β3ε36十β22β32ご37十β2β33ε38十β3''e39十β^'e^■l十β3^44
　　十β2β32ε46＋β33ご47＋β22に53＋β2β3≪'55十β32ど56＋β2ε63＋β3に64＋ε691
　７･ ２. Ｄｅｆｉｎｉtｉｏｎｏｆtｈｅｐｅｒ£ｕｒbatｉｏｎeikonal Ｅ，
　By
χo，δin the rigorous meaning,
reduced coordinates Ｊ，ｙ are defined as
(1)νΓ已y＝χo十ｒ-'feJ5． 　Ｔ*x=S十。*y, where CXo, o) is a dia-point at the vertex, by
which we have　(2) S = T*x-a*y, Xo-'JC-k*ぶ十h*y),・by　rXo=り-kJiz*x-a*y)
＝－k‘Ｊで＊ヱ十Ｇ･十ｋｊａ*)y= Tj{-k*x十h*y), using　6. 13. (2), (3).　At the next vertex,
(3)δ’＝ぞ＊ｙ－&＊ｙ，λo＝j(－i＊ｙ十八*y') are r!aturally defined, with remark of (x.v)
being pure medium quantity shown by (2), (3). Considering angie eikonal W=W(o,c')
we have ｊ万＝－Jχo＊ｊＥ≡－(io＊ぬ'－χo＊ゐ)＝－j(り＊ｒ＊‾1－δ＊ji＊ｒ＊‾1)ν-lj∂
＝ふ-1∂＊jl＊ｒ-1ぶーめ＊ｒ＊-1ぶ, where〔ｊん＊ｒ＊-l〕＝O shown by ｒ〔Jk*T*''〕ｒ＊＝〔Ｔ.Ife＊〕＝Oin
6. 13 (4) and∠1？＝丿一Sp･for V･5 are pure medium quantities. Now,
d{w-a/i)ふ-'5*Jk*t*-'S] = -∠1y*T*-'d(T*x一之,＊jy)=1j,y＊ｒ＊-lc,＊ｄｙ-/ly*dx.　where
〔ｒ＊-1,７＊〕＝Oshown by ｒ＊〔ｒ＊-り＊〕r=U*T〕＝Oin 6. 13 (4). Defining E such that
(4) Eキｙ＊∠1エ＝７－(1/2)(乙-!δ＊ｒ一晩μ十jｙ＊ａ.-1タ), being system･additive, we have
(5)ｄＥ＝－ｊ(ｙ＊心)－ｊ(jy＊お)＝(お)＊心'－(お)＊心，ａs in 5.1. For the dia-point (Xo'.
o) at the initial vertex of (ｙ)･ray, we have (6) Xo'=6に'Xa-c'p'･
ｙ°(l-5'*5')"4
5'. By 6. 12 (4) (ii)≒　e'-'Xo-c'8'=e'-^j{-k*x'十八＊ｙ)
一c'(r*x'一a*3'') = J'(一ん＊ｙ十h*y')　with remark of　6>'-' = 0'* and　(h，ｏ.)ｅ(fe.Ｔ).
Therefore (7) Xo'=J'<i-k*x'十八＊ｙ)十ご(が一丿)･
　７,　３.Ｌｏｃａｌ夕ｒｏｂｌｅｍｏｆＥ ｕJi£ｈｉｎｎｅｒt･ｒａｎｓかｒｍａ£･tｏｎ.
　Putting (1) F=∂。｡£，Ｇ＝∂ｖＥ，we have (2) dE={dy)*dx'-(.dxydy =Ｆ＊ｄｏｃ’十Ｇ＊心，
and use (3) x' =x, £■=
??
づ jj＝
に）
Oむ
　　　　　●　　　　　　　　　　’Ｊ//　1J／　　　　｀Ｊ/　　　　　｀’‾∠＼x/　^o/　　　　　　χ.
For　0ai = e, Si = S,　we have inner transfoi･mation of the second type in 6. 13 (13) as
(4) S*='S*e or　S = e*3, where
アブ:
?
??????
=θθ‘｀１．Ｆｒｏｍ･
(6)ｊ£＝(£)＊jj＝(£)＊(杓＝Ｊ＊θ-1jj＝ｊ息=ｊ？(戸)，
t｀ｒｏｍθo4-1α〉o＝(1〉4in 6.13 (21)
N'^h,＊， Ｎ
-a*,　　‾
つ tＪ.
ｏｊ，
???
????
???
???
jS
???
＝(声)。ｒ AS = e(F)｡
　]
which gives new relations　　　　　　　　　　　　　　　　　　･･
(8)(α＊ｒ－βり)ｊ＝ω＝Ｊ(ｒ＊α－♂ｊ)＝(α＊どーβ*a')J'=J'it'*α一ｙ＊β), shown by　ω＊＝ω，
ｊω= 0> witli (9) a*β－β＊α＝O or 〔α＊β〕=0. From h*T-kり＝ｒ＊み-a*k = vj-'- in 6.13 (2),
(10) k*α-h*β＝α＊jをーβ*h= N.　Now;
(20)
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．ｒ°T'*:iダーa'*y' ° r'*x'-a'*(v十dy}＼ =が* -<J,*＼S十-a'*, 0‘)j!1(d'＼ = (T'*X
-a*y　)(ｒ＊(ｙ－ｊヱ)－,y＊jy　)(？，－(y＊)　(　0　，ｒ＊
　　＝ｒ'＊，－cy'＊(Ｎ一俵，－αｊ十一a'*, 0　－β, -N-'k＼(タ)　(
７＊，－(y＊
)
Ｎ‾1恥－β
)　(　ｏ　，ｒ＊)(ｊ，　Ｎ-^Ｋ)
　　゜師リツ≒ 一Ｊ”ニ｀必§十♂＊β. N-WHVPX　(
'μＪ‾1　，一Ｊ‾‰
)　＼
T*a , N-'T*h )
given by　S = e*-'8 (4), (5). (7), (8). Similarly,
　　ｊに'Xo'-c'JにKs'一タ´゜-k*x'十ん*y'＼=一連*. h*＼S十八＊，　0･ jj(　　　　　
Ｊ‾Iｘo　　　　　
)(
一ゐ＊ｚ十九*y ) ＼-k*. h*)　(h*.
0＼
＝づ＊，ん＊　N-^h, -αg十が‘，　0　－β，－ｙ‾11(瓦)　にk*, h*＼(Ｎ'^fe，－β)　(O，－1＊)(　ａｔ　Ｎ-｀ｈ)
＝0，Ｎ纏＋仁心＊β，－Ｎ-1ん*kVF).
　Vo, n)　　－1＊α，一Ｎ-1ん＊ん)
　These are equations of the fourth order vectors and great matrices, ｗhi･ｄ give in the
second　order　vectors : (11) s=J-Kμx' ―wy)十九　A=r*(αＦ十ｙ-伍Ｇ)１　０ 　　―Ｊ(μ″工゛
－(り)十A', A' = a'*{βＦ十Ｎ‾1kG)，(t2,)Ｊ-1X,＝Njy－Ｂ， Ｂ＝fe＊(αＦ十jV-ＩＡＧ)＝θ＊九
丿-HXo'-c'CS'一p'))=Ny-Ｂ’．Ｂ’＝八＊(βF^N-'kG') = (p'*A', where d=T~'fe．　<ｐ″＝ａ’-＾ｈ.
　N. B. Her:ｅ，　９，０，９’　ａｒｅused in different meaning from torsional matrix and angles,゛
which do not apper. Now, we have　(13) S = Ri(ii)S, Xo = Ri(OXo, s = nd=v'^S　as
the third order vectors in 6. 1, which give components　C14) S =∂. s=i ＣＯＳｉ十丿功パ,｀
J＝一a ｓin i十μｏバ･ｘo° ｘo･ Zo° ]^0COS I, Xo=-！o石n i, because ^o°0> and
で15) p・＝ａﾉ!．　5=６/５･
　These are related to two coordinates systems (x), (x) in 6,,3, 6.4, 6. 5, where z･axis is
normal and z-axis is principal (w)･ray, and (14) had been also given in 6.5 (7). And
'(16)－(４)‾1∠li°∂sz　is refraction ｌａｗ･ where
(17) 2=(l/2)(ρ112十却２ｉＺ十ρ312)十(1/4)(α113＋3α2ｙＪ＋3α3112＋α4S')
　　　十(1/8)(αsi4＋4α613J＋6α7xV + 4α8j13十α914)十…　is　refraction surface ｉ･iven in
も2 N. Ｂ. (iii) with expansion coefficients given.　Now we use local norma･lizations.
　(i)Ｎ＝･１ normalization.
　In　dE = idy')*dx'-<iax)*dy＼　x'-^x'.ﾀ＝Ｎｖ　ａｔｅ operatedi and　ｄＥとＮｄＥwith
'く[ｈ，ａ]゜i/iv'C瓦ぷ)etc. and 17＝μ. Returning is done by　(18)り這＝Ｎ゛゛"-'ejhi.
ａｉＭ= Ｎ-(“i)４ＪＭ(∵A=A). (ii) For half coordinates x=2x,　jy＝lｙ;　ｄＥ= idE, wi‘th
2･(Ｘ，ｐ，８)＝Cｘ，f＞，Ｓ).
　After operating (i), (ii), we use jiew notations (ヱ＊)＝(ｚ,ｉ,i)ｏr (x, X, z)･system and
(xi) instead of (ｉ).Ｂｙｙ＝1，(19)ω＝λp., A = r*(αＦ十hG). A'=<r'*(βＦ十IG),I
B＝反命(αＦ＋んＧ)＝θ＊ん　召'=h*{βF+kG) =丿＊Ａ≒　e=z-'^k,丿=<j' 'A. Now we have the
fundamental formulae
じ広言ズこ竺琵之こ，
Proof.・Since　A = T*(a,/i)(i?). A'=<t'*(β飛)(j?), B = k*(d,ん)(j?), Ｂ'＝h＊り,k)(FX we
have　　　£?＝ωゐ＊(ａ．ｈ)－ｍ’Ｊ’ａ’＊(β飛)十四み*(a,ん) = mリ' {r'*Cα,/!)－ｙ＊{β,肋}-=(μω,Ｍ)。
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　－£”＝ωん＊(い)-ｱがJ'a'*(iβ,ゐ)十ｍみ＊(ａ乱)＝ ｍｊ{-<T*(β誄)十r*.(≪,≪}=(μ″ω・Ｍ)，　using
Aω＝∠iｔｎｏＪ＝ｍ'ｏ’Ｊ'－ＴＯＯＪ, feco＝∠lmでＪ　=　ｍ’で″ｙ－ｔｔiｔＪ　(∵　iV = l). r刀＝μ″ｌ　ｍ″＝μ，
ｍμ＝ｍ’ｕ’＝Ａｆ etc.　Ｆｒｏｍ(20)ｗｅ have　･(21) dB=-F (∵　jμ＝－1).Ｎｏｗ we can
define and calculate following quantities :　(22)ＣＯＳ ｔ＝j．ｓin iべ，ml°ｍ ｓin i°φ　with
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ｊｍｌ°∠1φ=0. sin i =φＭこμ･(23)ｇ＝呻－ωlｙ－ωふ　ｉｇμｊ－ω２ｙ－ωふ　∂゜ｇ十ん
s=j-'g+A. s=s'十ｙ＝(ｇ-ﾄAycng+Ay, 2S=VT二45 =1-2T,　７＝Ｓ十S2-ﾄ2Sり…，
＆＝∂，　　了l＝り+ tl=(.＼/2-T)l+g+ jA=l/l + C,　yl＝－JZ＋む==(1/2－Ｔ)j－(j‾lj?＋λ)z
勺ﾉ2十Ｄ，(2yl)-1＝j-1(1＋2j‾1Z:))-1＝j‾2＋2ｙ，ｙ＝－j‘゜2Z)＋2j‾3ぴー…，
pi = 5･(2J1)'-1＝a(j‾1＋2ｙ)＝(ｇ＋λ)(戸＋2ｙ)＝Ｆ，　β1＝よ1(臨)-1＝(Z/2＋Ｃ)(Ｐ＋2ｙ)
べ2j)-IZ十戸, Cl-45)-i =1 + 2び，び＝５＋3ｙ＋10S3十…，夕= 5(1 + 2び)，∂一戸＝－2ひδ，
8-p=-2びJ.　(24)Z1＝妬J12＋2ρ2X1^:1十ρ3μ)十(α1Zt3＋3α2Xi^xi + 2a3XiXi^十α4が)
十(α5ヱt4＋4α6ヱ13JI＋6α7ｙj12＋4α8J1球十aaxi*)十…, Xl=lplZv十bi (in vector),
(25) Xi = Xo, X, = Xoj． Ｘ,= ―Xd, 2(x＼―X＼) = lか(2Z1－2元J)，&1＝XO十ひiXd,
b＼― Xoj + 2piXol― Xoり＋(り-' + 2戸)Z}，瓦＝χOｙl(j2＋戸+ 2jlP) = Xoj'Ki + 2jlP)
∵　j2十Z2°ａ輿十功占゜1. (26) Xo = y一召。χo戸＝ター瓦　XO'＝jy一B'-2c″Ｕ″a≒
兄り'-1 ―ターB'-lc'ダー1ぴo', because　･■J'-'{Xo'-c'(が一ｙ)}＝,y－が　(in vector).
Therefore (27) by = y-B + lPiy-B) jl = y+K, bi = (ターｊ)(1＋2μj5)＝夕十瓦
が=y-B'-Ic’ i’-^Ｕ″『十IP’I’j’(ターB'-2c' j’-^Ｕ″ｙ)ふｙ十尺'，
&1'＝(ターB'-2c″ j’-^Ｕ’Ｓ’)(1＋2j5Tダ)＝夕十K', (28) Doub!ｅ forms
ヱ＝か11ｚ万1十ｙ十K=y十χ＝ｚl1’－ひljｚ1十ｙ十で:‾:ｙ十XIり　　ヱ1≡訊ｚ1十夕|十瓦一ﾀ|十ｉ゜が
≡2β1‰1十夕十尺'≡夕十Ｘ’　with　j(jｒl,ヱl,ｚ1)＝ｊ(Ｘ,χ)＝0.
(29) 9,==∂ｚl/∂:r,= 2(ρぼ1十ρ2凪)＋3(α1心2＋2α2X1X.1十α3j12)
　　　　　　　　　　＋4(α5X,'+3αRX'^X＼ + 'ianx＼X＼'十α8気3)十…，
　　　il＝9ｚi/3ｘi＝2(ρ2ｚ1十pzxd + 3(a2Xi^ + laiXiX＼.十atxiり｡
　　　　　　　　　　＋4(α6J13＋3α7ｙf1＋3α8ぷ函2十α9ヱ13)十…　with 91°2(ρ＼Xl十ρ2ヱ1)十Ｑ，
a. = 2(ρ2ｚ1十ρ函)十こy，ｊＱ＝jO＝O，(∵　み|＝ぷ?i=0)｡　(30) Refraction law in vector｡
－jE1/∠jrl＝一Amhil∠I7n8i＝∂xiZi ―qu or　JmSi+qi∠加島＝O　gives
―wy十j″iJA-ZdT十(2μ1十Q)(/i/2十dmD)べ)'J°fQ＼ proved by components ‘
∠lmSi＝Ａｍ(ｇ十A) =∠im(μＪ－Oilｙ－ω2夕十y1)＝－(ωt,y十ω2ﾇ)十∠１ｍＡ,
JmSt = J?:in-Ti+μ・－(ｕｚｙ－ω3夕＋λj)＝－φ４Ｔ－(ω2ｙ＋ω3癩十加lAj (∵　ｊ?＝み＝O)，
dmSi =ｉｍ(;72十£))＝λ/2十∠iml:)(∵　∠3m j＝∠ＩｍＣＯＳ　t＝ﾇ)｡(31) Since尺's contain 一Ｂ’ｓ,
χ'ｓ contain also ~B's, shown from (27). (28). Then forms χ＝―召十~x, x=一石十｀兄
Ｘ’＝一召’十'X',X' =一刀'十ヽタ' hold. Using xi = y一召十ヽX of (28) in vector,
equation of (30) gives
O°－(り＋ＡｍＪＡ－徊Ｔ十{2ρ(jy一召十｀χ)十Ｑ}'(2/2十∠ｉｍＤ)＝ＡｍＪＡ－ω召十ω｀Ｘ－徊Ｔ
＋(2/2)Ｑ十{2ρ(ｙ十Ｘ)十Q} /l?nD, which leads to the fundamental equations
(32)μωＦ十訂Ｇ＝ω｀Ｘ十(λ/2)Q十{2ρ(タ十Ｘ)十Ｑ}ｊ。iD-SjT,　　　ど
‰Ｆ十ＭＧ　=　＜。'Ｘ’十〇/2)Ｑ＋{2ρ(ｙ十ｘ)十Q]dm£)－徊Ｔ，
using (20) and Xi-x＼' -y ―が十X -y十χ≒　Then
(33)Ｆ＝－j｀Ｘ，　　　Ｉ
ＭＧ°ωj?Ｘ十(λ/2)Q十{2ρ(jy十Ｘ)十Ｑ}J。z£)－徊Ｔ。hose ｃ･ｏｍｐ･onentsare given
in the schema
F＝－jヽχ，戸＝－jヽ兄
ＭＧ＝ＰxＨ十ρ2召＋(2/2十∠ｉｍＥ))Q.
All the above formulae are iteratively ･used、 and 、the coefficients of :E are given by
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￥ ･ －
04）。nth identities. Thickness　どis not contained in　£く3). TABLE‘li‘shows the
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　＿　　＿
results. Coe伍cients of £(3) are independently given, by which F, Ｆ．Ｇ．･G of the second
order are decided and A,Å，Ａ≒Å≒Ｂ，Ｂ（Ｂ≒Ｂ″ ａｒｅ useless) are matrically ’calculated
with ｃｏｅ伍cients as ａｎｄろ’ｓbeing used for £(4) in the table. Returning re-writing for
Ｎ＝１ normalization is omitted. For example　。52 ―652十Ｃ　ｄ!ＶＬ-＞・ｄ’５ｉ＝4μ’j’-＾λ゛（ρ22十ρ1ρ3）
by 1^52 and i52
has four identitiesi in which the most simple form e.g. (←F) or (←Ｇ）
is convenient to use in practice.
　　　　　　　　　　　　　　　　　　　　TABLE　１１.
　　　Ｊ°ＣＯＳｔ．　Ｊ°ＣＯＳｔ.
(3)　ei5 ―ei6 ―ei7 ―eis―≪i9 ―^20 ―0. en ―一φＭ‾1jμ2，
　　　ε25°0, e26 =一φＭ‾1ρljμ/"', e27=―2がｒl即1，
　　　e29=―2φＭ‾1λρ2，ε3o＝φＭ‾1ρ3jμ(2り‾2－j‾1)，
　　　e32 =λＭ‾1{φ即2(2ρ2j‾1－恥λj‾2十ρ1j‾1)＋3α2/2}，
g22°e23°0, eu=-φＭ-ＭｕＭ‾２
ｅｉｓ＝2φＭ-｀ｐｔｊμ(λ戸－j‾1)，
Ｅs1＝λM-Kφρ1ρ2む‾1＋α2/2)，
　　ノs3°jM‾1{φρ2ρ3j(3j‾1－2り-') + 3a2/2}, e34 = >iM-Mφρ12j(j‾1－り‾2)十α,/2}，
(4) with　必，
　必:　d3S ―μV2, <i36= 0，　ｄ３Ｔ=ａ’j‾2，j38＝0，j39＝μ｀戸II， 　ｄｗ==－2μ2λρ1･
　　dn= ―Vi‾2λρ2･j42°－2μ2.λρ2. dia°－節゛戸λＰ＼； 　ｄｉ＊°－Vj‾2λρ3･｀ヽ
　　j45＝－４ｊｊ‾４λＯｉｌ ｄ４８＝－2μ2j‾2λρ2，j47＝－2μ2ｙ4λρ3，j48＝μλ2(3ρ12十戸2ρ22)9
　　j49＝4μj‾2λ2ρ1ρ2，必o＝2μλ2ρ1(3ρ1十j‾2ρ3)，必1＝μj‾2λ2(μ＋3j-2ρ22)，
　　j52＝4μj‾り2(ρ22＋ρ1ρ3)＞ ｄ５３-μλ?(3ρ22十j‾2ρ32)。臨4＝2μf2λ2ρ2(ρ1＋3f2内)，
　　ｄ５５＝4ｕj‾2λ2ρ2ρ3> ^6―μj‾ヅ(j22＋3j‾2ρ32)レーj57＝－223ρ1(ρ12十j‾2ρ22)，　　し
　　ｊs8＝－2j‾2λ3ρ2(ρ12十j‾2ρ22)，必9＝－2λ3ρ213ρ12十y‾2(ρ22ナ2ρ1ρa)}.
　　d6a=―2j~り3{ρ1(2ρ22十ρ1ρ3)＋3j‾2ρ22ρ3}，j61＝－2λ313ρlｙ十j‾2恥(2ρ2'+-piρs)),
　　ゐ2＝－2j-2λ3ρ2(ρ22＋2ρ1ρ3+3rρ2ρ32),゛ゐ3＝－2λ3β2(ρ22十丿2ｙ)，
　　j64＝－2j-2λ3ρ3(ρ22十j‾2ρ32), 　ｄ６５　＝λ４(ρ12＋j‾2ρ22)2(2μ)‾1，
　　必6＝2j4ρ2(ρ12十j‾2ρ22)(ρ1十j‾2ρ3)μ-1，
　　C?67 =λ4μ‾1{(ρ12十j‾2ρ22)(ρ22十j当）J)＋2ρ22(ρ1十rp^y},
　　ゐ8＝2λ4μ-1ρ2(ρ1十j‾2ρ3)(ρ22十j‾り32)，j69＝λ4(ρ22＋j‾2ρ3ツ(2μ)-1.　。
　　ei = et十ｃａｔ.
　≪< with identities,
　　５s＝φ(2M)-155jμ2(←F), ?36 = 0， ｅｉｉ　=φＭ‾1＆jμ2(←Ｆ)＝φＭ‾IZ;5jμ2j‾2(←戸)
　　Zs8＝O，臨＝φ(2皿)-1Z;7jμ2j‾2(←戸)，
　　740＝2φ(3M)-1(らjμ2十即J5)(←F)=-2がｒlλpJ5(←Ｇ)，
　　eii =φＭ‾159jμ2(←F) = 2φＭ‾1pJ5jμ(j‾1－λj‾2)(Ｆ)，
　　　　＝2φＭ‾1ρ255卸(ｙ1－λj-2)(←Ｇ)，
　　　iF42＝2φ(3M)-≫(ぷ1ojμ2十瓦柵一如心)(←F) = 2φＭ‾1(扁Z;5－ｊμasX←ご)，
　　　i43＝2φＭ‾1λμ7(←Ｆ)＝φＭ‾158如2戸(←戸)＝抑Ｍ‾1λρ157(←Ｇ)｡‥
　　　J44°φM-Kbu∠1μ2－即Ｍ-ljμリ‾2)(←Ｆ)，
　　　　＝2φM-Mρふjμ(j‾1－λパ)－如j‾la5}(←F.G),
　　　?45 = 2φ(3M)-Mρふjμ(j‾1－り-2)＋1;6jμ2j‾2}(←戸)，
　　　　＝2φＭ‾1ρふｊμ(j-1うj‾2)(←Ｇ)，
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e46= 2φ訂‾1(λρふー∠1μａｎ－2μ当24)(←Ｆ)==φＭ‾1510jμ2j‾2(←７)，
　＝2φM'Hみふー∠1μａ-x)(←ご)，
&゜2φ(3Af)-Mぷ11jμ2j‾2十μ;7jμ(λ戸-;-≪)-2μ'り'‾2ε24－卸丿戈i7
　－2φAf-Mμ4j‾4}(←瓦)，
　べφＭ‾1ふρ3jμ(j‾1一万‾2)－ｊμj‾IJ7}(←ご)，
948°φM-Kbxz/iμ2十々J8)－ρljμj‾l(←Ｆ)
　り‾1{λρ22Z;5j(λj‾2－2j‾1)＋ρ1(惑8－ J5)}－ρ1jμj－3λ(2M)-1αふ(←Ｇ)
J49°2φＭ‾りρIZ9(←Ｆ)＝－2φＭ‾1λμも∠1μ戸(←戸)，
　　　　　　－゜φ財用λρφ9十ρ2jμ(j‾1－λｙ2)}(←Ｇ)，
J5o゛φＭ-HlφＭ一1柚加3j‾2十λ(ρ1510十ぷ;8)十み1ajμ2－μ匈28}－匍）ＪμＰ(←Ｆ)，
　゜2φM-'X{ρ2ρ355j(り‾2－2j‾1)十pibio十ρ2む‾1Jsト2ρ,Jμj
　一封‾1(3蔽み＋2φρ2JJ5)(←G) = 2φM''bsXp2ρμ(り‾2ぺj-1)－2ρ2∠1μj－3M‾1λazbs
　十ＵＭ‾1ρ2μ(&8＋む‾1α5)－j匈＋2φM-Kλρljαs一加α8)(←ご)，
F51リＭ‾1{ぷ12jμｙ2十μ;9jμ(ｙl－λ戸)＋2ρlbsdμデ1－μ”’j’‾‰6}一戸1jμ戸(←７)，
　＝φM"Mρ1&9jμ万1十μ9jμ(j‾1－り-2)つ1jμJ7トρljμ戸
　十応対)-112φρふｊ(λj‾２－2j-1)－3αふ}(←Ｇ)，
F52°2φ町用2φ財力ρ2jμ3j‾2十λ(ρ1瓦1十ρふ十μｐ＼ｅｉｉ)－jμα9}(←Ｆ)，
　心φＭ‾1〔{ρふo＋ρ1(&10－2φ財‾1μ2)りμｙl－λ(ρふo十p2bi)/iu.戸－知j‾1278}(←７)，
　＝2φ肛‾1ρ1{λ(ぷ11+ 2μ‰4)＋2φ財‾1(擢？－μ2jμj)}
　＋抑Ｍ‾1ρ2 {bioiiμ(j‾1－り-2)十1,1o}(←G).
　＝2φＭ‾1叫J9＋ρ3jμ(j-1－λj-2)－jμ(α9＋j宍i8)}(←a)，
苔ｓ３°φＭ-HlφＭ-1和3∠リｊ‾2十λρふo＋7;14jμ2一如叩)－μ’‰o}－ρ3jμj‾1(←Ｆ)
　＝φ肛‾1{ρ3j(り‾1－1)J5十即Jlo十&5λρ3り(λ戸－2j‾1)十j(λρ3j‾145.－μａ＼o)＋2λρ2jα5}
　－ｐｊｊｔtj－3λ(2財)-1αふ(←G),
J54＝φAf-Mρ1ろ11十ρ2(&9＋7;11)十μ;9十ρ2(ぶn-2(bM丿心‾2)UIμj‾1
　十φＭ‾1{Z13jμ2j‾2－λ(ρ2瓦1十μ;9)如j‾2＋2(2λ四24－μ‰8)ｙｙ‾2－jμj-'d,}
　＋2ρ2(2φ2財‾2λjμ3j‾4－卸j-3)(←？)，
　＝徊Ｍ‾1ρ2り(λj‾1－1)277＋2λμ'ダ‾‰2丿7;ｕjμ(j‾1－λj-2)十kpibi/K.り‾2－2j-1)}
　＋4φ2M‾2ρ2(擢戸－白‾2jμj‾1)＋2φＭ‾1ρ1(&11jμf1＋2如7)－ρ2jμｙ1
　－3λ財‾1α357(←Ｇ)，
　＝2φＭ用柘血7＋り‾l(λρ2α7－仰9)＋7;7ρ2ρ3j(λj-2－2j‾1)－7;9psJμ(λ戸－j‾1)
　一戸２(∠iaｔ＋&9jμj‾1)ト2ρ2如ｙ1－3j財‾lαふ(←G)，
J55＝2φM-niφ財-1λρ2jμ3j‾2十即2(瓦1十μj24)－ｊμaii}(←杓，
　＝2φM-Mρ2(&1o－勁Ｍ‾1μ2)∠1μj‾l十pJlojμ(j-1－λ戸)－ｊμj‾IJlo}(←戸)，
　りＭ‾1叫2(2φＭ-ljμ3j‾2＋2μj24＋7;11)十ρ2(みlo－知Ｍ‾ヅ)ｊり‾1
　　十μ;lojμ(j‾1－り-2)－ｊμ(ail十丿1Jlo)}(←ご)，
ｅs６＝φＭ‾1{(ρibii―ＵＭ‾ヅj‾‰)卸戸十ρ3瓦1如(j-1－λj-2)＋7;14jμ2j-2
　十(2^/t)se24 ―μ‰o)ダ‾2十φ豺‾りρ3Jμ'r'-anJμデ1トρ3jμj‾3(←戸)，
　=リＭ‾1ρ3〔j(λj‾1－1)217－7;11jμ(λｙ2十j‾1)＋2φM''O/Iμ3-4_μ2戸ｊμj‾1)
　＋22μﾍﾊﾞ‾‰4十ふ{μ3j(λj-2－j‾1)－ρ2む‾1}〕
　　　　　　　　　　　　　　　　　　　　　　　　　　　－　　一十φ対叫2λρ2如7十∠1戸(λρ3万5－μJ11)}－ρ3jμr-3ﾇ(2M)-1α4&7(←Ｇ)，
≪57―2即1{φＭ-1(Z12十μ'ε26)十plむ‾1}(←Ｆ)，
　＝2φ(3M)-MλｙZ;8j(λj‾2－戸)十和1(Z12十μｅｎ)一戸izla8}-(2/3)λρ12j(2j十j‾l)(←Ｇ)，
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iｓｓ°1,λＰxｐ･ｌｉｊ‾3十φＭ‾112ρ1(&12－φＭ‾1ρ2μn)-ax]dur
　＋2φＭ‾1ρ2 {bndμ(j‾1－り‾2)十如'ダ当28}(←７)，
　　゜φ(3M)-M2ρ2(φＭ‾1囚）１戸－7;12)－2ρ1&12－3α1}知j‾1十(2/3)λρ1ρ2j(j-1十j‾3)
　　＋2φ(3M)-112緬(ρφ9十μ;9)∠り‾1－ρlJag} ―λ好一1(α1み9十αふ)
　　＋2λφ(3町)-1ρ2(λpJ9万一2－Z;12jμ戸2十μ'ダ当26)(←Ｇ).
　esi―2λρ1ρ3(3jj‾1－2λφ2M‾2jμ2-2)
　　＋2φ好-1{即1(513十μ'。28)十如2(512＋μｅ２６)－jμai2}C←Ｆ)，
　　＝2λρ1ρ2j(2j十j‾1)十(3/2)λ{α1(2φ好スμ2一如))－α2Zlo}
　　十λφＭ‾1芦{2ρ1(2φ好‾1μ2－&1o)－2ρ2510Uj‾1
　　十φＭ‾1ρiU(bi3十μ'。28)－2φＭ‾1λ2ρ2jμ2j‾2－j乱)十λ血8}
　　十φＭ‾1ρ2り(り‾1－1)J8デ即2Zlo∠1戸＋如358j(λ万2－jフ)}(←Ｇ)，
　　＝2即1ρ2j(2j一丿1)＋2φ肛‾1(即1血8－ｊμα12)
　　＋2φＭ‾1ρ2{λρふj(λ戸－j‾1)十ぶ力‾ト1)J8＋7;12十μ'e26}(←ご)，
　＆o＝φＭ‾｀〔抑Ｍ-1μ{2λρ12＋2(λj‾2－j‾1)ρ22－j‾1ρ1ρ3}-3α2+ (ρlbii十ρ2ろ12)〕∠1μ戸
　　＋2φＭ‾リ(ρ2^13十祠;12)jμ(j‾1－λj‾2)十λ(ρ2ε28十ρ3，)μ'y-2
　　－∠1μＪ‾IJ12－2φＭ‾1jp22jμ'j-'')+2λ(2ρ22十ρ1ρ3)∠1戸(←元)
　　゜2λ{ρ22j(ｙ1十j-3)十ρ1ρ3む‾1ト3λ(2M)-Ma2(2φ好告白‾2－7;11)－αibu―aiba―asb)}
　　十φＭ‾1〔2φ好‾1μ{(j-1－λ戸)肖2一即12}－ρ1&13一肩;13－ρ2^13 3a2〕卸j‾1
　　十φＭ‾1λρ212ρ2(2φＭ-ｙj‾2－7;11)－2ρibii―ρ2&9－ρみ}む‾1
　　－φ好‾1λρ3(ρ1&9十μ;9)り‾1－2φ2皿‾り2(ρ12Jμ2ｙ2十μ擢j‾4)
　　十φ好‾1ρ1{λ(血9－2ρ1ε24)－£11}十φＭ‾1ρ2∠1(λ戸－1)a9
　　十φＭ‾1λρ２{(511ρ2＋2;9ρ3)り‾2十(μ‰8－2即2ε24)ダ‾2－Z13jμj‾2}(←Ｇ)，
　　＝2λ{ｙむ‾1－ρ1ρ3む‾3ト3λM-Ha2b9十Ｊ;9)
　　＋2φＭ‾1ρ3{ぶ12jμ(j-1－λ戸）＋Z;9λρ2j(λj‾2－2j‾1)十λμ7j″626φＭ‾1ρ1μj‾ljμn
　　－2φ好円助9(ρ22十ρ1ρ3)む‾1十ρ2/daa十(ρ2&12－3α2/2)∠1μ戸
　　干む‾1(μJ2一即2J9)－λρ1血9}(←ご)，
51ぺφ好‾1{即1(Z14十μ:'e,o)十λρ2(bii十μ'。28)－2φ財力2(ρ22十ρ1ρ3)ｊμリ‾2－∠1μα13}
　　＋22ρ■3(iOl十ρ2)り‾1(←Ｆ)
　　＝2λ(2ρ22∠り十ρ1ρ3む‾1)＋32好一1{α2(2φＭ‾1μ2一占1o)－Ｊ;1o}
　　十勁Ｍ‾1刹(2φＭ-1μ2－&lo)(ρ22十ρ1ρ3)-2ρ2ρ3Zlo}む‾1
　　＋2φＭ‾1ρ2{ρ2j(λj‾1－1)ilo十λ2pJ;1oり‾2}
　＋2φＭ‾1λρ1(血1oナbu十μ'ε3o－即Ｍ‾1λρ3jμリ‾2)(←Ｇ)，
　　＝2λ{ρ22j(j十戸)十ρ1ρ3む}＋3λ(2M)-1{α2(拗Ｍ‾1μ2－&1o)－Ｊ;lo}
　　－φＭ‾｀(ρ2£1o十ρ3jJ8)十φＭ‾1λ{(ρ22十ρ1ρ3)(2φＭ‾lμ2一占io)-4ρ哨ぶlo}万一1
　　十φＭ‾1λρ3{万一1J8十λ(ρ2510十μ;8)む‾2－μ;8む‾l}
　　十φ財町ρ2(513十μ‰8－即Ｍ‾1即2jμ2j‾2)
　　　　　　　　　　　　　　　　　　　　　　一十φＭ‾1{Jj-1(ρ2 alo十ρ358)十λρ1血lo－4μα3}(←Ｇ)，
　＆2＝φＭ‾1〔2φ好-1μρ214λρ1＋ρ3(4λj‾2－3j‾1)}＋2ρ1ろ1け2ρ2(み13＋Z;13)－3α3〕jμj‾1
　　＋6λρ2ρ3り‾3＋2φ財用ρふsjμ(Ｐ－λj‾2)一pzbu∠1μj‾2－知j‾IJ13
　十λ(ρ2ε3o十ρ3ε28)ダデ-2_4φＭ‾り2ρ2ρ3jμ274}(→戸)，
　　＝2λ芦ρ3j(2ｙ1十j‾3)＋3λ好‾リα3(2φ町‾ヅj‾2－Z;11)－α2&11}
　　＋2d>Ｍ‾1刹2(ＷＭ‾ヅｊ‾2－7;11)ρ2ρ3－(ρ22十ρip3)bn)万一1
　　＋φＭ゛｀1〔2φ好‾1μρ2{(2り‾2－j‾1)肖＋2λPl)+1{ρ1臨十μ;14)－3α3〕知戸
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－4φ2Aｒ2λ2ρ2∠1μ2(2j‾4十j‾2)十勁Ｍ‾1λρ1(血11－2λ加ε24)
＋2φ訂‾lλρ2{知3i;11jj‾2－7;14知沢2十(μり30~~2^/03^24)ダー2}
＋2φM''p2/I(λ戸－1)J11(←Ｇ)，
゜2λρ2ρ3j(2j‾1十r') + 3/i(2M)-Mas(2φＭ'1μ2ダ2－Z;11)α2&11－α山― aiba)
十φＭ‾1〔2φＭ-1μ/>2{(λr-p)ρ3十秘1}十即&13＋ρ3^ij ―3a8〕知Ｐ
十φＭ‾1λ{4ρ2ρ3がｒ1μリ‾2－(ρ22十ρ1ρ｡)&ｎ－2ρ1.ρふ1－2ρ3(/O2*9+ρゐ)Uj‾1
十φ訂‾田(ρ皿z11十ρ2/iaa)一如j‾1a13十j(ρ25n十一ρS59)(λr'-i)>
十φＭ‾1徊{山9－2λρ1(・24＋φ訂‾1知2戸)}・
十φＭ‾1λρ3{λ(pJ;11十μ;9)むT2＋む‾1a9－Z;13jμj‾2
十丿(μ’ｅ＾＾－2λｐｚｅｉＡ)－4φ訂‾1λρ2jμ2ｙ3}(←G)，
≪63=2･￥2ρ3(jj'1－ｙＭ‾２λ叩戸)＋2φＭ‾1{λρ2(^14十ｕ’ｅｓｏ)－ｊμα1,}(←Ｆ)，
　＝(2/3)λρ2ρ3i(2i十Ｐ)十XM'Hα3(拗Ｍ-1μ2一占lo)－αふ,}
　＋4φ(3M)-1λρ3{ρ2(2φ好‾1μ2一占lo) ~ pibio)万一1
　＋2φ(3好)-1λ{ρ2(血lo十Z;14十μ‰o－2φ好-1如3J八戸十ρ3(む'1410＋7;1oλρ3万一2)}(←ご)，
J64°2λρ32jｙ3十φＭ‾｀〔2φＭ‾1μ{(2λj‾2－戸)ρ32－2λρ22}＋2ρ2如－α4〕卸戸
　＋2φＭ‾1〔ρ31514jμ(j‾1－λ戸)十λμ: 1 V30-2φ財‾1λ2ρ3jμリ‾4}－∠1μj‾la14〕(←戸)，
　= (2/3)λρ32j(2j‾1十j‾3)十λ好一1{α4(2φ好‾1μ2j‾2－2;11)－α3み11}
　＋4φ(3M)-1知3{ρ3(拗Ｍ-1μ2戸－7;11)一祠心丿戸
　十φ(3M)-M2ρ2(2φＭ‾1μ柚十bu) + 2ρ32φＭ‾1μ(2り‾2一戸)＋2ρ3ぷ14 ~ 3α4りμj‾1
　＋4φ(3好)-1即2{血11－畑(e24十φM'Mμ2f2)}
　＋2φ(3M)-1λρ3{λρz(bu万一2－2ダ‾‰4－4φM"Mμ2j‾4)＋2り‾1J11－2;14jμp)
　し2φ(3M)-1(ρ3ja11十jμj‾la14)(←ご)，
?65 = /i(4M)"M2a5 + 3a2(φ好‾1仰lｙ1－7;12)－3とy!bn}
　-(/iV2)pjz(μ-1(j十丿1)(ρ12十j‾2ρ22)ヂφ訂‾りp2 {a＼十ρ2(φＭ-1ρ1μf1－i12)－ρibn)万一1
　十φ(2M)-1λ2{ｙ512り‾2－(ρ12十丿‾2?)。}－φ(2M)-lplja12(←Ｇ)，
e66 = /!M"i〔φ好‾1μ{α3ρij~'
+ 2a2ρ2(j‾1－λ戸)ぺ2α1ρ1}十iao~ aibi3 ―azCbn十i13)－α3512〕
　一却(3好)-1即2和一113jp12十ﾉ‾1(3ρ12＋2ρ1ρ3十ρ22)十戸3(2.ρ22十ρl/>3)}
　十φ(3M)-'λ〔4φ肛‾1μρ2{ρ1ρ3/"'+ 2ρ22(j‾にλjﾌ)－3ρ12λ}+3(3ρ2α2十plOtl)
　－4ρ2(ρ1み13十μ;13)－2(ρ22十ρ1ρ3)&12－4ρ＼pzbn〕む‾1
　十(4/3)ダＭ‾3λ3ρ2∠1μ(ア2ρ12十j‾4ρ22)＋2φ(3訂)一屈J(λj‾1－1)J12
　＋2φ(3M)-1λ2ρ2{(ρ2乱十ρふ2)む‾2－(ρ2623十ρド26)ｙ‾2}
　＋2φ(3M)-'ρ心加12－お13－λ2{ρ1・8十ρ2，}(←Ｇ)，
　＝λM-M2α6＋3α3(φ訂‾り1μj‾1－Z12)－3ぷ12}
　－2λ2ρ2Jμ-'{(;■十j‾1)ρ12十丿1ρ22十丿3ρ1ρ-2} +2φM"Mλρljα12十ρ2j(λn-l)an)
　＋2φ好‾1λ2ρ2{ρ3(512り‾2一丿‾‰6)－ρ1^26}
　十φ好‾lλ{3a2,oa十α1ρ3－(ρ22十ρipi)bi2十(ρ2十ρ3)(φΓ1ρ1μj‾1－Z;12)}む‾1(←ご2)，
e(i7= 3/i(2M)-'〔φＭ‾1μ{α3ρ2(j-1－λ戸)十。即(戸－2り‾2)－22(α四十α1ρ2)}
　＋3α■;―cxib＼i ―a2(bi3十Z;14)－Ｊ;13〕　　　　　　　'
　｀－λ2jμ‾113jplp22十ノー1(ρ1十ρ5)(2?十ρ1ρ3) + 3j-Vρ3}
　十φＭ‾lλ〔φＭ‾1μ{ρか3(7ｙl－8λj‾2)－2λρ1(3ρ22十ρ1ρ3)}＋3(α3ρ2十α2ρ3)
　－ρ2(2ρibi4十ρふ4)一個2十ρ1ρ■i)bn ― fnLpi + iρ3)513〕∠IP
　＋2φ2MTり3Jμり‾2(ρ22十叫,3)＋2√4ρ2ρ3}十φ好‾1ρ1 {/Jz/ai3一命!4－λ2(ρle3o十ρ2ε28)}
　十φＭ‾1λ2‘ρ2{(Pibu十μ;13)む‾2－(ρ2e30十ρ3ε28)y'2}十φＭ-ｙ∠1(λＰ－1)J13(←Ｇ)，
４(3)
(1).
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　゜3;(2M)-'〔φＭ-1μ{α3ρ2(j‾1－λ戸)十≪１ＰＪ‾l－α2 p^i) +ia'i―aibiz―a3(biz + b＼3)―aibn〕
　-/iMμ-M37""V(ρ1十ρ3)十Ｊｐｌ(2ρ22十ρ1ρ3)十戸(2?十の恥2)}
　＋2φ2M‾2λ3ρ22jμ(阻Ｊ‾2十恥戸)
　＋φAｒ1λ〔2φＭ‾1μ{ρ1ρ32j‾1＋2ρ22ρ3(j‾1－λ戸)一如1(ρ22十ρ1ρ3)}
　十j(α2ρ3十α3ρ2)－2ρ2ρ3(Z;13十&12)－2肖吸2－(ρ22十ρ1ρ3)&13〕む‾1
　十φＭ‾７{恥(ρ?Z;13十ρ3＆2)り‾2－ρ2(ρ1・8十ρ2，)－ρ3(ρ2ε28十ρ3e26)ダー2}
　十φM-Hρ2∠1(λ戸－1)a13十ρ3j(2り‾1－1)a12＋2j(Ｍα13十ρ2α12)}(←ご)，
ε68°λＭ‾1〔3がｒ1μ{α3ρ3(斤－2舒‾2)－2α2λρ2ト3(α山4十αふ4) + 2a8〕
　－2λ2芦jμ‾l{か22十j‾ｙ(ρ1十ρ3)十j‾3ρ32}＋4φ2訂‾2λ3ρ2pJμり‾2ρ1十j‾り）ｓ)
　十φＭ-1λ〔4φ訂‾1μρ2{ρ32(j‾l－2り‾2)－(ρ22十ρ1ρ3)λ}十α4ρ2+ 3a3ρ3
　-2{(ρ22十ρ1ρ3)ろ14＋2ρ2ρふ4}〕む‾1
　＋2φ町‾lλ2ρ2ρ3(7乱∠1戸－ダ‾‰o)+ 2φÅｒ1{芦ｊ(り‾1－1)J14十和1(血14－λρ2eso)} (←Ｏ
　＝λＭ‾1〔φＭ‾1μ{α4ρ2(j‾1－り‾2)十α3ρ3(j‾1－2り‾2)－2ﾇ(α2ρ2十α3ρ1)}
　＋3α8－αφ14－α3(&13十Z;14)－α4Z13〕　　　　　　　　　　　　　　　　　　ヽ
　－(2/3)λ2ρ2み‾1リ(ρ22＋2ρ1ρ3)十丿1(3肖2十ρ1ρ3＋2ρ22)十戸ρ3(ρ2＋2ρ3)}
　＋φ(3訂)‾lλ〔4φ訂‾1μρ212ρ32(3ｙl－4り‾2)－2恥3－5仏ρs) +3(3a3|O3十α4ρ2)
　－2(ρ22十ρ1ρ3)&!4－ρ2ρ3(み14＋2み13)－ρ3(2ρ2十ρ3)Z13〕∠＼ｒ
　十(4/3)(!）-Ｍ‾2λ3ρ2jμ{戸(ρ22十ρ1ρ3)＋2j‾4ρ32}
　＋2φC3M)-'λ2屈(ρふ4十μ;!3)∠リ‾2－ρ2(叩30十ρ2e2s) ―ρ3(ρ2ε30十ρ3－)ダ‾2}.
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　一＋2φ(3M)-Mρ2∠1(り‾1－1)2714＋ρμ(lλj‾1－1)J13十即1血14 + 2λρ2∠1α13}(←Ｇ)
ε69＝1(4訂)-1〔3φ訂‾1μ{α4ρ3(Ｐ－2り‾2)－2λα3ρ2}－3(α3&14十a^bu) + 2α9〕
　－λ2ρ3(ρ22jμ‾リ‾1十ρ3りμ‾リ‾3)十φ(2訂)-1{λρ2山14－ρ3j(λＰ＋1)2114}
　十φ訂‾りρ3〔φjｒlμ{ρ32(j‾1－2り‾2)－3jp22}十a4 ―fnbu ―ρφ14〕∠1戸
　十φ2M‾り3ρ3(㎡知戸十ρ32∠1μ戸)十φ(2訂)-り2{ρ32314む‾2－(ρ22十ρ32ダ‾2)g3o}，
　７.4. Ｓ＼int!ieｓiｓｏｆＥ.
　In 7.3, local coefficientsof £　are completely calculated by returning of inner trans-
formation with tables. Since　五十ｙ＊∠jjｒ　issystem･additive, we have
(1) E + y*U'-x)十万'十ダ＊(ｚ″－ｙ)＝£″十y*U″－jｒ)　　or　　(2) E″＝£十£'－£，
£= (y'一ｙ)＊(ぞーヱ″)aS in　3. 4.　1n vector equations,
丿刊y十F
jｒ＝ど十Ｇ
£= FG'十ＦＧ´
ﾋﾞ:仁レビ言
十Ｆ″
十Ｇ″ Therefore　(4) L='F*G'　Ｏ「
by components Moreover, (5) F″＝Ｆ十Ｆ≒　Ｇ″＝Ｇ十Ｇ’.　(2) with
(4) is integration or c】osed form and C5) is differentialor open form, as in 3.4 NOTES
As　£＝£(エヘyX E'^Eり:ｚ″, v')i however, the　calculation of　£″＝£″(jｒ″,j),)
needs eliminations of x', y'. Therefore, even (5) does not give simple additivities for
coefficientsin general, except the case of terms　of the lowest order.　The　results are
given in TABLE １２，where initial notation ぎ＝ε田e' shows synthesis of ｃｏｅ伍cientsas
in 3.4, and negative sign does not appear, seen by (5).
ぎ＝ε田e', ei'^e.十εご十＆．
TABLE 12.
１??????
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　e< = 0, (15≦f≦34),
　es5 =
3ei5e'ii +
^iBe'2i> ese ― leiee i9 + 3ei5e ia+lene 2i + ei6e 23>
　＆7°ene i9
+ 2ei6e
2o+3ei5e'22
+ 3ei8e'2i + 2ene'23+ei6e'24,
　F38°ei7e'20 + 2ei6e'22 + 3ei8e'23+2ei7e'24. e39 = ene' n+ 2eise' 2*,
　eAi> ― 2eise i9
+ 6eise'25十e20e
21十e＼ee 27.
　･＆1･― ezoe Ij
+ 2ei9e'2o + 4ei6e'25 + 6ei5e'26 + 2e22e'2i十<?2oe
23
+ 2ene'27十ぐ?16♂,28，
　^42 ―2e2ie i9 + 3ei5e'27十623^ 21 + 2ei6e'29。ei3
― e2oe'20 + 2eue'22 + 2ene'2S+ ieiee'2^"^2ei2e'23'^e2oe'24'^2eite
27
+ 2ene
zs.
　＆4°ε23ｙ19＋2e21ｙ20＋leiｓｅ　Ｍ+ 2eise'2s+2ene'2i十ene 2s + 4ene'29 + 2ei6e'30>
　＆5°≪2oe 22 + 2ene'2e'^2e2ze'2^ + 2e＼se'2s,
　≪46 ―^23^ 20+2e'2ie'22十だ?ne 27 + 2ei6e'28 + 2e24e'23十^23^ 24+6ei8e'29+4ei7≪'80.
　＆7°e23e'i2 + e＼7e'2i + 2e24e'2f + 6ei8e'3O.
　e^s ― e^i5e n
+ iene'2^ + 9eise'si十^261?
21十e2oe 27十eiee≒2，
　e4s = ezse' 20
+ 2e2oe'
25+
iente'
26+
()ei6e'
31十e26e 23
+ 2e22e'2')十e^oe'a + lene'ai,　　゛
　瓦0＝ε27♂19＋4ど21ｙ25＋2ε19♂217＋6ど15ど32十^28^'21+ e23e'27+2e20e'29 + 2^:66 SJi
　≪5i ―e25e'22
+ 2e2oe'26+3ei7(?'3i +
e26e'24 + 2e22e'28 + 3ei8e'32,
　es2 ― C27e≒O+2e23e'25+4e2ie'26十eioe≒7 + 2ei9e
23
+ 4ei6e'32
　　　十ezse 23+2^246 27 + ^23^ 28
+ 4^22 e'29 + 2<?2Oe'30 + 4ene'33,・
　J53＝に2J9ど19＋2ど21ど27＋3ど1Sｙ33十e3oe 2i+2e23e'z9･+ 3ei6e 34,
　JS4°e-ne 22
+2e23e'26 + e2oe'28 + 2ei7e'32 +
e2ie'2i + 2e2ie'2s+ ieit e'30+ bene'ni-
　?55 ―e2ae 20十ei^e 27
+ 2e2ie
28
+ 2ei6e'33 + e3oe'23 + 4e24e≒9 + 2e23e'30+6ei7e'34.
　瓦6°g29ど22＋ε23ど28十ene' 33 + e3oe'2i + iene'
30+9eise'st,
　e57 =
2e25e
25+6ei9e 3i
+ e26e
27
+
C2oe 32 ，　J158＝2ε25♂26＋3ε20♂31＋ε26e≒8+2^22 e 32 ≫
　一瓦9°leite 25
+ e25e'zT + 6e2ie'3＼ + iei3e'32 -^ez^e'ii + le-me'2H +
e2%e'zz +2e2oe'33,
　eso ― 2e2ie'is
+ e25e'2s+2t?23♂31＋2ε20♂32十ez&e'
13
+ 2e26e'3o + leue'
31
+ 4e22e'33,
　＆1°O.ei.ne' 1.'.
+ e-ife'
11
+ ieixe'n-'i-lei^e
33
+
^30^ zi + lezie 29半2e23e'i3
+ 3e2oe'3'4i
　ei;2 = 2e29e'26 + ^27e'28+2e23e'32
+ e20e'33+ei0e'27+2e23e'30+4e24^'33+6e22≪'34.
　石33°eae 27
+ 2e2ie'33+2e3oe'29 + 3e23e'34.
est = e29e'2a-he23e'3s + 2ezoe'30+()e24e'm
　＆5°3ε25♂31十ei^e 32, eie ―3e27e'3i4-2e25e'32十eae 32 + 2e26e's3)
　＆7＝3ε29ど31＋2ど2?♂32十ど25ど33十e3oe 32 + 2e28e'33 + 3e26ぞ!勺4，
　瓦8°2ど29♂32十ε27ｙ93＋2ε30ど33＋3ど28ど34，＆9＝ど29♂33＋3ε30ど34.
１
　７.　５. Ｅエiｓ£ｅｎｃｅ ｏｆ Ｓｃｈｌｅｉｅｒｍａｃｈｅｒｉａｎかｎｃｔｉｏｎｓ　ｏｆｅｓｓｅｎtial ｓlit ｃｏｏｒｄｉｎａtｅｓａｎｄ
　　theiｒ ｃａｌｃｕlatｉｏｎ ａｓ ｄｅｆｏｒ･ｍａtｉｏｎｆｒｏｍ　Ｅ，
　Let ，ｒ。y be defined by (1) x =ν-1Gχo十ｈＪｐ)，タ＝リ-KtXo十瓦ひ0, where夕is used
instead of δin 7. 2(1), then we have
　Theorem 2. X, y ａｒＥ戸z,･ｒe 777　ｅｄｉ･ｔiW　Ｑｖａｖtitieｓ，that　iｓ．エ■'=i. y =タｆｏｒ ｇｅｎｅｒal
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　・ｓhiftine6. 12 (4) (ii)'.
　Proof. Since direction coefficient veclor 戸is defired. by pcsiticn vector of the point
(/>. p> 1).
we have (2) p^e'p' and
ｉｏ＝が(Xo'十p'c'),
therefore in ｡(が)，
ｙｉニ∂io十kjf＞=5e’(Xo'十がど)十八
∴ｙ゛ｉ　by　Ｊ＝♂が‾1，ん
slit coordinates "j'n rigoΓousかleaning≒　called ゛ｅｓｓｅ７ｉtial”， which has been mentioned in
(14)
??
?????
??
?
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6.10. Therefore following Schleiermac'herian y1，B exist and are system-additive. Then
(3) Jx=A.∠iy = B　as vector equations, where Ａ，召　are functions of ix, v) having
components
０ (今
??????
Now, following　equations hold ，for independent variables
?’．　＞]of　£＝£(ξ≒７?):
(5)　vx = aXo十ｈｊｐ　ｙエ’゜ｏ’lXo‘'＋ｃ.'(ｙ一<5')}十h″Ｊ″a″　　と
ξ= 0Xo十八JS　'
lｙが―
(T Xo十h’Ｊ’＊”
similarly for y> η; giving
(6)ν(Ｊ－ξ)＝町(戸－∂)　ｙ(Ｚ'－ぐ)＝(h≒J'-c'o'Kが-8')
　　Uy-η)＝Ｕ(戸-5) 'じ(ｙ－ｙ)＝(がJ'-c'r')(/>'-5') '
ｗheでｅ　He―hi hi　―ｈ(fく;) etc., in general case proved by ･7.2 CD. (2)√(7).
(7)1）゜r*x-♂゜ｙ　　　=T X ―a *v　　U
＝ｒ＊ξ－(y＊η　'
ﾋﾟ
'=r'*び一ａ ”ｔi
(8)η'＝η十Ｆ，ξ＝ξ'十Ｇ　for (9) x'=x十九y'=y十B by (3). If E or its derivatives
£,Ｇ in vectors are known,ふ召can be calculated with ｃｏｅ伍cients as follows. ０ｎ
the assumption of (9)が＝ｚ十j），η乙y十Ｑ． Ｐ= P(a:bv), Q = Q(x,v),　we have
(10) 5 =戸＊11）・a＝夕/l/l+ 45 =夕(1--2T), T=5-35='+105≫-…，　similarly　for　Ｓ’｡　Ｔタ．
where the half coordinates are used as usual, by which above formulae still hold.
■(11) .r-f=-(G十Ｆ)・　ｙ－η= -Q, x'-i'=^A-P, y'-r]'=B-F-Q.
　(12)戸-S = lTp, p'-∂'=2T'p',と13)ｙ＝ｒ'＊(ｚ十λ)－。'*(v十B). From (6) we have
　　　－ｐ(Ｇ十P)--lThJp　　u'(A-？)＝ＩＴ’CK’Ｊ’-c'a')p'{
一心= 2TkJp　　　'じ(β-F-Q)=2T'(fe’Ｊ’-c't')ダ”or
theｆｕｎｄａｍｅｎtalｓｃhｅｍａ
゜－Ｇ－2ν-"■ＴｈＪ(ｒ＊ヱー(7＊､y)、
=゜－1､、'"■ＴｋＪ(.T*x-a*y)、
＝？＋1り″-＾Ｔ’Ch.’Ｊ’―c a )､{r'*ix十人)－♂＊(ｙ十召)}、
＝£十Q + 2u'-'T'(k'.ｒ-c't'){t'*(x十Ａ)－♂＊(､y十召)}、
where scalars T, T' are given by (15) 5=/･り゜(x*r-y*<,) (:T*x-a*y) =x*Tr*x
-y*aで*x ―x*T(7*y十,yりo*y･5'=6'*戸' = (x十A)*T'T'*(x+A)-(y十B)*a'T'*(x+A)
－Ｇ十A)*rり'*(v十召)十(jy十召)り'a'*iy+B), using (1^). Iteration of (10 givesん召
with P，Ｑ，where elimination of び，ηin Ｆ，G is to be done by (9). If the last surface
is under consideration. ど＝O and (14) becomes more simple ； and for the local problem.
ｈ″=ｈ．　k’万=/fe,but c' =万〇. For the terms of the lowest order, e.g., Aw =：－Ｇ(l)|，
召(2)＝£(2).Ｔｈｅ above is written by vectors with matrices ん。。Ｊ etc., of course.
　8. Singly symmetiical system.
　8. 1.Ｋｘｐａｎｓｉｏｎtｅｒｒｎｓｗith. ｇｅｎｅｒalｒｅｍａｒkｓ.
　The system is also called　’ｏｒtｈｏｇｏｎａｌｓｙｓtｅｍ　，having one symmetrical plane in
rigorous　meaning.　In　the　previous　general theory, all of which are　applicable for
present study, not only all uudulatory, curvature, and　Seidel　parameter matrices are
diagonal and torsionless ｏｉ‘Ｒ(∂)＝沢(O)＝1，bｕt the expansion of the associated function,
ｅ･ｇ，・of E has terms of type (1)ΣＧ＋ｙ)2°(ｉ十ダ)?，ａs･α･,^5= integer.　In general., case,
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really, E can be considered as having two types (2)Σ(ｚ十xY'iy十夕)" as in 7.1 (2).
and (3)Σ(ｚ十y)"ix十ヌ)", where (2) is written by pupil-, object･ combination and
(3)bｙ　jｒ･，ｚ･　coordinatescombination. (1) is contained in (3) as its part with defect
terms, and double dictionaric order is given for (1) by the same convention as in 7. 1，
omitting the defect terms. Let the total number of terms of E in expansion £＝Σ£(。)
be <p(n}, then
(4) co(n)= (w+l)(n + 2)(n + 3)/12　　for，z＝。ｊｊ。
　　　　　= = (n+2)(n2十4n + 6)/12　for n ―even.
　Proof. For b = 2h-[, a十/z＝。z。1＝Im―1. N = (p(n), then
Ｎ＝Σ2ん(24＋1)＝Σ2/バ2(ｍ－/z)＋1}＝2(Im＋1)Σん－4Σﾉz2＝ｍ(四＋1)(Im＋1)/3.，　For
　　　　　　　　　　　九=1　　　　　　　　　　　　　　　　　　　　　　　　　　刀ｓ
b＝lK.　ａ十h==ｍ.･　ｎ―lm,then　ｙ＝Σ(2/z＋1)(24＋1)＝Σ(話十{){2(m-h) + ].}
＝(2四＋1)Σ(2/z＋1)－2Σん(2ﾉ1＋1)＝(四＋1)(2742十4m+3)/3　which give results. Let the
total number of terms of type (2)ｏｒ ｚり゜･in the abovs (p{n) terms be ｙ(ｐ>ｑ), then we
have
　Theorem･　が71°戸十ｑ iｓ ｏｄｄ，
(5)ブ(＾.<3)＝〔(j)＋1)(９＋2)/2〕for pく9．
　　　　　　＝〔(戸＋2)(9＋1)/2〕foｒ戸＞ｑ，　Ｉｆ ？liｓ ｅｖｅｎ，
(6)/(/),9) =〔{(戸＋1)(９＋1)＋1}/2〕，
･ｍｈｐ.ｒｅ.〔ｚ〕iｓＧａｕｓｓ，ｌｏ£ａtｉｏｎ,　i.ｅ.. i ＝〔ヱ〕iｓ intｅｇｅｒ‘ｆｏｒl≦jｒくZ十1，
　"Proof. First part. It　is　important that odd number of bars　ｏ　must be given for
P 9　For　p<q;　and　，1＝夕十ｑ°Im十1. iV=/(f>.ｑ), four cases　(ｍぶ) = (.2h十＼,2k),
(2八十1，2ゐ＋1)，(2/z,21)，(2/z,2ゐ＋1)　are classified, to which　Ｎ＝Ni， Ni， Ｎｊ， Ｎ４
correspond, respectively.　Using Theorem 1 0f 7. 1 or /(2i＋1)＝,7zかi{2i十2,夕÷!)。■ve
have Ｍ＝2Σｍｍ(2f十2,21＋1)，N2＝2Σ心w(2≪ + 2, 2/6 + 2),
　　　九_l　　t°o　　　　　　　　　　　　　　　　titl
iV3 = 2Σ刀im(2トト2,2ゐ＋1)＋2ゐ十1, M = 2Σ心n{li + l,lk + l') + lk十2, which become
　　　１'o
九_1　　　　　　　　　　　　　　　　　　　　　　<-0
IN,＝4{Σ(2i + 2)十仇十ゐ＋1)(2ゐ＋1)}＝2{た(ん＋1)十(h-k+l)(2iを＋1)}
　　　＝戸(戸＋2)＋2(?几＋1一戸)(戸＋1)＝戸(戸＋2)＋(９－タ＋1)(Z,＋1)＝(戸＋1)(Z)＋2)－1，ｓimilaｒlｙ，
2N2＝(夕＋1)(g＋2)，2ｙ3＝(y･＋1)(9＋2)－1，.27V4＝(Z)＋1)(9＋2)，　giving ･ summarily the
result (5).　For　p>q, by commutation　a;≪*jy, we have 戸≪･?　with invariance of 皿
Second part. Similarly for 戸≦９； and n=p+q°2m． Ｎ＝Ni, Ｎ^， Ｎ。 Ｎ４ correspond
to im,p) = {lh十＼,lk), (2八十1.2/fe+l), ilh,2k), (2h,2k十1); ■where
　　　゛九　　　　　　　　　　　　　　　　　九　　　　　　　　　　　　　　　　九_1
iVi = 2Σｍｍ(2j+1,1k＋1). Ｎｉ＝2Σ心n(2j+l,2/& + 2)． Ｎ，＝2Σ脳十1,2ゐ＋1)＋21十1，
　　　1-0　　　　　　　　　　　　　　　　190　　　　　　　　　　　　　　　t-0
N4 = 2
Z 　　 I-0 　 　　 4-0
Σ心n(.2x+i,2k + 2) giving　2M＝2N，=(戸＋1)(9＋1)＋1，2N2＝2N,＝(戸＋1)(９＋1)，
Q.Ｅ.Ｄ.　Writing now Ｅ＝Σetut,　　(Ｆ．Ｇ)＝(∂/∂ｚ,∂/∂v)£=Σifugi)Ｖｕ
(Ｆ.Ｇ)＝(∂/∂ｉ,∂/∂y)E =Σ(/;,ふ)岱foｒ(Ｕｌ，　Ｖｉ，　Ｖｉ)゜工’ｘｈＳ＼　ｔheexponents j's. k's are
shown in TABLE １３(a) with Differentiation table (b), where 771 are different from z4。
because the type of　Σひl is　ΣＧ十ｙ)2“-1(ｉ十夕)゜by CD, but　Vi = Ut.　For　example,
附1°xol^y　was　M43　in the case of general system or in TABLE 9, written as　21→43
only-by numbering.　This correspondence ｆ→i' are shown as follows.
、??????
???
(v)
(り)
11ろ
→16. 8→18, 9→20. 10→21. 11→24, 12→26. 13→27, 14→30, 15→32
.
(4):17→35. 18→37, 19→39, 20→40, 21→43, 22→44, 23→47。25→51,
26→52, 27→53，‘28→56, 29→57, 30→60, 31→61, 32→64。34→67,
35→69，　with
（2）:1→5，2→7，3→8, 4→11. 5→12, 6→1･4. For (v),
C2); 1→6，2→9，3→↓O; 4→13. omitting 5， 6, of the first,
(3):7→15, 8→17, 9→19,, 10→22. 11→23. 12→25, 13→28. 14-^29. 15→31，
　　　16→33.
8; 2.１ｎｎｅｒ tｒａｎがｏ７･ｔｎａtｉｏｎｎｄｓ:ｙｎtｈｅｓiｓ吋｀Ｅ。
　TABLE １４shows inner　transformation which is　easily derived from　TABLE １０（b）
■Using (7) and　β1＝β，β3＝刄　β2 = 0, while (a), degenerating t０.separate　scalar trans-
formation x' =ax etc., is omitted. Commutation numbering for（,ｒ,ヱ）ｏ（ｙ･v)is shown
as follows:（3）7415，8e16，9e13，1（㈲2，11e14よ(4) 17-W33, 18≪'34, 19-W-35,
20'M'29, 21≪-31, ll'^Z^i, 23-M'32. 25-w27. except the case of i = i':24，｡26。’28｡
(a) Exponents.
TABLE　１３.
　　　　　　　　　　　　－　　－
Uu Vu vi―x^X'y*"夕ｉ．
Z4 Ｚ ｊ －ノ ゐ ｉ
(3)
７
８
２
０
１
３
０
０
０
０
9
10
１
２
１
０
１
０
０
１
11
12
０
０
２
１ 出
13
14
１
０
０
１
１
０
１
２
雨 ００
０
０
２
０
１
３
(4)
17
18
４
２
０
２
０
０
０
０
19
20
０
３
’４
　０
･0
1
０
０
21
22 レ1
１
０
０
１
23
24
０
２
３
０
０
２
１
０
25
26
０
１
２
１
２
１
０
１
27
28
２
０
０
２
０
０
２
２
彫
１
０
０
１
３
２
０
１
31
32
１
０
０
１
１
０
２
３
33
34
０
０
０
０
４
２
０
２
35 ０ ０ ０ ４
聊 Ｚ
レ －ｊ ｉ 万
･(2)
１
２
１
０
１
１
０
１
０
０
３
４
１
０
０
０
０
１
１
１
＊
＊
佃
ij ３１
０
２
０
０
０
０
9
10
２
０
０
２
１
１
０
０
11
12
１
１
１
０
０
２
１
０
13
14
０
１
１
０
1･
0
１
２
15
16
０
０
０
０
3
1，
０
２
（＊ｉｎ defect )
vt Ｚ .j
－ｊ ゐ ｉ
１
２
２
０
‘０
　２・
０
０
０
０
３
４
１
０
０
１
１
０
０
１
５
６
０
０
０
０
２
０
０
２
７
８
一一　９
　１０
ｊ １
３
０
０
０
０
１
２
１
０
１
０
０
１
11
12
ﾄﾞg ２
１
０
２
１
０
13
14
１
０
０
１
１
０
１
２
15
16
０
０
０
０
２
０
･1
3
Ｅ＝呈εμ411
　　‘£゜7　　　　　　　　　　(〉く)
(Ｆ．Ｇ)＝(∂/∂jｒ,∂/∂,y)£＝Σ(／ｔ．ｇｔ)vi.
　　　　　　　　　　　　　　　　　t-1
　　　　　　　　　　　　　　　　　C〉く)
び■ G) = (.∂/∂ｉ,∂/∂夕)£＝Σ(ぶふ)ｉ,･
　　　　　　　　　　　　　　　　　1a1
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　　　　　　　(b) Differentiation.
●
Ｚ １ ２ ３ ４ ５
' 6 い ８ ９ 10 11 12 13 14 15 16
ｊ let ε９ 2eio ei3 善 曇
I
ien 2ei8 3ε20 ε21 2a2 2e24 ε26 2e27 ε29 eai
gi e9 2ei2 ¢13 2ei5
．＊ ＊ ｇ２０ ξ21 2e24 2≪5 ei& 3e2B 2e30 ε31 4e33 2eiu
刄 ε７ 3ど8 g9 2eii ε12 eu : 2ei8 4ei8 2≪i ε22 3*23 2ezi ε26 2ε28 ε30 ど32
－gt ｅ１０ ε11 ε13 2ei4 ε15 3ei8 ε22 g23 ど26 2*27 2e29 ε30 2ssi 3e32 2^34 4e35
T。､、､ertransformation fonn.
?? ????????
?? 、??
?????????
?
???
?
TABLE　１４.
ご ＝ヱ十βy
＝ｉ十β夕　，
????＝??＝
?????
（3）ｉｉ＝ｅｉ，　ｅ亀―ｅ８≫ｅ≫-1βｅｉ十g9，瓦0＝βｅｉ+ eio> en = 3βg8十eii> en =β29,十βea + eu,
　　　?13 = 2ββε7十み9＋2βε10十eu, eu = 3^'e8 + 2/Jerii十eu.
　　　ei5 =β2み7十ββど9十β2f10十βεIS十ei5> 5^16― $^ei十β2ε11十戸ε14十に16バ
(4) 5i7―≪n. ?i8=ei8i ?i9=ei9. e2o = 4βど17十620. ezi ―lβg18十e%u en ―lpeii + en,
　　　ejs=4^ei9十≪2Si ?24―6β2・17 + 3βど20十^241 e2i ―β2gl8十βε21半。25，
　　　?j.=4ββe1S＋2βε21＋2βe22+e26. e27 = p^ei8十み22十^27, ?28 = 6^''ei9 + 3^e23十en,
　　　?29 = 4βSf17＋3β2ε20＋2βε24十629. 530 ― 2β2βε18＋2βみ21十β2ど22＋2βε25＋8eiち十eso>
　　?.i=2ββ2ε18十i8'e2i + 2βみ22十j8e26 + 2β・27十・31> ^32 ―4β3ε19＋3j2f23＋2βε28十CJJ,
　　　?88 =β*e,-,十β3ε2o十β2ε24十βε29十essi
　　　?M =βり2f18十ββ2e21十β2み22十β2ど25十βみ26十β2ど27＋み3o十βｅsl十e3i,
　　　?.s =戸4ε19十戸sE23十B^e2i十彫32十ess.　　　　　　　　:
(3)
(4)
　　　　　　　　　　　　　　　　　　　　　TABLE　１５.
e'=eRe', e,'=e,十ぶ十ei.
e≪= 0, (7≦i≦16),
"exn―eiewへeii =ｌｅｉｅs’+3^8^10'十^7^11 I eis―3eien . eza―eaeiti十e7ei3へ
e2i=ｅｓｅｏ’＋4ε7εlj十εぱii'+3^8613'I e22= 2eioe9' +2enen' +2eueio'+2^7^14'.
?js= 2ciieii +6eien≒e2t ―eneuに十/十eieis≒　?25 = 2^9^12'十enen' +3e8どlj，
ei6=e＼%ei +4eioei2十eaeu'+ ie^els +2euei3 '^2e≫eu', ?27= 2<?loeia十eue＼o +2eieie ,
eiB=enen +4eiiei4 +9e8<?itに，＆9＝ε12ε1j＋f9ε15≒
eto = 2eiien' + 2eieis' + lenen' + le＼＼e＼s≒　e3i=ei3ei3'+ 4eioei5'+ei4eij' + 2e9eis',
5s2 ―2ei4eu +6<?iiei6≒　633―^12^15 ^34―2ei3ei5十eueis' + 2ene＼B',　en ―2eueie .
　8.％｡ Ｓｅｔ＜ｌｅｌｐａｒａｍｅtｅｒｓ.
　In the system, the meridional　and the sagittal　quantitiesare completely separable,
and all the parameter matrices, e.g., h, c。p are diagonal, having two components
distinguished by bar C) which denotes the meridional quantity such that
?????????
????
????
??
?
????
??????
?????
except　ｊ＝
????? ＝?????
回（
（r3）
（
(15)∠ｉｍａ＝
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Now we have following formulae　(2)∠ｉｎｐ-ｓ ＾＝ｐｉ３ｎＣＯＳｉ， i＝５’一ｃ’．　∠1れＳ‾1＝ρ∠IwCOS i,‘
i＝バージ. (3) j°ＣＯＳ　i，j″―ＣＯＳ　i≒ａ＝hjn。ｊ＝hｓ'＼λ― dm･ＣＯＳI= J/n;',
　　dmjS―Xhp　　　　　　　　　dm。＝λりE
孤＝友一7i＝－ｃ’ ｊ’-＾ｆｆ” ＼Ｚｈ=ｈ-｝:=一ｃ’ａ’ ・
(4) R=Σｙど(hi’Yh)-1，忿＝Σｙど(臨)-1，ｎ-1＝i－ＴＫ． 　Ｔ ＝ nhfei≫(.s-i)(si:〉'1，
Ｔ＝nhkiｓ－Z)(μ)-≒　kh-1＝χ－Ｔ尺. C5) T = T=1 is attained by. e.g., /ii= l.
k＼= nごj・‾2y函(i1－Z1)‾1 and hi = {, ki = niりiti(si ―ti)~^. Hereafter these system･normal iニ，
zations　are assumed.　Then　(6)(恥一加)Ｊ=り＝Ｎμ，h7一加＝1,＝Ｎμ.　Besides, the.
sagittal formulae are often omitted. which can be easily made as j °１ and no bar except
2. For ａ＝∠15j， Ｓ=４ｆｊ，(7)λ砂＝戸十岬丿砂＝μ十μ刄臨一AB=iV,, (fa-aβ)j＝ｉ＝柘
Defining now new parameters　J. u, jl≒万n, m≒Ｒ　ａｓ(8J)i＝－卸jへ　μＰ＝i J≪≫
mj =λm, M―um, we have (9)λ= jj'^> ｊ?＝一昴＝Ｕダ＝ｍ， 　Ｔｒｔ’　＝！ｉ，Ｍ＝ｐｃｍ―･ａ’ｍ’．
λXM=M. Then for (10)2i＝ｊａ，芦＝お，ｗｅ have (11) /ima=hp=fta十Ｊ＝ｕ’ａ十が　etc.,
'hv-la=Nλｐ．
　ｒａ一頑＝Ｎｉｐ，
ka－リ'=Nl These formulae give following matrical
relations with resolutionsべ
7r，－(Ｍ)-
ａ，　(ivJ)-
where every matrix
???????＝????
????
y)レニ
て)(ブ
has unit determinant, and
パ
??????
?
?????
?
???
?????? 心‾工仁ぶ
ベノ
:First‘(Seidelian)
　resolution。
：“Second resolution,
　　　　゜
(:l　‾で‾1)(2Vrｽﾞ
(jVj
l
ﾘi/＼-pNX,　Nj
)
.　For sagittal,
.(14)
に'つ=(‾β'‾″‾４)じ一〇)=(1‾βつに‾ヤo)(ｐＮλ，一Ｎ)，
　　― a, h　1,αしゐん‾ぐ‾jんこ:pｙt ｙμO･01　　‾Ｎ‾^h， ａハ　μl0
　　　　°
(
0，　　1　
)(
｡ａ　，Ｎ‾リ'i/＼-pNX･
:)
,　proved by
ごでこ4なこな:ぎ≒ぶl‾゛ご二禦,‰貳″で“(1j)i'
,
)ｍ(
0，　　1　
)(　
-ａ　，　　　71　
)゜
゛
(
0，　　1　
)(　
-ａ　，
D
荒y二ﾌｽﾞｼﾞｽﾞ1｢aerぶ7二fこごltioll(13)h3ｓstructures
－しンj）
For (17)戸=り，
(13)' (１，　t)ｸﾞ″
｀゛臼，ａ)→(多･，り)　(Second way).
7 is called ・ａ･ｉｄｉｏｎａｌｎｏｄａト知ｔｎtｓ at　the　ｖel･tex, having meaning　of　pseudo･point
with the ｓａｇｉttａｌｎｏｄａｌｐｏｉｎtｓ　ｒj‾＼　ｒj’‾1，ｂｅｃａｕsｅａりgular magnification is unity. But
sagittal equation (14) has other structures
　116
(14)' (ｓ,　t)くﾝｸﾞ
meridional case,
?????????????
(18)' (?. t)
　　高知大学学術研究報告　第10巻　　．自然科学　Ｉ　第５号
ｒＸ-Ｍ)→(o,r.λ-lj)
，ｏ)→(Γλ‾Ｍ.０)，　　From the general theory (6. 13)) we have for
?
????
??????↓????????＝?????? ???
｀゛(y， Ｑ)→
μ-
????
?
??
?
?
a‾1
;)(ブ y）
騨ごご卜雪バ
　ａ　，Ｎ‾1
jし
ＸｐＮｒ＼ Ｎ)
having structures
for 7=rj＼
(○・「｣
(ｒ．　ｏ)　　asin 6.13. where the sagittal case‘is the same as (14),
(14)'.
　In the present two forms of the inner　transformations, the special form of (13)
(14) is called ゛the fiｒｓtｆｏｒ?" and that of genera】theory (18) (14)゛沃ｅ ｓｅｃｏｎｄｆｏｒｍ’，
for which the local problem of the perturbation eikonal £iｓ solved in two forms. The
definition of E itself is, nevertheless, all the same as in general theory, in which the
equation of refraction surface corresponding t0　7. 3 (24) by half coordinates is denoted
･ａｓ(‘19)ｚl＝(.ρヱ12十戸j12)十(αぱ12十α2ヱ12)J1十(α3J14＋2α4ヱ12j12十α5114)十….　This　shows
･correspondence to the genaral case (20)ρ→ρ1，戸-゛ρ1，α1→3α2> CCi→α4，αs→αS，2α4→6α7，
α5→α9，…, omitting　/O2 = 0,αj,α6,α6,α8，…of 7. 3 (24), i.e., defect terms. (19) is also
written　by ordinary　coordinates as　(21)ｚ1＝(1./2)(pJ12十戸J12)＋(1/4)(α11121十α2J12)il
十(1/8)(α3ヱ14デ2α4ヱ12j12十α5f12)十…．
　8. 4.　Ｔｈｅ／iΓｓt∫ｏｒｍ０／ｔhe ･ｌｏｃａｌ　ｐｒｏｂｌｅｍ　ｏｆ　Ｋ.
　Using inner transformation (13) for the second type and the method of S， (Ｆ)ａs in
7.3, we have
????????
??
?
??????
(2)
(i’-’
タ●
ご)に:レ》に
-Ｊハ(NX)-'k. -μ‾　い0
:づペドニJ)
{Xo'-c'(S'-p')}
　　j‾Iχo
???????
?
????????
??
?―?
二:加
)=(:いに:トｙ(口)に二次)の
=(にｙ(に工≫・・
(3) {5'=]ix-Nlpy十j　　　A=f{ぴ+h(mr'G)　　U
'リ'x-N昂夕＋ｊ‥
ぽ
り’{芦＋i(刻)-1ご}'
　　j'-'ぽo' + c'(p'-S')}^N政一0A, d = %?''■U
‾1χo＝Ｎ政一ｙλ’　　　　　，ｒ＝恥71　　, omitting (～) of (-)butα4β･
By (14)･similarly for sagittal･ ∂゜μＪ－Ｎλｐｙ十九　y1°rCaF十八Ｎ‾IG)ｅt9。χ'十ど
(/>'-∂')=Ny-0ん∂＝恥｡‾1 etc. Setting inner normalization (4)ｉ＝il，j7＝(jV元)‾1夕1，
X = Xl･ :y=iV-'vi, (ﾇ'k,k,5,f) = VJN (jfiuku^uぞi), (h,k,a,T) = Vl^aiu紅海liTl),
dＥ､=NdE、ｗｅ１､ａｖｅ　ｄＥｉ＝Ｆ､ｄエ１十Ｇｉｄｖi十民むl十ご＼dyi~Fidx十ＧvＮｄｙ十瓦心十ＧｉＮｌむ
＝Ｎ<1Eヽヲ=･N(Fdx+Gdy十戸dx+Gdy) orFi^NF、Gi=e、Fi=NF、ＧｉＸ＝Ｇ　and
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A = nCぷ1戸Nj+hiG)=Ti(ぷ1瓦十hiGDx etc., A=Ti(ａｉＦＮ十h,Ｇ)=Ti(aiFi十AiGi) etc
詐麗ごﾌﾞ)詰謡s｀･“jまぷ7ka
)a＝。― Xpy-^A, A=。(ａＦキｈＧ:)　U
'=Ｕ’Ｘ-py + lA”|ぷ=a'0F十万ご) ' (5' =μ‰一如jy十ぶ，ぶ＝♂(βＦ十kG),
　　　j’-Ｈ又ｊ十c'(.p'-S')} =ヌー尻lA　　j'-'{Xo' + c'(p'~S')}=y-eAl　　　　　
j‾110＝j7－ｒ7jr”
l　　　　　
j‾!XO＝ｙ－ｙＡ”
i°kf-'･ｒ°7;が‾1･θ゜iｒ‾1･伊心ha'~^, with fundamental relations for parameters
(6)ヽhT―ka= ft, hp=a十河＝∠1荒瓦　ぞ＆一邱リ， feeｔ一研＝1．　　U
ｒ一kび＝μ，λｈｐ°（ｙ十μ（Ｘ°∠ｉｍａ.でａ－（禎＝λρ，　＆一方β＝1.
Now we have
(7) {p0A-/lmA =夕声十ＭＧ　， ｐｉｐ’Ａ’-dmA=だ声十石弓．
　　＼pdA-∠ｉｍＡ＝μλｐＦ十MG,ｐｍ’ Ａ″－∠ｌｍＡ=μ″ｐλ.F+MG.
proved by　戸研一JmA=pk(iぷ戸十茄)一斑ず(芦十万ご)＋斑F(ぶ戸十hG)=JiT'(a戸十茄)
一戸'(防＋ｙ)＝戸(声＋ﾊﾟﾌ)＝節戸十MG,　etc.　　　(7) corresponds to 7. 3 (20), and in
other ｃ０１･responding　quantities, followings　are　important :　Since　∂＝μヱーλpjy十九
i＝戸一双+ JA,' 5 = 1/2一Ｔ，ｍｊ＝λ瓦，I ＴＯ＝φ. Si = S, di = Sj + 8l, l = sini, we have
mSi=(り+ 8l)m = Xmd +φみλ?(戸一所＋ａ)＋φ(1/2-T).　ｍ.i＼―mh＝ｍ(μＪ－λり+A),
wli=(ill＋£))77z＝λ尻/2十ｍＤ,therefore, (8)∠Im8i＝－λpy-^dmん∠im5i=^･一布j7十λJjmA
－φj7， /imSi°λ/2十∠ｉｍＬ). For double forms
(9) Ui≡ｙ十Ｘ＝ｙ一頭十｀Ｘ＝jｒ1'≡,y十χ″＝ｙ一伊'A' + 'X', Jxi=JX = O　　に
゜夕十Ｘ°ダーク以十ヽχ＝i1’≡j7十又'＝ターマj’lA’+ 'X'. dxi°JX = O, and
(10)91＝2pJI十Ｑ， q＼= lpxi十Q, the refraction laws (11) /imSi+qiJmSi = O,
JinSi十i1∠1ｔ）Ｘ０ｉ=Ohold.　Now
oi4w5i = 0/2)9i+9i +ｑ＼ＡｍＤ= (.X/l){2p(.yぺ7M＋ヽχ)}＋{節(夕＋χ)＋Qりｍ£)
　　　＝布(ターaU＋｀タ)＋(λ/2)Q＋2戸(夕+ X)AmD+QAmD
　　　= ―JniSi= ―( ―λβj7十λIdmA-φ∠IT)，
gi/}mSi = (λ/2){2ρ(ｙ－θ八十｀Ｘ)十Ｑ}十{2ρ(ｙ十Ｘ)十Q)^mL:)
　　　゜Xpiy-OA十｀Ｘ)十(λ/2)Ｑ＋2ρ(jy十Ｘ)ｉｍＬ)十Ｑｉｍｌ:)=-Jm5i=-(-λpｙ十dm A),
which give fundamental equations
(12)(λ秘)戸戸十封ａ＝λp｀又＋(λ/2)Q＋2戸(夕十又)∠ｉｍＤ+ QJtnL:)－φ∠IT　　I
λρμF+MG =λρ｀Ｘ＋(2/2)Ｑ＋2ρ(jy＋Ｘ)ＡｍＤ+ QdmD ,
proved by (7) and 8.3 (9)λJM=M, and similarly give
(12)'(λ秘)ｐ’Ｆ一封(7＝祁ヽχ･＋(μ2)Q＋節(jy＋Ｘ)∠ｉｍＵ+ Q^mL:)－φ∠IT　　　U
pμ'Ｆ十ＭＧ＝λｐＸ’十(λn)Q十知(ｙ十ｘ)∠Iml:)十Ｑ４ｍＤ
obtained by using other forms　ヱム　・i' in (9) ; with ｊＱ＝jQ＝O.　From (12). (12)'.
we have schema
(13) {F=-∠d'X,ＭＧ＝λｐｉｍＸ十(/i/2)Q + 2ρ(ｙ十X)^mD十QAmD,　　　U
戸＝－ｊヽ又，　ＭＧ＝2即厠Ｘ＋(2/2)Q＋2μ夕十又)あの+ Q/imD-φ４Ｔ．　where
(14) Wi°∂ｚl/∂xi―2pxi十Q. (2=2α1X1X1 +4 (a 3ヱ13十α4ヱ1112)十…．　　　な
＝dｚ＼ldｘ＼=2(0X1十Q. Q=(α1ヱ12＋3α2112)＋4(α4Xi'xi十αJ13)＋…
with Zl given by 8,3 (19). Other quantities associated with (13) are calculated by
the same forms as in 'general theory of　7. 3. especially (23). This result　is given by
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TABLE 16Ca) with identities. Coefficients of E<.3) are independently given as 。1(7≦i≦16),
by which at, dt are　calculated　using (5), and　then ｃｏｅ伍cients of £(4) are decided as
・.(17≦f≦35). For example, since　ei-Si十どjj　in the TABLE, ε3o＝Jso十Ｃ″d 30,
ｄｓo＝－2ダλ2ρ2μμwhich is given ａｓ ｄ３ｏ＝－in'-ｐ＾piμwithout primes and the surface
quantities j，ρ, p, I do not take primes, and ^30 is given in three forms, in which the
first (←G) is derived from Ｇ and so on. Returning from inner normalization is given
by 8.4 (4) of course, ０r putting £1＝瓦ｉ＝Ｎ£，£〔ΣりＭｚｊｆり｀ダ, we have
　　　　　　　　－　－　　　　　　　　　　　〃　　－　　　　　　　　　　　　皿　皿●　　　　　　　　　　　心(r5)りJii＝ｙ゛４-｀？ｅｊｊｋｉt． ａｊｉｔｔ―Ｎ-(“゛)i-(゛1)ｊ屈i，ゐJ≪i=iV-<*゛゛)2-゛α屈i, because A=A,
{g
A=I"'A Returning from inner transformation is given by　(13). (14) in the second
ｌ:esolutionsi calculated by using TABLE 4. This first form is to be extended into the
general system, if deformed.　　　　　　　　'･
　8.　５. Ｐｕｒｅｒｅｇｕlaｒりｐｅ ｃ!f E i71 the first foｒｍ.
　This is given by in the inner normalized case as (1) k = k={i, T =μ. T=^,ん=A=1.
(ｙ＝λｐ，ａ＝-ｐ・ａ　―ａ= 0,β斗3=-l, d = d'司＝ｒ＝O　and (2) A=5G, A' =一戸瓦Ａ＝μＧ，
A' = -pF　corresponding t0 4. 3， whose result is given by TABLE 16(b), in which all
the coefficients　are　independently given or　without using　a, a, whose　identities are
proved by the　formulae (c) in the table　and　proving　them itself　will　be　interesting
mathematical excercises. This type is easily deformable to the local Schleiermacherian,
as in 4.3, but the details are omitted.
　8. 6.Tfｘｅ　ｓｅｃｏｎｄかｒｍ ｏｆ tｈｅｌｏｃａｌｐｒｏｂｌｅｍ　ｏｆＥ ■ｗith　tｈｅｐｕｒｅｒｅｇｕlaｒり1〉ｅ.
　This form is directly derived from the genei?al theory in 7. 3i having schema
(1)Ｆ＝－ｊ｀Ｘ，ＭＧ＝ρλｊ?Ｘ＋2ρ(ｙ十Ｘ)j砲)十a/2十ｍ∠IL))Ｑ，　　ぶ
＝－∠1,又，ＭＧ＝μj?ｘ＋2μ夕＋ｘ)加の＋(2/2＋Ａｍｉ))Q－如Ｔ，
given by 7. 3 (34). Returning from the inner normalization is given in ７. 3 (18), and
ａ】so returning from the inner transformation is given by 8. 3 (18) for the second
resolution.　Result　for (1) is given by　TABLE 17 (a) with　identities. Pure regular
type of £is defined by (2) k = k = Q, T =μ. r=nf≒h.＝ｈ＝1。T=Xp, a =布p'
α= J<r = O. a = /laj = O,β＝jｒ＝－1，β＝∠3Ti ＝－l　and (3) A=μj‾1ご. A' =一λ蜀’隋
Ａ＝μG, A' = -λp　in　the　inner normalized case, proved by　(4) A=ぞ(ａ戸十Ｒ
λ'＝が(戸戸十万G), A = r(αＦ十fiG). A′＝♂(βＦ,十hG)　　which is used for calculation of
TABLE 17Ca). The result of the pure　regular type　is given by　TABLE １７(b) with
identities, which are proved by the formulae (c) in the table, eχplained in 8.5.
　　　　　　　　　　　　　　　　　　　　TABLE　Ｉ＆
　　(ａ)
(3) eT = ea = ei)= O,・lo＝－φλΓIJμ2φＭ‾1布2， gl2°φＭ‾1ρ. eij°－2φＭ‾1λρ，
　　　ε14°－φＭ-ip， ｅｉ３＝λai(2M) ＼ ei6 =λα2(.2Mr＼
(4) with　山，
　　成:　ｄｘｉ　―μ゛ﾉl，dlｓ＝7ｚ゛μ, A=//V(2μ)，ゐo＝－2μ2λρ> dii―.一節2λρ，j22° 一切μ戸，
　　　ぬ4°一節3μμ，j24＝3μλ2ρ2，必5＝折好内印　臨＝やλ晒心＝μめ　臨＝切り2/μ，
　　　臨9＝－223ρ3 j 一節ｉ＾ｐ’ｐ?fi，ｄ≪＝－2λ節2， dt2 = -2jipyμ． 　ｄｓs―λ1VV(2μ)，
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4４＝ス?(？ｔlμ, ^35=i5V(2μ)，
４°＆十ｃ’ｄ,’｡
４ with identities.
ｅ≪＝lφ'(?ai(2M)"Mμ2(←F), eu = X4)0aiM~^dμ2(←Ｆ)＝知ゐIM-1jβ2(←瓦)，
i19＝知＆2(2M)-1邦2(←F), fto=2V^(3M)"'(aiλρ十Ｊsjμ2)(←Ｆ)＝'iXl＜I)ｅａｉＭ"Ｖ(←む)，
S2i= 2UφｄＭ~＾ａｉｐ(←F.G) =知飢ｒlj8邦2(←？)　　　　　　　　　　　　　　　　　　　'
i22＝－2知2M-2jμ2β2十iφＭ~”(∂Ｊ４ｊμ２－2μ'2ε11)(←Ｆ)，
　　＝－2昂Ｍ-1j芦l(←F.G＼
　a3＝2和(3M)-l(－2φM'^Jp*-/ipSi-2ダ2Eｕ十ゐ4邦2)(←戸)，
　＝－‘1φXM~^／ｉａａｚ(←ご)，
en―X<li･AT' ((?(asλρ十ｊsｊμ2)－μ'り12)十昂(←Ｆ)，･｡
　　＝一封‾1ρ(λj7jμ2ｙ1十λφ∠lai)十λJ(2M)-'(2ρφOdi―daiai)(←Ｇ)，
?25=Ar'ρ(λM-Jiφ∠1ゐーφθα2)－(2M)-1λ厩izα1(←Ｇ)，
　＝iφＭ-1(＆5邦2－み,12)－ρ(φ∂α2＋1邦sμ-2)(←戸)，
e26= 4λ聊Ｍ‾2μμβ2＋2λ知Ｍ'1ρ(助4＋2ｕ’ｅｕ)－2φＭ"Ｍμａｉ(←Ｆ)，　　　　‥
　　＝2λ知Ｍ‾1ρ(2φＭ‾1邦β2＋０５＊＋2μSI)＋4φ2M‾2ρμ2－2φ'M"V∂αs(←Ｇ)，
　　＝－2み俵ｒl邦画＋4φ2JVf-2ρμ2－2φＭ‾1ρea,(←戸)，
　　＝－2φM-KJdaa3十知α2)(←ご)，
ｅＭ＝2X＃Ｍ‾2μμ2μ十知Ｍ-1(ゐ6jμ2－ｙ ｅ１４)－φＭ"Ｍμａ%十秘(←Ｆ)，
　＝ＱＭ戸(－2μ冴jμ2β‾1－3j＆1α2＋2φ昂島1－2μμαs)(←G)，
J2g＝2知Ｍ‾？(2邦3十β2)＋2φＭ'1(－ｊμ4十＆6即2－ａ’^ｅｖ4+ 2ii'pei{)-Xμβsμ-2(←F).
　　＝λ刄肛一乍＋2聊Ｍ-2μβ3十狐防「りｕ　ｅ＼＼－3j(ＩＭＹ'-Ｓａｉａｉ
　　＋2Zφリｒ２即2＋知Ｍ‾1(μa2－ｊ芦4)(←ａ)，
J29＝2λみ漬ｒ1ρ(＆5十μ'en)+ 2λip2邦μ-1(←Ｆ)，　　　ノ
　＝4λρ2(32)‾１∠1μ|i‾1＋2;ip(3M)‾1{λ(φ助s十φμり12+Mμβμ‾1)－φおs}
　－λJ(3M)''(?5sai(←Ｇ)，
eso=φＭ‾1ρ{λjαi-m<i>M~^pdμ2－2λ和。11}－ijj4－2λφＭ‾1ρμ-6a4}
　十ai(2M)-Mλ(2iφＭ-？－∂α2－;i＆4)＋2φ)(*-G).
　＝－2知Ｍ-1∠1pas+2λ知Ｍ-^Ｐｆｉ　ｅｖｔ
　＋2φＭ‾1ρ(J<[)M~^Pfi-lλφＭ゛叩－Ｏａ≫) + 2J/)μμ2μ゛2十φＭ‾1α1(←刀，
　＝公φＭ'＾ｐｕ’ ｅ＼i+2XppdjP'μ‾2－2∂Ｍ‾1α2α1＋il（j？Ｍ~'＾ｐｐａ
　十φM"'ai-2XφM'^Jfias+2λφＭ‾1μα2(←ご)，
i31＝－4jφ2M‾2ρμμJi+lλ知Ｍう7(Sae +μ’ｅｕ)－2φＭ゛1jμa*+ 2λJpμ/7μ-1(←Ｆ)，
　＝2λφM-'(Jas-2lφＭ‾1μμu + XBas十iμ'。id + 2Upμμμ‾1　'
　＋λＭ゛'1α1(2φＭ‾1μ2－∂αs)(←Ｇ)，
　＝2λρ同一ljμμ‾1十λαi(2M戸(2φＭ‾1μ2－∂α3)－3λi(2M)-1∂ｊsα2
　ナλφＭ‾1μJ3＋φＭ‾1(初島s－ｊμα4)(←ご)，
'｀ｉs2＝－41げｒｙｊμ2－21φM"M5a6 + 2X<|）Ｍ"^ｐＰ’ei*－2砂Ｍ‾2妁7十φＭ‾1α2(←戸)，
　＝－8砂(3M)-ｙ邦2＋2知(3M)－り(ii″ eu ―2pen)
　十(2/3)昂2邦2μ‘2＋2忿flα2(2φＭ‾1β2一助4)
　－(2/3)砂Ｍ-り2β十φ'M-^az + 1φ(3M)-12(μa4－ｊμ6)(←ご)，
C3,.^>i3(4M)"'a,(φＭＴ'-ｐｕ.一厖5)－(2封)‾1ρ(λｙ十iφｊａ５)
　－(1/2)λ2み,l(Ｍ-1・12十ｐ卯戸)＋λJ(4M)-1α1(φＭ-^ｐｉｉ一助s)十λ(2M)->αs(←Ｇ)，
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　　　ｅｊ４＝λφＭ-｀ｐ∠3a．－Ｍ‾1ρ(即2十知加6)－λ2知Ｍ｀1ρ2(2φAｒl戸十e14)
　　　　ぺ2政2μβμ‾2－μ:2M)-1αi((?a4 + 2λφM-^Pfx十延i8十isM'"-即)十λＭ‾1α4(←Ｇ)，
　　　　゜2U(2Mr'a2(φ<M~^pu一面5)十λＭ-l(α4－λ2ρV-)-XφＭ‾1がε12
　　　　－り3邦μ‾2－2(2M)｀1α1(da＊＋2即Ｍ‾1卯)＋μ
　　　る5°λ(2M)-1(α5－が)－7φ(2M)‾？(2φＭ‾？十en)
　　　　－(1/2)昂り和一2－3j(4M)-1α2(ゐ6十φＭ‾1即)十(1/2)iφＭ-1μa6(ヤＧ)
　　(b) Pure regular type.
(3)・7＝・8 = e9 = 0,。lo＝－φＭ‾1jμ＼ en=-φiArM7>==, ei2 =φ<M~^p, ei3=―2λφＭ‾1ρ，
　　　ε14°－φ'M"V' ≪15°λ(2M)丿αI, ei8 = ;(2M)"'a2.
(4) with identities。proved by (c).
　　　eii = eii ― eis ―eio ― ezi ―Q,
　　　f2z＝2聊Ｍ｀2(μ'2卯2－ｊμ2β2)(←Ｆ)＝－2聊Ｍ‾？ｊμ2(←F,G),
　　　心＝－2知2M‾2み伊(←戸･ G).
　　　eu = ^p(i ―φ2M‾2μ'2)(←杓＝－7戸(i-2知2ダ1十四‾2μμ2)(←Ｇ)，
　　　e2s = JpCr^-φ2M‾2μダ)(←G) = -Jρ(卯ｙ2十φ2M゛ｙ2)(←元)，
　　　ft6 = 4φ2M‾2ρ(μ2－λ私2)(←F.G,戸.G),
　　　ｅｉｉ＝'Xcl？-Ｍ~”ｐ(2jμ271十μ'2)＋22φ2M‾2ρ(μ'知2十μ2)＋り(←Ｆ)，
　　　　＝iφ2M‾2所ｊμ'' + Uij?M~'ρ(μ’叩十μ2)一同-ljμ2β‾1(←ご)，
　　　Ｅz8＝勾･^M-'戸(4邦3十μ'2－4だ邦2)－iμβ3μ‾2(←戸)，
　　　　＝ＷＭ-？(2祁3＋ii岬－4が邦2)一同-1(←ご)，
　　　e29 = 2λip2(φ２Ｍ‾2μ'十卯μ-1)(←Ｆ)，
　　　　＝(2/3)応)2{φ゛Ｍ‾2(μ'-2≪)十卯μ-1＋21-2jμβ‾1}(←Ｇ)，
　　　e≫o = 2φ2M‾2ρap(i'-iりμ)＋ａｉ<|)Ｍ~^(λＭｒや２＋1)(←G.F.G),
　　　ε31＝2λ政則jμμ‾1－ｆＭ‾｀(丿＋2jμ77)}－U2φ２Ｍ'2ρ2ｙ＋2λφＡｒlμ2α1(←F, GX
　　　　＝lλλ節(i-2jμΓ1十＜i?Ｍ"＊ｎ)－ね2φ2M‾2ρV' + 2λφＭ‾2μ2α1(←ご)，
　　　42＝φＭ‾1α2(1＋３ＪＭ-1712)－2;iφ2M‾2ｒ(2邦１十頴’十戸)(←戸)
　　　　＝φＭ-'-ａｔ(1＋3λiM-や2)十(2/3)秘2りβ2μ‾2－のｐ(2邦2＋邨'＋ﾇﾌ)}(←ご)，
　　　ej3 =λ(2M)-1(α,－λ2ρ3)十(1/2)λiφiｖｒ＾ｐ(恥1一即2)十(1/2)V(φ2M‾７－λ2μ戸μ‾2)(←Ｇ)，
　　　esi =λＭ｀1αけ(3/2)λiφＭ‾り!)fia＾＋2λｙＭ‾ｙ－(λ/2)φＭ"＾ａｉ(4λpu + 'Xpu)
　　　　一節2(λＭ-1十聊Ｍ‘2)－λ2伊β(φ2Aｒ2＋邦μ-2)(←Ｇ)，
　　　　＝λＭ‾1α4＋(3/2)ｊ妙ｒ2ρ/Ja2 + 2λ3φ2訂‾2ρ3－(λ/2)φＭ"＾ａｉ(4λ即ナ拓7)
　　　　一如が(卯μ‾2＋2φ2M‾2)－λ3M-1ρ？(←ご)，
　　　<?35 =λ(2M)-1α5－(3/2)ｊφM~^fipatづl/2)i5'(λＭ‘1十lj即‾2)(←ご)･
　　(c) form万.ulae for proving identities.
(1)ｊμ2β2＝μ'2邦2十β2∠1μ2，(2)印4＝ダ2卯2十pdii^ (3) dμ2/7＝－μ'2十μμ2，
(4)卯3==μβ2一丿2，(5)ｊμβ2＝μ'卯2－712，(6)ｊμμ＝－(μ'十戸)，(7)卯2＝一印'十μ).
derived　from　ｊ帥＝丿即＋φJ<p, (8)φ2M‾2jμ2μ＋2‾2jμ2μ７≡z1‾lj(一轟十ｚ一轟-1)＝0,｡
(9)－φ2M‾2印3＋2已十卯3μ‾2≡j12Z1‾3j(Z3十Ｚ一画‘')=0,
(10)－ダＭ‾゛ｊμｐ十邦μ‾1－l一町1μiｒ^＝ｓｉtごｊ(－ｊz十<:-≫-c)=0.
(11)－φ2M‾2卯2十邦2μ゛2ミ512ZI‾2j(－Z2十よ2)干j12ZI‾2j1＝0，
(12)和2M‾2＋Σ布μ‾2－λM~'=siJ(t-ts~^ + t~':)=O, derived from
(13) (φＭ‾1μ)2十(i-1μ戸‾1)2－1Ej2十c"^ ―1 = 0, where, putting　ｓtni　＝　ｓ，ＣＯＳi = c, tan i'=t.
/is= Si,∠1t=tl, 55' =ぷ2，zが=ti, cc'･= C2. (14)μ＝－皿二1。μ＝－μ1‾1，λ＝Z1ぐ1･φ゜一SlSl'^,
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φ]ｖｒ＾＝一心，jぼ=5251"',λ= l.ct= tiCiSi'^, M=p.'m=tzt{"^
　　　　　　　　　　　　　　　　　　　TABE　１７.
　　(ａ)　Ｊ°ＣＯＳ　t，　; = cos I ,
(3) er=ea=esi = O, eio =一φＭ‾｀∠1μ2乙，．11＝－φＭ‾1∠lｕＭ‾2。?12= ―φＭ‾1μμr.
　　cis=-2λφＭ゛1ρ■ en =φＭ‾り(2λjμj‾2－jμn).. ei5 =λ(lM)-'(2ρ即心‾1十α1)，
　　ei≪ =λＭ‾1{φが(jj‾1－λjj‾2)十aJl)
(4) with　必
　　必.::　j17＝μ3/2＞ 　ｄｉ８＝ (Ｉ?３‾^　ｄ≪＝μｓj‾リ2，　ｄｔo=-2,λｐ♂． 　ｄｉｔ＝－lλｐｔ?ｒ＾,　ｄｉｉ＝－2μ2j‾1，
　　di3=-l.λ５ｕ≫ j"’． ｄｉ，＝λｚｆ脚ｄｉｉ―-λ2ρ2μj‾＼ 　ｄ２６＝4X＊ｐｐμｒ， ｄ＾■,＝一布μf1，
　　必8＝βΓ･μj~*f dit ―ぴｐ＊＞　ｄｓｏ＝2λり3j'４， Ai = 2λ3ρp'p- j32＝2λ3がi■^ <i33 =λ4ρ4(2μr＼
　　ｄ≪＝λ？鳶戸戸＞ 　ｄｓｓ°λ４ｒj‾４(2μ)‾1.
　　et=ei十Ｃ″･d4″
　　i,･with identities
　　ei7 =φ(2M)-1&iljμ!(←F), eis =φＭ‾1ゐ2jμ2(←Ｆ)＝φＭ‾1＆1M-1jμ2j‘2(←戸)．
　　ｅｖ９=ゆ(2M)゛1ゐ2jμ2f゛(←タ), ?2O=2φ(3M)-1＆isｊμ2(←F) = 2>!φＭ‘1ρ＆1(←Ｇ)．
　　＆゜2jpφＭ‾1＆2(←Ｆ，Ｇ)＝φＭ‾リ臨擢･j‾2(←戸)，
　　ｉｎ〒φ'M'K０５４４ f？－2μ'2・11－ld）Ｍ"Ｍμ4 j゛゛)(←Ｆ);
　　　゜2φM-H9SaxC∠1μj‾１‾λｊμj‾2)一如j‾2ゐ}(゛‾･F.G)･
　　＆3°(2/3)φＭ-1{秘j2(知Ｐ－2jμj'2)－2μ"j'-'en-2φＭ'!ｊμ4j‾4－jμj｀1J2}(←Ｆ)．
　　　゜2φＭ'1{邸j2{∠1μj‾1－λ如丿町－jμ戸ゐ}(←ご)，
　　私＝φＭ"Ｈ６Opai十Ｊ５ｊμ2)一丿2・n) ―pJμj‾1(←Ｆ)，
　　　＝φ'M~Kλpddi ―ρ£1)－λ(2M)-1αidax ― pdμj(←Ｇ)，
　　eK = 2M~Kφ∂ａｔ∠1μj‾l－λα1臨)－μμj‾ｌ－φＭ‾IIμJ2(←Ｇ)，
　　　＝φ'M~K0di∠1μ゛j-2－μ'リ'-2．12十pdaiJμj'りーμμ-3(←戸)，
　　126°2φＭ‾1{λρ(2μ'・11 + 2φＭ‾1jμ,-Z:十＆.)－jμa2)(←Ｆ)，
　　　＝φ'M~H2λρ(2μ'en + 2φＭ‾1jμ3j‾2･十ヽ函i4)－4φＭ‾1即2jμ戸十∂α3jμ戸}(←Ｇ)，
　　　゜2φＭ゛'1{(ρθα3十声53-2φＭ‾1ρμ2)∠1μj‾ｌ一節a3jμj‾2－jμj‘1J3}(←F).
　　　＝2φAｒ1{βea,uμj゛1－2jμj-2)一如戸d%―dμa2}(←ご)，
　　C2J.゜φM-Klλp<bM~^dμ3戸一∠1μ勿十臨ｊμ2－μ'ｚ。14)－μμJ-K←Ｆ)，
　　　＝かｒl{2節(む‾IJI一戸臨心‾1)－ｊμα3十臨2(白j‾゛･－3'α2/12)－μa,}-μμj(←ご)。
　　J28°φM"' {^(ae Jμ2p_λ芦4如j‾2)十μTKU恥1－μ’ｅ≪)}
　　　十φM~Hp(0a4-2φＭ‾1μﾘｰ2)卸戸－知j‾1J4＋4λφＭ‾1μμ3-4} _μμf3(←F),
　　　＝φM'H2:ip(iJj~'a2十ダ'2μ'en十皿ｒljμリ‾4)－μJ2}－μμj‾1
　　　十φＭ'1λμ(λｐａ-ｉｉｉ‾2－Ｊ４ｊμj‾2)一λＭ-1＆2(2声φむ‾1＋3α2/2)，
　　　十φλΓHp(m-2φＭ゛？戸)知Ｐ－∠1μj‾1a4}(←ご)，　　　　　　　　　　.
　　e23 = 2ip{μj-1十φＭ‾1(μ'・12十ｅｓｓ)}(←Ｆ)，
　　　= (2/3)λρ2(2りーり‾1)十(2/3)φＭ‾1ρ{λ(ａs十μ'ε12)－ja3}－(λ/3)Ｍ-1αidati←Ｇ)，
　　iso＝2節μj‾1十φＭ‾1ρ{λ∠1α2－2λ2ρ(φＭ"ＭｕＭ‾２･+ exi)-/lai}
　　　十>)(2M)"iα1(lφＭ‾？j‾にＳＳａ－∂α1)十φ(2Af)-M(4λρ2φＡｒl十∂UK-lα1)ｊμf1
　　　－λp0atJn) (←Ｇ)，
　　　゜2φＭ‘1{λβ(μ'ダ‾2ε12一心5jμj｀2)－如j‾りs}
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　　　十φＭ‘1{φμ'‘1ρ(2λρ一万‾1)十θ即4十り
　　　＝lλ帥'M-Kj'μ'・12一助5jμj‾2一戸α2む｀1)－λM~^aiOa2+2λρμj‾s
　　　－φM-H2p(φＭ-1ρμfl一助5)十αi}jfin+2φＭ‾1(λμ42－知Ｐａｓ)(←ご)，
　　is1°2φＭ‘1{λρ(ゐ6十μ’ｅ,＊-2Xp<p]＼r^dμ2j‾2)－jμα4}十24,μ√1(←Ｆ)．
　　　゜2jpφM~Kda3十0a6-2φＭ‾りμμ2j‾2十μ'cm)+ 2λρμj‾1
　　　十ilAr≫ai(2φＭ"？一向s)十丿即Ｍ‾1(4ρφＭ７１μ2－∂α3)4戸(←Ｇ)
　　　心βφＭ‾1{μJ3(Ｊ戸－2む‾1)＋2む‾las十ρ(2φＭ‾1μ2－θαs)む‘1}
　　　十φM-Kλρ血s－∠1μａ４－μJ3)十;(2M)-MαI(lφＭ゛？一叫)－3α2as}＋2λρμj(←ご)，
　　i3s°2φATM･￥(μ'j'｀2ε14－a6知j‾2)－ｊμj‾IJ6}－4λ2がφ゛Ｍ‾2jμ2j‾4
　　　十φArM2φＭ｀1がμ(λj‾゛－Ｐ)＋2りゐーα2}jμj‾1＋2即2jj゛‘3(←７)，
　　　＝(2/3)祁2(2む‾1十万‾3)十(4/3)即2M‾1(2φＭ‾1μリ‾2一助4)む'1－(2/3)φＭ゛り∠la.
　　　十(2/3)j即Ａｒl{14　ｎ１Ｕｐｃｉｉ-KφＭ'｀lii￥j‾4十J(λ５５＊４ j‘"^-aeJμj'2)
　　　＋ダ｀2(μ’ｅｕ－2りen)}十jM-1α2(2＜i>Ｍ-ｖｎ一助4)十φ(3MrM2φＭ‾ｙμ(2り‘2－Ｐ)
　　　+ 2;5^a≪-3a2りμj‾1－2φ(3M)'｀知j‾IJ6(←ご)，
　　iSS°λ(4M)-'α1(φＭ‾｀ｐμＰ一尻iS)＋2(2M)'1α3－(λ2/2)pSjμ'1(j十戸)
　　　－φ(2M)゛1ρ(ja5十j2μ12)(←Ｇ)
　　Js4＝φＭ‾1λｙ(2φＭ-1λμμj‾2－ε14)－λ2邱(ρ十戸)ｊμ‘1f1十φＭ‘１ｐ(λｊ４４一応6)
　　　十λＭ"'ａＡ十(φ/2)4ｒ2λα1μβ(j‾1－2り‾2)－λ(2M)-1α1(2μΓ1λ即十da＊)
　　　＋φ(2M)｀りβ(2αi-da4-iφｙ゛1λρ2)∠げ｀(←Ｇ)，
　　　＝λ￥MTI{2む“ljs十μ(Ｏａｓij‾2－ダ'2ε12)}十λＡｒ1(α4十阿・Ａａｈ)
　　　十jβφM~Hφｙ｀1ρ(万‾1－ρ)－ρ∂α4一戸＆sナα1/2}む‾1
　　　一々β(μμ'リ十μμ‘lj-3)－φJVｒ^ｐＪａs一入(2肋一･a,(2φμ″゛λｐ十ぬ４)
　　　４-3λ(2M)'1α2(φμ’゛｀ｐＰ－臨)＋φ(2M)7λβ{2β(φμ'）ダ1一臨)十α1}む'1(←ご)，
　　eii=Xp^(l?M~り2jμj‘4十μ(Ｐ－2び2)ト(22/2)即μ-Kr十戸)
　　　＋φ(2功‾1μ(3り‘1－2),i6＋j(2M)'1{αs＋2即(α2－南)}
　　　十λ2戸φ(2M)-1(&ゐむ‾2－j'2ε14)(←ご).　　　　　　　　　　　　　　　　　　　　　　'
　　(b) Pure regular typo.
(3)・7＝・8 = ^9= 0, eiO= ―φＭ‾1∠1μ e^ii=-φＭ-Ｍ/？j‘＼ ＣＵ＝－がｒlμμr.
　　ex%=-n<pM~'^(>, ei4 =φＭ｀り(2λｊμj‾2－ｊμ戸)，・lsｔλ(2A0゜1(2ρ即む‘1十a.),
　　≪6 =λＭ‾1{邨(∠り'１－λむ‾2)十a2/2}.
(4) with identities, proved by (ｃ).
　　*n ―ci8―ej9 ―fto―C2i= 0. ei2=―2φ2μリ゛2jμ2(←F.F.G).
　　ε28＝－ｙＭ'‘？ｊ｀゛耐j‾゛(←Ｆ．Ｇ)．
　　ε24＝ρ(必Ｍ｀゛゛μ″｀－Ｄｊμj'K←Ｆ)＝－ρ(ｊμj十ダＭ‾｀μj‾ljμ2)(←Ｇ)，
　　C2S=-ρ(jμj'l十φ2M‾2μj‾ljμ2j‘2)(←Ｇ)，
　　　＝ρ(？Ｍ‾゛μ’Ｍ’‾2jμr-∠1μj‘ｓ)(←７)．
　　eu = iρφＷ‾2(λｊμ3戸一λμ’耐j'゛－μ2jμj｀1)(←-F,G)
　　　＝－4ρφＷ‾ｙ(り｀2十卸j-1)(←ｙ,Ｇ)
　　ｅｌ･■,=<i>^M-^{np(.dμs戸－μ'2jμ戸)十μ'2μμ戸－2λρ(μ'jμ2十μ2)}－μμi"'(←Ｆ)，
　　　＝φＷ‾Mi5μj-1(2j-1－1)ｊμ2－2り(μ’擢＋μ2)}－即μj(←ご)，
　　食8＝4ｙＭ‘2{λ(ｊμｙ４－μ'/'-Mμ2j“2)十μ2戸(絢ゾ2－ｊμj"1)トμμj‾3
　　　十p<fi'M~^μ'ソ‾2(ｊμｒ-1λｊμj‾゛)(←ｙ)．
　　　-lp<l?W^り(jμ3j‾4－2μ'ダ‾りμ2j'｀2)＋2μ2戸{佃μr-jμ戸}－μμ戸
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　　　プpfM-^μ(2j-2－j-1)擢j-2(←召)，
　　　ヽ<?29= 2り2(む‾1－ダＭ‾２μ’∠1μＰ)(←Ｆ)，
　　　　= (2/3)り{巧一1－2万一φ2M‾2(μ’卸Ｐ＋2μj‾1)}(←Ｇ)，
　　　ε3o＝2λρμφ2M'2(知j‾ljμp-ダ‾ljμ2戸)十万‾1ト2ρ即2M゛｀2μnjμj゛1
　　　　＋4pｙＭ‾2μμ戸十時ｒlα1(λＭ‾？j‾2－如j-1)(←Ｇ)，
　　　　゛lλｐｐ{必Ｍ-2(μ2戸む‾1－lμ’^＞-＾∠1μj-1)十巧-3)_知砂Ｍ｀゛ｊμj‾｀
　'　＋4β゛～Ｍ‾2μμ戸十φＭ‾1α1(λＭ-1μ2j‾2－ｊμ戸)(←F,G),
　　　eii = Upp{φ2Aｒ2(2λμ'ｊμ戸-2>!Jμ2j‾2＋2μ2む‾1－μ'jμ戸)十万゜1}
　　　｀　－4jｙφ2M‾ｙ＋2時ｒ2μ2λα1(←Ｆ，Ｇ)．
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　－＝2λμ{φ2M'2(2λμr+2μ2め‾1－μj‾1)十町}－4λｙφ2M‾2μ’＋2φＭ‾2μ2λα1(←Ｇ)，
　　　≪32= 2λり2φ2M‾2(4μ'ダ‾2jμj゛2－2jμ2j'4－3μ2j‾2む‾2)
　　　　＋2ぴ{φ2M‾2(3μ2戸む‾1十ｌａｐｄａＰ－2a’ j’-＾∠1μ戸)十万゛3}
　　　　一節φ2M‾2μ戸如j‾1＋時ｒlα2(3λＭ-1μ2j‾2一如戸)(←戸)，
　　　　＝2りｙＭ‾2(2ダー2jμリ‾2－μ2j‾2む‾2－4μj‾2如戸)
　　　　十即2{φリｒ2(一j’擢戸＋5μ2j‾2む‾1＋3μj‾ljμj‾2－μ’j″‾゛∠1μＰ＋4μrjμj‘1)
　　　　＋2む‾1トipfM-'μj‾1如戸十雖ｒlα2(3λＡｒlμ2j‾2－jμj‾1)(←ご)，
　　　f33＝λ2ρ3ｙ(2肋)-1jμfl－ｊμ゛1j‾1}＋(λ/2）白ｆＭ‾゛(μj‾1む‾1－j’-Ｍμj‾｀)
　　　　十λaijoA/"'μj‾l{φ{4M戸＋1}十λ!a,(2M)-'(←Ｇ)，
　　　ｇs4°λ節2{φ2雇“2(lλ/■■∠1μj‾2－3λμj‾1む‾2＋3μj‾1む‾1－j'‾ljμfl)－λｊμ-ﾘ‘1}・
　　　　十λ2ρ2β{φ2M-2(∠1μj‾｀－4μむ‾1)－jμ-1j‾1}＋2λ3pｙAｒ2十λｐφＭ‾゛μ(3α2j'1/2－2λα1)
　　　　十λα1即Ｍ‾2μ(j‾1/2－り‾2)十λＭ‾1(α4－φｐａ＼∠lj‾１)(←Ｇ)
　　　　＝λρβ2{φ2M‾2(3λj’-Ｍμj‾｀－2λμj‾1む‾1＋3μj‾ljjTI－ダ‾ljμj‾I)－λjμ-ﾘ's}
　　　　－λ2ρ？(4φ2M‾2μむ‾1十ｊμ‾lj)＋2λ3pｙAｒ2十jpφAｒ2μ(3α2j“1/2－2λα1)
　　　　十λ（ＸＪφＭ‾゛μ(j-1/2－λj‾2)十λM"Kα4－φ芦1む‾1)(←ご)
　　肖5＝祁3φ2Aｒ212λ2(3μ戸む‾2－知戸)十社2jμj‾3－3μj‘1め‾2－6μ戸む７)＋3μv-M,-'
　　　　－ｊμj‾2/2}－λｙμ‾71十λP＜ｂＭ"'ａｉ{(9/4)Ar'μ(j‾1－2り‾2)＋む゛1}十λＭ‾1α5/2(←G).
　　(c) formulae for proving identities.
(1)∠1μ4j‾2＝ｙ2jμ2j‾2＋μ2J-2Jμ2，(2)ｊμ4j‾2＝(μ／Ｉ　-／-Ｉ十μ2j‘2)擢戸，
(3)jμ3j‾1＝μ'2jμfl十μｆｌｊμ2，(4)擢戸＝μ'2ダ‾りμj‾1十μ戸擢j‾2，
(5｀)ｊμ3j゛2＝μ'ｊμ2j‾2－白‾2＝μ戸砂＋μ'2jμｙ'2，(6)擢j‾1＝μりμj‾1－μJ．
(7) 4μj‾｀＝j’‾2jμj‾2十μｎ６ｊ-＼(8)卸Ｐ＝μｎｄｐ１十j'‾2jμf1＝μj‾2jj“1十j’-Ｍμｒ．
(9)知戸＝j’-ＭμＰ十μj‾ljj‾1， ｅtｃ･, derived from 知φ＝･ｐ″ｊφ十φ知，
(10)φ2M‾2jμ3j‘1十卸j－∠1μn=-si-'A<:sh十sc-t) = O,
(11)＜]）＾Ｍ"Ｍｆｉ＊ｒ’十知j‾｀－如j‾3≡－jl‾ljZ(Z2＋1－ｃ‾2)＝0，
(12)φ2M‾2jμり‾l－jj‾1十jj≡J(st-c-'十ご)＝0，
(13)戸(－φ2Aｒ2jμf3－ｊμ‾リ‾1十ｊμ゛lj‾3)十ρ(φ2Aｒ2jμr-dμ‾lj‾1十ｊμ‾lj)･
≡jμ-Kpr一ｐｐ)(φ2M‾2μ2十j2－1)＝0，(14)祚「‾2μ2十j2－IEj2十c'' ―1 = 0. wherei putting
sin i=5i cos i = j = c, taηi = t,ふ＝∫1, dt^tuぶ5'=52, tt'=tz･, cc' = cz, (15)μ＝一灯l-＼
φ＝一S2Sl~^,φ＆fT‘'=-5,. M = sisi~^,λ=fiC25r'.
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　9. Doiibly S3nninetrical 878tem.
　９.ｔ　Ｅｘｐａｎｓｉｏｎｔｅｒｍｓａｎｄｇｅｎｅｒａｌｃａｌｃｕlaｔｉｏｎｓ　ｗithｒｅｍａｒkｓ.
　The system is ａ special case of the orthogonal or singly symmetrical system, having
two symmetrical planes which are mutually perpendicular and an axis as the section
of the planes. In this case, not only matrix Ｊ＝１ because of i＝O or j°cosi=l, but
the expansion of the associated function, ｅ.g･， of E has terms of type
(1)Σ(ヱ十yy°(ｉ十ﾇ)". as a｡6 = integer, with expansion (2) E=Σ£(2．)＝£(4)十£(8)十…，
Thぶtheorem and treating methods in 8 1 a 0 can be naturally used. TABLE １８，
i9，
20 and 21 show respectively terms (m。t。, vt), dilferentibn, inner transformation and
synthesis of E, where
(3) E゜ぶ゛“'(Ｆ.Ｇ)゜(∂/∂Ｊ'∂/∂ヽy)ぎ゜忌(／ｔ.ｇｉ)vi,
　　　　　　　　(瓦ごy＝(∂/∂ｘ，9/∂5,)£＝舅ぷふ)i。
　　　　　　　　　　　　　　　　　　　　1-1
andΣひg･Σi71 have respectively types of　(4)Σ(Ｚ十ｙ)i゛1(ｊ十夕y,
(5)Σ(ｚ十,y)2“(ヱ十夕)９入　TABLE ２０ shows only ａ transformation of triangular type
ｙ°ヱ十βy, x'=x十分. y'^y'ダ＝夕.
　Commutation numberings for (ｚ,ｊ)ら(2y,57)･are shown as follows :
(4) 7-W23, 8**24. 9-H-25. 10べ9, 11≪*2□2e20∩3422，15ei7，
(6) 29*>66. 27**67. 28≪*68, 29≪'69, 30<^60, 2].*^(>2. 32≪*61. 33≪'64. 34<^63. 35≪*65.
　　36≪>52. 37**55, SS-^Si 39<*53. 4O'w58. 41≪*57, 42**S6, 43**59. 45**47, 48-M'5O*
except the case of　i＝μ:　14, 16, 44, 46, 49.
U≪,Ｘ)l，　Ｖ≪°エ･.'jt'y"タ
ｉ
･
TABLE　18. ≫
Z44
●Ｚ 　● ノ ７ノ １
－ゐ μ4
４
Ｚ ／
－
ノ ゐ リ Z41 Ｚ 丿 －ｊ １ －ゐ
(4)
７
８
９
４
２
０
０
２
４
０
０
０
０
０
０
(6)
30
31
５
３
０
２
･0
0
(6)
52
53
２
０
０
２
４
４
Z）
0
32
33
４
１
１
４
・０
　１
１
０
54
55
１
２
１
０
３
２
１
２10
11
３
１
０
２
１
１
０
０ 34
35
２
０
３
５
０
０
56
57
０
１
２
１
２
１
２
３．12
13
２
０
１
３
０
０
１
１
帽
４
２
０
２
２
２
０
０
58
59
2’
0
０
Ｚ
０
０
４
４14
1S
２
０
０
２
２
２
０
０ 38
39
３
４
１
０
１
０
1
2･
　60
　61
一一　62
　63
１
０
０
１
５
４
１
０16
17
１
２
１
０
１
０
１
２ 40
41
０
１
４
３
２
１
０
１
１
０
０
１
３
２
２
３
18
19
０
１
２
０
０
３
２
０ 42
43
２
ぴ
２
４
０
０
２
２
64
65
１
０
０
１
１
０
４
５'20
21
　０
」
１
０
２
１
１
２ 44
45
３
１
０
２
３
３
０
０
66
67
０
０
０
０
６
４
０
２
22
23
０
０
１
０
0，
4
３
０ 46
47
２
３
１
０
２
１
１
２
68
69
目 ００
２
０
４
６24
25
０
０
０
０
２
０
２
４
48
49
０
１
３
２
２
１
１
２26
27
６
４
０
２
』
　０
０
０
50
51
２
０
１
３
０
０
３
３
28
2.9
２
０
４
６
０
０
０
０
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　　　　　-
t4 Ｚ ；ｊ －ｊ １ リ tﾀ１ Ｚ ｊ －ノ ゐ －ゐ t4 Ｚ ／ －７ ゐ －ゐ
(3)
１
２
３
１
０
２
０
０
０
０
(5)
15
16
２
３
２
１
１
０
０
１
(5)
29
30
０
１
２
１
１
０
２
３
３
４
２
０
０
２
１
１
０
０
17
18
０
１
４
３
１
０
０
１
31
32
１
０
０
１
４
３
０
１
５
６
∩ １
０
０
２
１
０
19
20
３
１
０
２
２
２
０
０
33
34
１
０
０
１
２
１
２
３
７
８
０
１
１
０
１
０
１
２
21
22
２
３
1
゛0
１
０
１
２
35
36
１
０
０
０
０
５
４
０
9
10
０
０
０
０
３
１
０
２
23
24
０
１
３
２
１
０
１
２
37
38
０
０
０
０
３
１
２
４
(5)
11
12
５
３
０
２
０
０
０
０
25
26
２
０
０
２
３
３
０
０
13
14
１
４
４
０
０
１
０
０
27
28
１
２
１
０
２
１
１
２
ぞ74 Ｚ ｊ －ｊ ゐ 万 74 Ｚ ノ －／ ゐ
－１
む1
●Ｚ ノ －ノ ゐ
－ゐ
(3)
１
２
２
０
１
３
０
０
０
０
(5)
15
16
４
１
０
３
０
１
１
０
(5)
29
30
２
０
０
２
０
０
３
３
３
４
１
２
１
０
１
０
17
18
２
０
２
４
０
０
１
１
31
32
０
１
１
０
４
３
０
１
５
６
０
０
２
１
０
２
１
０
19
20
　２
,･３
１
０
２
１
０
１
　33
,.,34
０
１
１
０
２
１
２
３
７
８
１
０
１
１
０
０
１
２
21
22
０
１
３
２
２
１
０
１
35
36
０
０
１
０
０
４
４
１
’9
　10
０
０
０
０
２
０
１
３
｀23
　24
２
０
１
３
０
０
２
２
1乙 ０
０
０
０
２
０
３
５
(5)
11
12
４
２
１
３
０
０
０
０
25
26
レ
２
１
０
３
２
０
１
13
14
０
３
５
１
０
１
０
０
27
28
０
１
２
１
２
１
１
２
Z41
●Ｚ 　● ｊ －ｊ １ .i‘
(2)
１
２
２
０
０
２
０
０
０
０
’３
　４
１
０
０
１
１
０
０
１
５
６
０
０
０
０
２
０
０
２
(3)
　　　　　　　　　　　　　　　　TABLE　１９.
O3μu.　(Ｆ，Ｇ)＝(∂/∂ｚ,∂/∂ｙ)£＝芒(／ｉ．ｇｉ)tﾀ1，
　　t-i　　　　　　　　　　　　　　　　　　　1-1
　　　　　　　　(戸.G) = (∂/∂ｊ,∂/∂夕)£=E(/iふ)vi.
　　　　　　　　　　　　　　　　　　　　　　　　1=1
｀i １ ２ ３ ４ ５ ６ ７
’８ ９ 10
ｊ 4・? 2ε8 3eio ど11 2ei2 2ei4 ε16 2ei7 ｇ１９ e21
g4 ε10 ε11 2ei4 2ei5 ε16 3ei9 2e2o ε21 4e2.i let*
－ｊ 2ε8 4ε9 2eii ε12 3ei3 2ei5 e16 2ei8 ど20 ｇ２２
－
gi g12 ε13 ε16 2ei7 2ei8 ε20 2C21 3e22 2e24 4e25
(5)
Ｚ 11 12 13 14 15 16 17 18 19 20 21 22･ 23 24
ｊ 6926 4e27 2e28 5≪o 3e3i 4e32 ε33 2e34 4e36 lezi 3ど38 4e39 ε41 2e42
gt ε30 ε31 ε33 2e36 2e37 g38 2ど40 g41 3e44 3e45 2ど46 e41 2e48 ｆ４９
7;　1 2e27 4e28 6C29 2e3i ε32 &33 3e34 5<;35 2en ε38 4e40 3e4i 2e42 4e43
iべ ε32 ε34 g35 ど38 2e39 ε41 letz 2e43 ε46 2eti ε48 2e49 3e5O . 3e5i
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･i　･･. 25 26 27 28 29 30 31 32 33 34 35 36 37 38
ｊ 3e44 ε45 2C46 3e47 e49 2匈） 2ff52 e54 2e55 ε57 2eii e60 ε62 eu
g"' 4･57 463 3e54 2e55 2e5B ε5? 5e60 4吻1 3eei 2e63 ε64 6eea 4e67 2e68
－ｊ 2e45 ど46 3e48 2e4 9 e50 3C51 2C53 ど54 2e56 ｅ９ 2e59 ε61 ε63 ε65
gt e54 2e55 2e56 3e57 4ど58 知59 e61 2e62 3e63 ieu 5e65 2C67 4e68 6esa
TABLE　２０.
　　Inner transformation form　et^diie; ai,as,a3,a4 ； afi,a2.53ia4) for£(x'.vへｊへj7″)
　　　　゜ｆＧ･jy･ヱ,夕) when　ｙ°aix十臨ｙ･ ｙ°α３Ｊ十α4ｙ･ダ= aix十i2タ1　ダ‘゜・sｊ十i4ﾀ･
　　　ei=e,{e; 1，β.0,1;･1J,0，1):
(4)ｅｔ― ^7. ei ―ea, ea ―es, eio ―eio + 4βε7，乙1°6･u + 2βξ8，瓦2＝62十傾ｅｓ eiｓ＝ei，＋4み9，
　　　en°ε14＋3βeio+6β^ei, ei5 ―ei5十βり1十肖8，恥画= ei6 + 2βen + 2Peu + iββe8･，
　　　en°ε17十Ben十β2ε8j　g18°り8＋3βe13＋6y・9. ei9 ―eiB十･10ev４＋3β2910＋4β'e,.
　　　?20 ―^20十βeie + 2Peii十β2a2＋2ββε11＋2β'/Ses. e2i = e2i+2βE17十Beii + 2βみ12十β2ε11＋2ββ2ε8，
　　　iF22＝ε22＋2βε18＋3β^ei3-*-4SVa, ?23 = e23十βε19十β2ε14十β3εlo十β*en,
　　　i24°ε24十βε21十/3e2o十β2917十β戸elG十j52ど15十β2βりl十βyE11十β2β2ε28，
　　　?25 ―ezs十Ee2z十β2ε18十β3ε13十β4ε9。
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　－(16) e28> ―e28> 627 ―e27> e28 ―^281 ^29 ―e2S> 630 ―^30+6βeze, e3i =。31 + 4βezT, 632 ― SS2+2β^271
　　　^33 ―e33 + 2βe28. e34 = ez4 + iBeiS, ^6 = ^35 + 65^29. ?!6 =・36＋5βe30＋15β2e26，
　　　?37°e37 + 3βe3i + 6β2ε27，i38て:/38+4βe32 + 2;5'e31+ 8;8β゛27･J39°ε39十i8es2十β2ε27･
　　　e4o°ε40十βε33十β2e281　?41°^41+2βe34 + 4^es3 + 8β^eu, e*2―et2 + 2Ben + ()B'^e2a,
　　　ei3 = e43 + SSe3s+[S-B^e29, en = en + iβese+lOβ2肖0＋20β'en.
　　　≪45 = e45+2βe3^+M''en + iβ'^27. ets = eis + 2βε38＋2み37＋6β2で32＋6ββ肖1＋12β2βε27，
　　　?47 = e47+4βε39十/5e38 + 4β恥32十pen + iββ2ε27，
　　　^48 ―e48十β^41 + 45e40十β‰4＋4β;8e33 + 4β2みii‘，
　　　＆9＝ε49十lβｅｖｉ＋3み41＋6β6e34 + 6S'e33+12β^^C28. eso ―e$o+2j.Γε42＋3β2ε34＋4β3ε28，
　　　651 = esi + 4加43＋10β2ε35＋20β3．，J52＝。52＋3βe44 + 6β‰6＋10β3ε30＋15β4f28，
　　　≪53 ― ^53十βε45十β"^37十β'esi十β*ezT,　　　　　｀
　　　est ―en + 2βe46 + 2;8e45+3β‰8＋4βi9e37 + 4β‰2＋6β2加31＋8β';8e2T
　　　esi ―・55+3βε47十fl<?46 + 6β2ε39＋3ββe38＋j2ε37＋6β2み32＋3ββ2931＋6β2β2927，
　　　i56°ε56十βets + iBe-ii十β2ε42＋3ββε4.1＋り2・40+3β2み34+6βj2肖3＋6β2βど28，
　　　es7 ― eiT + 2βε50＋2'み49＋4ββＱ＋3β沁1＋6ββ‰4＋4β3ε33十,8ββ3肖8，
　　　J58＝ε58十恥50十β2ど42十/g3ε34十戸^28, e5i)= es3 + 3;§e5i+ 6/8=e≪ + 10j8'e35.
　　　e6o = e6o + 2βε52＋3β2ど44＋4β3e36＋5βV3O+6β5ε26，
　　　eel ―en十βe54 + 2;ffe53十β略46＋2ββど45十β3ε38＋2β2βε37十βV,2 + 2β3βe3i + 2β4脳7，
　　・ 62 = eG2十;ee54 + 2β65＋3β2ど47＋2ββε46十β'e,s + iβ3ε39＋3β2βε38
　　　　＋2β;‰7＋4β3み32＋3βリ‰1＋4β3β2ε27，
　　　＆3＝ε63十βε57＋2み56十β2ε5o＋2βみ49十節2e48＋2β2み42＋3βタε41
　　　　＋4β3ど40＋3β2β2ど34＋4β;8'e33 + 4β2β3ε28，
　　　j64＝ε64＋2βES8十β^57 +2ββe50十β2e49＋2ββ2f42十β3ど41十｡2ββ'eu十βV33 + 2ββ^eit,
(4)
(6)
＆5＝ε65＋2βeiB + 3S^・51+4βSE4S＋5β4・45+6β5・2S，
See ―eee十βe60'十β'esz十β3∂44＋β4心6＋β5ε30十β6心6，
567 ―^67 +βe6‘2'十βε61十β'ess十βBesi十β2ε5S＋β3ε47ナβ*|e46
　　十ββ'e45十β449十β3β心8十β2β'esn十β4βg32十β3β2QI十β4j2心7，
?68 = eea十βど64十βε63十β2ε58十ββｅｙi1十β2ど56＋β2βESO十β18^49‘
　　＋β3ε48十β2β2ε42十ββ3ε41＋β4ε40＋β2β3ε34十ββ4ε33＋β2β*eii.
969＝ε69＋βε65十戸2f59十β3ES1十一/8V43 +β了心S＋β0ど29，
蛍
　　　　　　　　　　　　　　　　　　　　　　TABLE　２ｔ
が＝ど十e', et' = ei十Ｅｊ十両.
5i = 0 (7≦i≦25).
　　　　　　　　　　　　　　　　　　　　　　　　　1●　　　●　　　　　　　●●　　　　W　　　Φ
^26 = ie々e'io, 527 = 2^8^10'+4^7^11' + 2e8d2', e2i = 2eien.' + ^eien' + leiei%', e^t-ieteu'l
e30= 3eioeio' + 4e8ei4' ■ ≪si= eueio' + 3eioeii' + 4e8ei4' +Seiei･5' + 2euei2で+ 2eseii',
?32 ― 2ei2eiCに+ ie-!eia'十ε12ど1び+ 4e8eiダ, ^33 = eiieii' + 4e8eiい+ 2eiieis'十4^9^16'.
es4 = lenen' + le&enへ+ iei3eu'十eneu' + iｅａｅｗ’+iege‘18ぺ恥5°3eisei3' +8^9^18'.
e3e = 2eueio' + Seioen' + 12e8ei!に，　　　　　　　　　　　・■　１　．　　ｊ　　　　　　・
e37 = 2ei4eiび+ 2eiiei4' + 6eioeiぐ+ 6e8ei9!+ 2eisen' + 2eiieia' + leaeio'.
i!38°eieeu丿+ ieneu' + 3eioei6' + Seien丿十ei6Ci2十ei2eie' + 4eii≪n' +4^8621 ,
e39 = 2eneio' + 4^7^21' + lenen'. e40 = 2eiiei5' + 1e＼t,e＼%'+ ke^eiii',・
eKx =どleen' + ieneiぐ十どneie' + iese2o'十eieeis' + 3ei3ei6' + 4eiiei8' + 8どsen',
e42 =leneii’+ 2eneu' + 2ese2i' + 2eiiei2' + (>eisen' +2eneia' + (>eiie22,
543 = 2enei3' + 6ei3ei8' +12eie22'. ^44 = eiaeio' + ieueu' + 9≪ioei9' + 16e-ｉｅｉｓタ．
545 = eiseii' + 4ei4ei5' + 3eiiei9'十一ieaen' + lexiexn' + 2eue2o'.
e4B~leuen' + 2ei4ei6' + iieizen' + 6eioe 20十etoeu十eueie' + ieneiT'
　　十^12^20 ' + 4^11^21 ' + 4e8≪2に　?47 ―e2＼eyo' + ieneiご+ 3^10621' + 8^7^24' + leuen'
+ leuり1ら
　　　　　　　　　　　　　¶i　　　　　　　　　　●　　　　　　　　　　　　　　　　　　　●　　　　　　　　　　●
?48 ― 2ei6≪i5' + leiiem'十etoen' + 4^15^18' + 3eisfto' + Sese2i',
949°enen' + ieneis'十^18^16' + 4ei2S2o' + ene2＼' + iesez*' + 2ei8ei6' + 2ei6ei8'
　　＋6e13ど2j＋6ε11ε22≒　550 ―2enei6' + lene^i十e22en' + kene＼i' + Zeneii' + Sesfts'.
e5i = e22ei3' + ieisen' + 9ei3e22' + l(>e)eis', e52 = 2eiieu' + ()euei/ + ＼2eioe23'>
ess ― 2ei9eiぐ+ 4^11^23'+ 2ei5e2o'>
eht = ei9eu' + 2eieeii' + ieueia' + ieite2i'十ezoeis' +ei6fto' +4^15^21' + ieueit',
e55 = 2e2iei4' + (>eneii' +2ei6e2o' + 2ei4e2i' +6eioe24 +2e2oeiジ+ 2ei6e2に+ 2ei2et*',
　　　　　　　　　I　　　　lj　　　　　　　　　　　ゝ　　　　　　　　　　　　　　　　　■
e56 = 2e2ieiぐ+ 2enei4' + 2e2i3e.ａ’+2ej8fto'+6^15^22'+ 6eisC24 i
e5i =と'21^16十4・ne20十eiBfti +4^12^24'十^24^16' + iene2i' + ieueti'
+ 8eii≪25
>
eii=2ene2i' + 2e2ie＼'i'+ iexzezs , ?5B ―2^22^18'+ 6“ε18り22+12ei3ft5ぺ
eeo = 2ei3eia' + 8eue2a'> esi = 2eige2o' + ieaen' + e2oe2o' + ieudtへ
?e2 ―3^21^19′十ei9e2l' +8^17^23'+4^14^24 +2^20^21 + 2ei6e24へ
?6S = 2e2ie2o' +2^16^24'十ε22ε2(ご＋3ど2oE2ご＋4ε18ど2j＋8ε15ど2j，
en = etiez＼' + ienezン+ 2e22e2l'+4^16^25 . ?65―3^22^22 +8^18^25 i　eia ―ieueM >
eeT = ietieぶ＋2ε19e2j＋2ど206j，＆8＝2ε21ε2丿+ 2^22^24'+4^10^25 i ese ― Aezieiiべ
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　The double symmetry　is characterized, in general, by the fact that if　ａ meridiona!
quantity g exists. there ｅχistsalso the corresponding sagittal quantity <p. Then if an
equation /(i5,φ)＝O holds, the commutated equation y((ｐｊ)＝O also holds. For example,
the relations between Seidel　pararrvpters in 8. 3　むａｎbe sufficiently known only by the
sagittal equations, which are formally the same as that of the rotational case, too. Only
the equation of refraction surface is to be specially given as follows :　Corresponding to
8.3 (19) in half coordinates,　(1)ｚ1＝(pｚ12十ﾇ5タ12)十(α1ｚ14＋2α2ｚ12j12十azxi*)　　･，
＋2(α4jｒ16＋3α5J14ji12＋3α6ヱ12114十α7jl6)十…，　omitting　odd order　terms for singly sym-
metrical case.　(1) is also written by ordinary coordinates ａヽｓ
(2)ｚlべ1/2)(pｚ12十μt2)十(1/8)(αIX/ + 2α2ｚ12気2十α3114)
　　　十(1/16)(α4ｚ16＋3α5,ｒ14112＋3α6乱哩14十α7f16)十…，　associated with　rotational case
by　p＝戸゜r-＼　α1＝α2＝α3→α1，α4＝α5＝αG=a7→α2y　　(Cf. 3.は4)).The first and the
second forms in 8.5, 8.6 coincide, for　λ= J=1, m=ｍ， ｎ＾μ, having schema
(3) (F = -J'X, MG=p.∠ｉｎＣＸ十Ｑ/2＋2ρ(ｙ十Ｘ)ｊ。ｚ£)十Ｑ∠ｉｍＤ。　　ば
＝－ｊヽ又， ＭＧ ＝ ｐｉｒｎヽ７＋Q/2＋2ダタ＋ｘ)∠Iml0+Q/lmD,
becauseφ゜77工ぷini ―0, where
(4)Ｑ＝91－2pjｒ1＝4(α1X,≫十a2Xi2i^) + 12(α4ｚ15＋2α5ヱ13jl2＋α6ｚlj14)十…。　　K
All the remains of the theory are the same as in the singly symmetrical case. TABLE
２２shows the result.
　　　　　　　　　　　　　　　　　　　　　TABLE ２２.
(4)。7＝(μ3c)｡'，ε8＝2(μｙ)'，・＝(μ'cV,。10― ―‘4(み)'，ε11＝－4ρ(み)'，ε12＝り(μ2じ)へ
　　　ε13°－4β(み)'，ε14＝ρ＋6ρ2(μ)へei5 =ρ2十如2(μcj≒ｅｗ＝8ρpifjic)', en =戸＋2が(μΓ)へ
　　　g18°戸十卵2(μｃ)へ　Ｅt9＝－4ρ3ど，。2o＝－4ρ'pc',う21°-kpfc'.　e%i=-lifc'･
　　　≪s = (2Mr'(-2ρ3十心)十ρ4(,μ‾IJ'，ε24＝‾Ｍ'1{節(ρ十戸)十a2}+2ρり52(μ-'c)',
　　　ａsべ2M)‾1(－2β3十α3)十六μ-'cY,
(6)bｙ　／i＞ｇt.／tふ with　di, di,　　　　　　　　　　　　　　‥
　　ｄ４；ｄ,｡＝3(μ5十μ^ai), cfi2= 6μ5十μ'(ai+ 3a2 + 2ai), c?ij= 3(μ5十μ2α2)，
　　　j14＝3(,－5μ4ρ十μ2α3－2μρα1)，j15＝－18心）-Ｆμ2(3α4＋2ゐ十as)-μpidai + di).
　　　j16＝－12μ4β十μ2(3α5十諮4)－2μ/o(ai+a,), dn=―'iμ4ρ十μ2α４－lμｐＳｉ，
　　　j18＝“12μ町i十μ2(2α5十瓦)－2μp(.di十両＋42)，j19＝3(10μ3ρ多十μ2α6－2μ阿s十ρ2α1)，
　　　j2o＝↓8μ2ρ2十μ2(2j6十α6)－2μK3a4 + a3) + 3μ2a2，
　　　j21＝36μ3が＋μK2a-, + 2d-,)-2upi2as十<24)-2が(屈十a3) + 2ppai.
　　　j22°6μ扉＋3μ2α8－2μ芦4十がα1， j23＝12μ3傾十μ2α7－2μ(岬5十pai') + 2pp(ai十5,X
　　　</24=18μ3が＋3μ2a8－2μμα5十α5)十fai, cf25=3(-iqμ2ρ?十μ2α9－2μ糾6十ρ^a,).
　　　j26＝－6μ2ρ3十μ2α9－2μμ6＋3ρ2α4，　　　　　　　　　　　ご
　　　j27＝－36μVV-+2μ2J9－2μρ(3a7十a,)-2μμゐ十心)十ρ(3即s十Ipaz),
　　　A8=-12μ2節2＋3μ;'a,o-2μ(岬8十河7)十みz4，
　　.j29＝－18μ゛げ十μ2α10－2μpaa十β(2pa5十恥4),　ｄ≫0＝－12μ2戸S＋2μ2J10－2μβ(。i8十aS)十みZ5>
　　　<iji=3C5μρ4－2μ岬9十ρ2α6)，ｊs2＝12μρ3β－2μ(μ9十和9)十ρOpa^+lpai),
1凶゛
　^3J=18μρ2β2－2μ(3ρα1,十和9)十ρOpai+2pai),
　Av=12μρβ3－2μ(2/oaio十μ8)十み27. das―2μが－2μpa＼o+p'M, dis°3(－pS十ρ249)，
　d^^ = ― 6ρ3が＋3ρ2α10＋2ρ芦9十みZ9，j38＝－3ρΓ＋3ρMio + ]o^aio･
£:Jll＝3μS十μ2(2α1＋a1)． 　”＼2＝6μ5十μ2(2α2ギ3a1十Sj), iiis=3(μ5十μ2ゐ)，
　ぶ･
4＝二12凡4ρ十肖,臨十5s)-2μρし1十a,y.　JIS＝－3μ4戸十μ'a,-2μμ1，
　j16＝－12μ4ρ十μ2(3a3＋2a4)－2仰(α2＋212)，
　Jv7=-18μり十μ:'(a5 + 3a4 + 2a5)-2φupOai十^2). <il8=―15μり,＋3μ^as―2up(ai + 2ai十以
　Jl9=18μ3ρ2十μ2(2α6十a6)-2μ/j{a3'^as')-^.-ρ2j1，　　　　　　　　丿　　　　　‘
　j2o＝12μ2節十μ2励一2μ(μ3十βぶ) + lppdx, ^21 = 6μ2ρ2＋3μ2ゐ72μρα４十ρ2j2，
　J22＝36μ3帰十μFOa■,+ 2a^)-2μρ(αs＋J5)－6μadz+2ρμ2･
　j2,＝18μ3炉十μ:H2aa十a8)－2μpOa*十αs)＋3哨i1　　　　　　　　　　　　.
　･J24＝30μ3が＋3μ2a8－6μ芦5＋戸K2ai + 2a3十5l), £?25=~12μ2.戸3＋2μ2α9－2μρ(α6十09) +ρ2ゐ，
　･.J26＝30μ2ρ2戸＋3μ2心－2μρ(α7十励)－2μp(.aa十a6) + 2ρμ3，
　乱i＝－6μ2ρ2戸十μ2a9－4帰心十ρ(22≪4十pa{).
　ゐ8＝－36μ2節2＋2μ2α1o－2μρ(α8十as)-2μ/o(3a7十α7)十μ･2即5十3(oaj),
　j29＝一和ｙ十μ2alo－2μ即8十3,みi4， J301=3(10μ2β3十μ2alo－･2μPM+Zp^d{),
　dii―2μρ4－2μρα9十ρ2a6，ゐ2=i12μρV--2μ(和9十μ9)十μ和6十pafi)t
　J3i°18μρり2－2μ(ρaio+3/0(39)十ρ2as＋2ρpat + ip'oi,
　j34＝1節節3－2μ(和1o十河1o)十μ2糾8＋3即7)，J35＝3(5μ4－｀2μ河1o十泗i8)，
　J36＝－3ρ4戸十ρ(2μ9十pdi), :J37=―6ρ2β3十（?aio＋2ρpaio+2みi9，Js8＝3(－が十庫ilo)．
　石゜fi*-^lc'd人名＝み＊＋2ど£へg4°gi*-lc'di'n'-'ρ，il°jf＊-lc’ｄ.’fi’"'ｐ･
ｙl＊:ｙ11＊゜fu*゜/l3* = 0, /l4*=-4ρ0au /i5*=-4ρOai, fie*=-ipdai, /n*=0,
　/l.*=二'如心2. /l9*=-4ρdai-lμ(2μ8十ai), fzo*=―iρda4 ―‘2μ(2μ3十at),
　j21＊＝－4(ρ∂α5十pddi), fli*=一切ゐ４一2μ(2μ3十ai). /2j*=d.
　.A4* =一帰心5－2μ(2μs十α2)，ｙ25＊＝2(4μρ2－2ρ(?a6) + 2μ(.dpp―aa),
　/2e* = 2μ(2即2－α4)，y｀27＊＝次4μ節－2ρ∂α7－2μ心)＋2μdp//―as).
　/28* = 2(4μ帰－2ρdai-2pSai') + 2μ(6ρμ2－α3)，／29＊＝2μ(2βμ2－α4)，
　/so* = 8μ']P―ip{.im十如5)，石1＊＝－2.ρilOm十血e), /32* = 2ρ(2ρβ一如7)，
　/3S*=-4が2－節(2ゐlo十山8)－2μ2心9＋山e)t /34* =･2β(2が一血7)，
　.／35＊＝－4,炉－2μ2＆1o十^as), y"36*=―2joJa9. /37*=-2(μa 10+μa,), /38*=-2μai(t.
ｙ
4＊:/ｕ＊゜/12＊゜/l3*゜0，A4＊＝－4ρOau
/i5* = 0,几6＊＝－4ρOaz, fn*=-ipddi,
　/i8*=-4(B(?a2, /i9*=-4ρdat-1ρ訳2μ3十fll).ｱ2o＊＝0，み1＊＝－4ρda*-2μ(2μ3＋α2)，
　.ｱ22＊゜一数回j3十ρθα5)，み3＊＝－り励4－2μ(2μ3十a A fz4* =一部心s－2μ(2μ8十ゐ)，
　/25＊゜8μ'ρ2－2ρ(2∂α6十//as), /2e* = 2μ(2即2－a4)，
　/27* = 2(4μ節一節a6－2ρ∂47)＋2μ(6即2－215)，
　ゐ8＊゜2(4μpp ―lpddn ― 1ρぬ8)＋2μ(4即2一5j)， ／＾９*=2μ(μμ2一反4)，
　/,0*゜2(4μ戸2－節面8)＋2μ(6pijt-ａｉ)，ゐ1＊＝一如≫-2ρC20ai十Jae),
　fn* = 2p{.2pp-M-,), /3s*=--4ρ2戸－2μ･2＆7十お6)－2ρC2<?aio十dai)<
　ｱs4＊゜2μ2即一応7)，/3s＊＝－2μ2＆ilo十jJ8)＞ ／＞≪＊一一2μ両. /37*=-2(μゐ十ｐｉａｉ,)，
　ｱ38＊゜－2μ2r10。
gl＊:gl1＊゜Ipd, gn* = lρeCai + ai), gis*=2:ρ∂α2。g14＊＝－2μ(μ≫+2ai) + 2ρ0at,
　915＊゜－4μ(μS十a1十a2) + 2ρe(a3+ai), ^i6* = 2ρOai, gi7*=-2.μ(μ'' + 2ai) + lpe<u.
　J18＊゜Ipd-as･g19＊゜2ρ2J{6μ2十ilai十ai + 2a6)μ‾1}＋4ρ2μ＋2.ρ(:dai-ldoi)
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十゛2(ρ3－3α,)da,M-＼
　g2o＊゜2ρ2り(6μ2＋3α2μ‾1)－2μ}－2μ(a3+a4) + 2(ρ'-3a,)ゐ2M-1十･2J・∂α。
　gn*゜4μ(2郎－ｊ４－α5十河1μ‾1)＋4り？゛α2)ＯｄxＭ‘1＋2ρ9a^,
　gn*゜2ρ斟ｊ(2μ2十αlμ‾1)－2μ}-2(a2十ρp^)eaiM‘1十ipOat,
　923＊゜2pj(2即2－J5十戸ゐμ‾1)＋4(ρ2－α2)厖2訂-1＋2ρdai.
　924＊゜4邱(知2－μ)＋2ρ(μα2μ‾1十∂α8一庫22Aro.
　92s＊゜4(7ρ3－α1)＋6ρ2山3μ-1－4ρ血6＋2(ρ3－3αOOasMり＋2ρθα6，
　ぬ6＊＝4(3ρ3－α1)十知2jα4μ-1－4pja6＋2(ρ3－3α1)∂ａｔＭ-1＋2ρOai,
　927＊゜J24ρ？＋2μ(節爾＋2ρα5十ｐａ＼)μ‾1－4μ(α７十57),
　928＊゜4邱(戸＋4ρ)－4α2＋2ρμ(254十α3)μ-i_4ρJaa + 4Cρ2/y－αz)ａ４Ｍ-1
　｡－2(α2十節2)＆3M-1＋2ρOaio,｡
　929＊゜4邱(3β＋2ρ)－4α2＋2ρμ(2ゐ十α４)μ,-1-4μaa+4Cρ^p-a{)eaiM~^
　　-2Ca2十節2)∂α4M-1＋2ρ∂41。
　gio*-lpp{.り十血1μ７)－2(α2十ρp^)easM~＼
　g31＊゜2(ρ3－3α1恢∂α6M-1－2pｙ‾1)＋6ρ2山6μ-i_4μ49，
　932＊ニ8Ca2-ρ2戸)即'-1＋2pj(2μ6＋3ρα7)μ“1－4μゐ＋4(ρ？－α2)&ｊ漬ｒ1
　　＋2(ρ3－3αi}0a^M-＼
　g,,*゜4(ρ2くｊ－ρ)＋3α1}即'-1＋4α2pｙ-1十知ｊ{β(2a4＋46)＋3ρα8}μ'1
　　－4ρ血1o÷4(ρ2β－α2)叙7M-1＋2(ρ3－3α1)∂αφΓ1－2(節2十α2)θα6M‾1，
　934＊゜2ρμ(2a8＋,i7)μ-1－4μ5io+8(αz－ρ2戸)即'‘1＋4(ρ2β－α2)＆aAｒl－2(節2
　　十αz)ea',M-＼　　　　　　　　　　　　ノ'
　g35＊゜2ρμα3μ‾1十奴節2十α2)pｙ‾1－J2(節2十αi)daiM~＼
　936＊゜2M"M3a4-4α1ρ2－ρ4十(ρ2－3α1)∂α9}＋6ρ2∠１４４μ-1，
　ｇsi＊゜2M"M2Sり－3ρ)ai-4ρoa2+6a5+2(.ρ2β－α2)a9十(ps－3α1)∂α1o－(邱２＋α2)＆4}
　　+ 2p/}{pi2aio十α7)十ioC2aio十α9)}μ-1，
　gS8＊゜2M-'{pp'-2p(ρ十戸)α2＋3α6+2(ρ2戸－α2)励10－(節2十a2)^aio}
　　＋2ρμ(.22io+3aio)μ゛1。
jl＊:.gi* = 1p9a.i, ga*-=lpd{az十a1)，j13＊゜ipe，　gi＊*==lpeaz.
　giB*=-2pA(μ^ + 2ai) + 2pdai, gii*~2pOd3, #n*=-4μ(μ3十α2＋al)＋2μ(J5十J4)。
　i18＊＝－2μ(μ:'+2a2) + 2;Ol955. fl9* =和訳jμ2－μ)十節(μa1μ-1十ゐe－ρ２瓦Ｍ-1)，
　120＊＝2μ(2ρμ27a3十ρα1μ‾1)＋4(752－α2)∂α1M゛1＋2β融7，
　j21＊＝2がり(2μ2十J2μ‘1)－2μ}－2(α2十ρ？)ゐ2M‘1＋2βゐe。
2-22* = 4μ(2μ2ρ― a* ―as十ρα2μ‾1)＋4(節2－α2)θ４ＺＭ-1十2p0df,
　i23＊＝2がり(6μ2＋3a1μ-1)－2μ}－2μ(α5十54)+2(;5≫-3α3)eaiM~^ + 2pffaa,
　124＊＝2みj{6μ2十(25,十52 + 233)μ-1}十り2μ十2;o(.^58-2Ja5) + 2Cjo'-3αS)ゐ2M-＼
　弘＊＝2邨(4ρ十ｊａ２μ-1)－2(α2十ρ^p)ea3M~＼
　126＊＝4節(3ρ十ひ)－4α2＋2ρμ(,2α3十J4)μ-1－4μα6
　　＋4(節2－α2)∂α3M-1－2(α2十ρ2β)ね4M-1十ipOdi,
｡,i27＊＝4が(ρ＋4か-4a2+2が∠K2a4十a5)μ-1－4μ46＋4(ρ,5'-a,)Ｏａ４Ｍ-1
　　－2(α2十ρ2痢厖φΓ1十Ipdda,
　i28＊＝24節2＋2ρ∠1(2叩5＋2河3十河2)μ-1－4μ(α7十a7) + 4C(Oj5'-a2)９ａ’Ｍ~^
　　＋2り3－3αs)0asM~＼
　J29* = 4(3i5'-α3)十り2お４μ‾1－4μa8+2(s'二3α3)ゐ4M-1十節融1。
???????????
?????????????????
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f3o* = 4(7β3－αs)十り2裔Sμ-'-4μa8 + 2(i5'-3a3)<?a5Ar'+2S^aio,
釦＊＝2ρμJ6μ゛1＋4(ρ2β十α2)ρμ'-1－2(ρ2β十α2)＆6M｀1，
en* = 2ρμ(2a6十。)μ-1－4μ<29 + 8Caz ―ρのρμ'‾1＋4(節2－α2)0aeM-'
　　－2(ρ27y十α{)da-,M~＼
13s＊＝4ゆ2(ρ一戸)＋3α3}ρμ'-1＋4α2Su'~^ + 2p^{p(,2ai十j8}＋3芦6}μ-1
　　－4μa9十臥節2－α2)∂哨Ｍ‾1＋2(β3－3α3)ゐ6M-1－2(ρ2β十at)^aiM~＼
134＊＝8(α2一節2)和'-1十ipdilpai + ZpSn)μ-1－4μαio
　　＋4(節2－α2)SaiM~' + 2Cp''-2a3)0di]kΓ１,｡
　　　　　　　　　　ゝ　　　　　●　　　　　　　　　　　／Ｉ　　　　　●釦＊＝2(が－3α3･)(叙法ｒ1－2知'‾1)＋6β2応8μ丁1－4μaioi
1S6＊＝2M‾l{ρり－2ρ(ρ十io)a2 + 3α5+ 2(ρβ2－α2")^as-Cρ2β＋α2)＆9}＋2ρμ(2a. + 3ゐ)μ-1,j
g,7*=2M-'{2ρ(ρ－3β)α3－4ρ,5a2 + 6a6 + 2Cρp^ ―ai)daio十(･/5'-3a3)^a9-り2β十ai)ffdio)
　　十2pd{p{.2d^十j7)十ρ(･2α9十j10)}ｙl，
知＊゜2ArMρ4β－か(ρ十澱α2＋3αs斗2″(昴2－α2}0di-(ρり十α2)0aa卜＋2ρμC2a9 + 3ゐ)μ‾1.
¢l　with identities｡
　　　　　　　　　　　I　　〃♂　d　　　　　　　　　－　　　　　　　－eu―f＼＼l^.。ii= fiz/ii = fiJ2, m = /u/2 = /i2/4,。29＝／ｉｓ/(>≫ｃｓｏ＝ｙ14/5＝応1，
　^n ―f is/'i―fxJ 2= gn> e32= fis/i = fis=gii, es3= fn~=ア16/4 =£"18.
　ε34°/l8/2=
/,7/3=^12,。35 = /l8/5=^l3>
ett= flJi=gu/l,。87 = /20/2 = /u/2=W2.-'
　eｓＢ=f21/2― f20―gie=gH> ei9= f22/i~gls/2,。4,＝五1/4＝ｇt7/2，
　ε41＝／23＝/22/3＝g18＝i16，ε42==y｀24/2＝五3/2＝ii7/2，。43 = /24/4=gl8/2,
　ε44＝／2S/3＝g19/3，　≪45= /26 = /25/2 = 0^20/3,　^46―fvill = f^i ―gljl ―glBt
　947＝ｙ28/3＝i20/2，・48＝み7/3＝α２３/2，。49― A9 =ｱ28/2＝g24＝122/2，
　４･SO―fso/2=f2B=g23/2>・51-/30/3=^24/3.・52 ―/si/2=g'25/4,。53=fn/2=gie/i,
　･esi―fsz ―ｱ32＝g27/3＝12i，　に55＝yT33/2＝g28/2＝j26/2，。59＝,/｀33/2＝g29/2＝127/2，
　･eyi―f%i ―ｱZi―g3a―gii/Z> e58= /35/2=529/4,。59-/35/2=^30/4, e60= /86=g'si/5.
　･ε61°/36=g-32/4=#31> e62= /37 =^33/3 =#32/2,｡^63 = /37 =gSt/2 ―§33/2,・ei―f3i―g3S=gn/it･
　4S＝738＝j35/5。?66―g'3≪/6.。67＝g37/4＝131/2，。68=g-S8/2=f37/4,。69＝138/6.
APPENDIX
　10. For rotational system.　　　・
　10. 1.　Ｄｏｕble ｓｈザtｉｎｇ　tｒａｎｓｆｏｒｍａtｉｏｎｏｆ tｈｅｏｂｊｅｃｔａｎｄｐｕpil　ｐｌａｎｅｓ.
　Let the initial reduced coordinates be (x), iy), defined by (O Xx=ni-'s,x.
ｙl＝ぶ1 Ksi ―ti)y, associated with two points　Pi(.Xi,Xus), QiYuYi.t) under the ｃｏｎ･
ditiohs of (2)ん1べ･７° 1･　where ７'
，
is Seidelian syste“1°invariant and /1 is Seidel
parameter. Similarly (5f), {y) are defined for　Acxi.li.j,). Q,(y,.fj.?i).χ,=f=lと
　　　　　　　　　　　～　～　　　　rIf four points Pu Qi.？i.Qi are collinear> we have
51－£1　y1
WlCil ―5l)
ヱｙ
=づ今告)べ証卜
?? ????
whereθis the matrix given by (3), and (4) d・Z.θ＝lis shown. This transformation
is applied for Schleiermacherian matrix (A) such ａ manner as in p.　57，where
(A)ﾂﾞｶﾞ)
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　11. For general (Bkew) system｡
　11. 1.に)ボｅｒｅｎtial eｑｕａtｉｏｎｓ０／ ｕｎｄｕほtｏりｍａtｒｉｃｅｓ Ａ， Ｐ ｉｎ　ＣＯれｔinｕｏｕｓｍｅｄｉｕｍ｡
　If the differential equation 6.4 (11) is solved for an initial ray, a spatial curve Ｃ as
an orbit is decided, represented by length ∫measured along Ｃ from g fixed point on Ｃ，
in which　R）。》in 6. ３　becomes　continuously and curvedly　moving　coordinates system
《○（い》．　In　化
refracting plane {x, z) or x=0　is an osculating plane on which normal　ｉ of the ref-
racting surface ７ （aS n=n(s) =ｃｏｎｓt.) lies. In 6.６ Theorem １，e.g., (ii)∠jA‾1＝－,1‾１ｃ
becomes ｊＡ-1＝－れ'. ^ds. Since all contributions (i). (ii)i (iii^ are additive for ん　we
have　(1) dA=A‰心十(IxA-Aム) do+2 AhJ-^ｓi･ｎ i di＋ｊ‾1ρ√lj（ｎ ｃｏｓ　t），　similarly for
p. (2) dP=-J-'hPｓill idi十ｈＰｄｅ十Ands, where
(3)7o-(い)ﾍﾞｰ(一円)
dＯｌｄｓ＾1/zl(5)iｓtorsion or ti(s) is radius of torsion of･Ｃ．　i=1(5)1 n=Ti(,s) and p=ρ(ｊ)
is curvature matrix oi　Ｆ. These quantities are given by above tracing with J＝Ｊ(i)ａｓ
functions of s. (1). (2) are simultaneous ordinary differential equation of the first order
for matrices A=A(s)．　ｐ＝ｐ(s).
　12. For singly symmetrical system.
　12. 1.　Chｒｏｍａtｉｃ ａｂｅｒｒａtｉｏｎｉ 　tｈｅｆｉｒｓtｏｒｄｅｒtｈｅｏり．，
　For meridional case, we have　(1)jQ＝加(ｒ栓?i－Ｓ ＣＯＳ　Ｉ)＝0，
(2) J(n又ｆ＾ｃｏｓ　i-nsini) = O. (3) Q = n(r'co5^-ｐ　ＣＯＳ　Ｉ). i=s'-c', a^hf^ｃｏｓ i，
＆＝ｒ，(4)ｉ＝ｒ1,z‾1f，(5)J＝77石n i.　For monochromatic case or special ray, (1)
gives dm=-∠ln？'^ｃｏｓ＾idｓ― 0. therefore we see (6)ｄＳ=ｈＨｒ”ｃｏｓＨｄｓ'=ncr^df is system-
invariant, and　∠IJ＝∠In ｓin 1 = 0. 3! in (4) is reduced coordinate. Adding variation dn,
(1). (2) give
　　0 = J(s'^cos^idn-r^n ｃｏ＾idｓ一ｐ　ＣＯＳｉｄｎ)1
0＝訳ｒlｙｃ。パdn-Ｔｈｉ又ＣＯＳ i dｓ十r'nc・パｊχ－ｓｉｎｉ dn)　　　　　Ｏ｢
(7)ＡｄＳ＝万２ｊ(ｒ‰古－ｐ ＣＯＳ　i)ありhQdn~'dn.　(8)∠ｉｄｍ=h<fidrr^dn十ｘｉｉＸ^ｄｓ-n-'dn)
≡ｊ(ｊｊ)o十ｊ(ｊｆ)1.Ａs total quantities, (9) (^dぷ)＝Σﾇ12Q血-1心，(10)(Ａｄｘ)o
＝ΣJid)dn"^dn (for X=0).　０ｎ the assumption of (ddx)o = Q, ni=ｱﾌIC*l=l U : the last
number), (11) (ｉｌｄｘ)＝・Σj(ｒ^ｄｓ－71‾lj･l)＝ｉΣ∠If'ｄｓ,becauseΣ,1-｀ｄｎ＝ｄ ｌｏｇ　ｒiK＋i./ｎ^＝0.
1n the local case, magnification　I=X' IX = const.x'lx or logf=∠１ １０ｇｉ十ｃｏｎｓt.
(12) E=Ul・ｇβ)＝．-1Σ∠ldｘ　＝Σ∠ｉｆ^ｄｓ．On the assumption of (9)(∠Idｓ)＝ｊ＆‰1－ｄＳ″，＝0
and ｒ2jｙ1＝O we have SK'-^ds^'゜O･then　(13) B=Σdr^ds=SK'~^dsK'- sr^dsi
－Σ訳ｒ1お)'＝－Σdiｒ^ｄｔ)’.For Seidel thickness K, we have　JK^k一尺
= c'v'(Tih ｃｏｓi’ｃｏｓ　i)‾1＝どｙ(ｌｉｙ'ｉ’)‾１＝ノ(ja')゛1沢が)‾１ and ５＝ｏ’∴
(14) JCs'r' = nb'lK or Ｊ(ｒｌｊＪ)'＝(ｊね丞ヤ＝(衣)ｎ＾4K∴(15)４(ｒＭｓｙ= dSdK
Since　尺1＝0，ｊ刄．1＝O(15ｙ j7＝一KK+idSc+i'^ KidSi +ΣＫｉ４ｄＳ≫＝ΣK/ldS or
(16)(ｄ ｌｏｇ恥＝ΣKh^QdrT^dn.　For sagittal, (/ldx)o=0, because　JnXs~'=O　holds
Lateral
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corresponding (2) which means formally　i―Q. Summarily we have
(17) Longitudinal Udぷ)＝Σh'Qd(d7i}/n. iMs) =Σh}Q/lidn)/n
(おｊ)o＝Σ昴j(必)/,z，(Ｍｘ)o＝0
　　　Magnification (d logB) ―ΣK7i゛Ｑｊ(ｄｎ)In,(ｄ ｌｏｇβ)＝ΣKhQ/lCｄｒi)lni　where,
φ＝刀面z7 i, Q = nis'^cos^t ―r~^coパ). Q = nCs‘1－ｒ‾1c∂jf)，
　　　　１　　　　　　　　　　　　　　　　　　　　　　　１尺,＝Σご。-iiiiph。-＼hpcos i'。-icos ip)~^,Ki =Σど。｡1(ｎｔｈ。_山。)-',
　　　p-i　　　　　　　　　　　　　　　　　　　　　'p_2
d＾＝Ti＾ｒ＾ｎ　ｃｏｓ'ｉｄｌ，ｄＳ=ｓ~^n7iｃｏｓｉ dx, ｄＳ＝　h.＾-‰ｄｓ,　ｄｘ＝Ｓ“‰hdX.
In this qase, all ｚ-ａχescorrespond to ａ monochromatic principal ray. Therefore the
lateral {dd又) represents the bending for principal ray. For system-magnification
ｙi･
β' we/have　　　　　　　　　　　　　　　。
　　　　　　　　　　　　　£　　　　　　　　　　　　　　　　　　　　　　　　£(工船ｙ＝(ｎｉ/　ｎ　ｒ)n is'。/rp)(ＣＯＳｉ。IＣＯＳｉ。″)，β’＝(肌ﾉﾌＩｎ)/7(ｙ。/j。)
'　　　　　　　　　ｐ=j　　　　　　　　　　　　　　　　　　　　　　　タ=1
with focal lengths defined by　Si = St=°°,
　　　　　　　　　　£(19) f'=s,'n(s'。/４)(ＣＯＳ ｉ。IＣＯＳtｐ’)＝
　　　　　　　　　　p=l
　　●　　　　　　ｇ
2加(ｎｎ’ I ｎ＼)ｙ ＳＵ ／＝(ni/ｒiｒ’)尹
j1→oo
/'＝ｓ／ｎ_(ｊ。'/sj,)＝ lim(ｎ Ｊ　ｎ＼)P’ｓi，　ｆ‾(ｎｊｎ．’)／’｡
ｊ１→oo
　12.１. Ｅｑｕａtｉｏｎ　ｏｆ　tｈｅｉｎｃｌｉｎｅｄｒｏtａｔｉｏｎａｌｓｕｒｆａｃｅａｔ the ｖａｒtｅｘ.
If the surface 8.4 (21). i.e.,
(1)ｔ1＝(1/2)(ｐが十戸j12)十(1/4)(αlｚ12十a2Xi^)S＼十(1/8)(αsxi* + 2a^iり12十α5j14)十'…
has ａ rotational axis (2) xi = O, ziご∂∫α十XI sinα= R, then, for leading curve
(3)ｚ1＝(1/2)戸i12十Ｕ/4)α2113十Ｕ/8)αsi14十…, xi = Q, we have (4) Rρ＝ｃ・sa, and
(5) ai = 2ρ(ρ一戸)tana, flrs=ρ^ {p tan^a十ρ(1－2Zα,22α)}，　　　　　　　一
　　α4＝ρ{2ρHan^a十ppi＼-ltan^aト(3/2)α2 tanα}，….
　13. For doubly syimnetiical system.
　15. 1.Ｅｑｕａtｉｏｎｏｆthe tｏｒicｓｕｒｆａｃｅａｔthe てｊｅｒtｅエ．
　If the axis of rotation is parallel to ヱーaxis,the equation is
(1)ｚl＝(1/2)(μ12十μΓ12)十(1/8Xρ3jｒl4＋2ρり?・12十ﾇ53j14)
　　　　十(1/16)ｙｚ16＋3ρ4恥14が十pｙ(2ρ十戸)ｚ12jl4十ρ5116}十…，
In ･the cases of another axis, the result is given by commutation (p.x)そ争(芦ｊ).･
Cf. 9.2 (2), oΓα1＝ρ3，α2＝ρ2戸･α3°゛ﾇ53･α4°ρ5･α5°ρ47y･ｅtｃ･
　1ろ.2.Ｅｑｕａtｉｏｎｏｆtｈｅｃｏｎｉｃｏｉｄｆｒｅｖolｕtｉｏｎ.
　For the same axis of 13.･1，
CD 2i=(1/2)mi十(1/8)即12十Cl/16)ρ‰3十…. Ml =μ12＋ＰｌＸ?，
　　　= (l/2)(μ12十両12)十(1/8)ρ(心ｊ＋2ρpX＼X＼十ρ2ｚ14)
　　　　十(1/16)ρ2(ρ3ｚ16＋3ρ2μ14j12＋3ρまｒ12j14十戸3j16)十…，
which includes ellipsoid, paraboloid and hyperboloid of revolution. As to the axis,･the'
same facts as 13.1 ho】d.
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